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PREFATORY NOTE. 


Ine last edition of Hall and Knight’s Zlementary Algebra pub- 
lished in Dr. Knight’s lifetime was the sixth, issued in 1890. 
Since his death in 1894 many alterations and additions have 
been made, as occasion required. These, for which I am solely 
responsible, may be summarized as follows : 


EXTRACT FROM THE PREFACE TO THE SEVENTH EpitTion (Jan. 
1897) : 
‘The distinctive features are : 


**(1) The definitions of dimension, degree, homogeneous expression 
are transferred from Art. 10 to Art. 24. 


‘* (2) Greater prominence has been given to the fundamental Laws 
of Algebra (see Arts. 22, 29-32, 46-48). With this object 
parts of the chapters on Multiplication and Division have 
been re-written. 

“¢(3) A short section on the use of Detached Coefficients has been 
given on page 37. 

‘*(4) A fuller treatment of the Remainder Theorem and its appli- 
cations will be found on pages 236, 237. 


**(5) Five new sets of Miscelluneous Hxamples have been added at 
convenient intervals beginning with one on page 32, which 
replaces Examples IV. ec.” 


EXTRACT FROM THE PREFACE TO THE NEW EpiITIon (Oct. 1907): 
«<The leading features are : 

(1) A full treatment of Graphs occupying more than 50 pages. 
‘«(2) A new set of Easy Examples on Substitution in Chapter I. 


(3) The greater part of Chapter VIII., on Simple Equations, 
has been re-written so as to bring the use of the fundamental 
axioms into greater prominence, and to urge the importance 
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**(4) Chapter IX., on Symbolical Expression, has been enlarged. 
In particular, the section on Formule has been illustrated by 
a new set of Examples. 


‘*(5) A section on Square Root by inspection has been inserted 
in Chapter XVI. 


‘*(6) In Chapter XVII., on Factors, a section on factorisation of 
trinomials, by completing the square, has been introduced. 
Also a large number of easy miscellaneous examples take the 
place of the Exercise XVII. 1 of earlier editions. 

**(7) Considerable additions to the chapters on Quadratic Equa- 
tions. In particular, a set of examples involving applications 
to Geometry will be found at the end of Chapter XX VII. 

**(8) The chapter on Logarithms has been re-written so as to 
introduce and explain the use of Four-Figure Tables. The 
Tables of Logarithms and Antilogarithms have been taken, 
with slight modifications, from those published by the Board 
of Education, South Kensington. 

**(9) An easy first course has been mapped out enabling teachers 
to postpone, if they wish, the harder cases of ‘ Long’ Multi- 
plication and Division, and the rules dependent on these 
processes.” 


I am thus responsible for more than 100 pages of new matter, 
In particular, pages 371-431 are my sole work, being taken 
verbatim from my little book, A Short Introduction to Graphical 
Algebra, which was first published in 1902. 

H. 8. HALL. 


February, 1913. 


SUGGESTIONS FOR A FIRST COURSE. 


In the first thirty chapters an asterisk has been placed before 
all articles and examples which may conveniently be omitted 
in a first course. Notes are occasionally given suggesting 
the most suitable place for a section which may have to be 
postponed. 

For those who wish to defer to a later stage all the rules 
dependent on ‘ Long’ Multiplication and Division, so as to 
reach Quadratic Equations earlier, the following detailed 
course is recommended. 


Cuap. I. Arts. 1-11, 138-15. [Omit Art. 12, Examples I. c.] 

Cuaps. II.-V. Arts. 16-40. [Omit all the rest of Chap. V., 
except Art. 44.] 

Cuap. VI. Arts. 46-50. [Omit Arts. 51-55.] 


Caps. VII.-XIII. Arts. 56-107. In connection with Chap. 
XIII. Arts. 417-424 on Elementary Graphs may be read. 


Cuaps. XIV., XV. Arts. 108-113. [Omit Arts. 114, 115.] 
Cuap. XVI. Arts. 116-1184. [Omit Arts. 119-124.] 
Cuap. XVII. Arts. 125-136. [Omit Arts. 1364-137.] 
Cuap. XVIII. Arts. 138, 139. [Omit Arts. 140-148.] 
Cuar. XIX. [Omit Arts. 152, 153.] 

CHar. XX. [Omit Arts. 159-163.] 

CHap. XXJI. [Omit Arts. 171, 172.] 

Cuap. XXII. Arts. 173-179. [Omit Arts. 180-185.] 
[Cuaes. XXIII., XXIV. may be taken later. ] 


CHar. XXV. Quadratic Equations. In connection with this 
chapter Arts. 425-428, 437-440 may be read. ; 


From this point the omitted sections must be taken at the 
discretion of the Teacher. 
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XIII. 
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ALGEBRA. 


CHAPTER I. 


DEFINITIONS. SUBSTITUTIONS. 


w/ iL ¢ ALGEBRA treat 

ater generali > while the quantities used in arithmetical 
processes are.derfoted by. figures. which have one single definite 
value,-algebraical quantities.are.denoted_by.symbols.which may | 
have any value we choose to assign to them 4 

The symbols employed are letters, sa those of our own 
alphabet ; and, though there is no restriction as to the numerical 
values a symbol may represent, it is understood that in the same 
piece of work it keeps the same value throughout. Thus, when 
we say “let a=1,” we do not mean that a must have the value 1 
always, but only in the particular example we are considering. 
Moreover, we may operate with symbols without assigning to 
them any particular numerical value at all; indeed it is with 
such operations that Algebra is chiefly concerned. 

\_ We begin with the definitions of Algebra, premising that the 
symbols +, —, X, +, =, will have the same meanings as in . 
Arithmetic. Also, for the present it will be assumed that all 
the algebraical symbols employed denote integral numbers. 


2. .An_algebraical expression_isacollection of symbols ; , 
it_may. consist.cfone.ovimore_terms,.which.are.separated from {- | 
each other by the signs + and =. Thus 7a+5b-3c—7+2y is 
an expression consisting of five terms. 
Note. When no sign precedes a term the sign + is understood. 
E.A. A & 
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3. Expressions are either simple or compound. A simple 
enpression consists, SF on? term, as_5a. A compound expression 
; consists of two or \nore terms. Compound expressions may be | 

further distinguished. Thus an expression of two terms, as 
: 3a —2b, is called a binomial expression;one of three terms, as_ 
24a - i ;one of more than three terms a multi- 
nomial Simpl» expressions are also spoken of as monomials. 
4. When two or shore quantities are multiptied together the} 
Iesault is called the product. One important difference between 
~ the notation of Arithmetic and Algebra should be here remarked. 
In Arithmetic the product of 2 and 3 is written 2x3, whereas 
in Algebra the product of a and b may be written in any of 
the forms axb, a.b, or ab. The form ab is the most usual. 
Thus, if a=2, b=3, the product ab=axb=2x3=6; but in 

Lf Arithmetic 23 means “twenty-three, or 2x 1043. 
\ 


' 6. Each of the quantities multiplied together to form a pro; 

duct is called a factor of the RE LE ATD 5, a, b, ae 
ra factors of the product 5a. 4 
. 6. When one of the factors’ o -an expression is a. numerical 4 

/ suantity, it is called the See: of the remaining facto 

_ Thus, in the expression 5a6, 5 is the Coefficient. But the wera - 

coefficient is also used in a wider sense, and it is sometimes 

| convenient to consider any factor, or factors, of a product as | 

_ the coefficient of the remaining factors. Thus, in the product 
| Gabe, 6a may be appropriately called the coefficient of be. AY) | 
¢ pall ien lich_is not merely numerical is sometimes call ay 

; ii era . 


i 
a ‘ LV, 


; 
~ : : 

~Note. When the coefficient is unity it is usually omitted. Thus 
we do not write la, but simply a. “ 


he, 3 uantity be multipliec i y number of times,\ 
the produc ed a : Ss expressed | 
wr a t_of the quantity. 
tt, Thus 
axa is called the second power of a, and is written a? ; 
BMONMG.. |, xslicccsin third power Of a, ...c.ccssecseesseee a’; 


and so on. 
/ (Theaamber_which expresses the power of any quantity is. 
called ts index or _ompememt Thus 2, 5,7 are respectively 
“the indices of a2, a5, a’. 


Note. «is usually read “a squared”; a® is read “a cubed =e 
a‘ is read ‘‘a to the fourth”; and so on. 
When the index is unity it is omitted. Thus we do not write 

: ay Te 
a, but simply a. Thus a, 1a, a), 1a! all have the same meaning. 
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8. The beginner must be careful to distinguish between 
coefficient and index. 


Example 1. What is the difference in meaning between 3a and a?? 
By 3a we mean the product of the quantities 3 and a. 
By a® we mean the third power of a; thatis, the product of the 
quantities a, a, a. 


Thus, if a=4, F 
SOL one Leis 


a@=axaxa=4x4x4=64. 


Example 2. If b=5, distinguish between 4)? and .2b4. 
Here 46°=4xbxb=4x5x5=100; 
whereas 207=2xbxOXbxb=2x5x5xdx5=1250. 


Example 3. lf a=4, x=1, find the value of 52%. . 
Here SRO KE Kae xk Oe Oe ee eo) 


Note. The beginner should observe that every power of 1 is 1. 


9. In arithmetical multiplication the order in which the 
factors of a product are written is immaterial. For instance 
3x4 means 4 sets of 3 units, and 4x3 means 38 sets of 4 units; 
in each case we have 12 units in all. Thus 


3x4=4x3. 


In a similar way, 
f 3x4x5=4x3x5=4x5x3; 


and it is easy to see that the same principle holds for the 
product of any number of arithmetical quantities. 


In like manner in Algebra ab and ba each denote the product 
of the two quantities represented by the letters a and 6, and 
have therefore the same value. Again, the expressions abe, 
ach, bac, bea, cab, cha have the same value, each denoting the 
product of the three quantities a, 6, ec. It is immaterial in 
what order the factors of a product are written; it is usual, 
however, to arrange them in alphabetical order. a. PS 

Fractional coefficients which are greater than unity are usually 
kept in the form of improper fractions. 

Example. If a=6, x=7, z=5, find the value of race 
13 13 Pao aoe 
107*= io * 6x7x5=273. 


\ 4 f 


Here 
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EXAMPLESIa ; 
If a=7, b=2, c=1, x=5, y=3, find the value of 
1. 142. 2. a 3, Sax. 4, a, 5. Sby. 
6. be. q: Soe 8. 2a. 9, 6c. 10. 42°. 


i, Fe 12. 904. 13. 8bey, 14. Ty’. 15, 8a?! 
If a=8, b=5, c=4, r=1, y=3, find the value of 


16. 9xry. 17, 80. 18, 3x. 19, 2. 20. Ty*. 
Zi, 22, by. 23. y° 24, x. 2. y | 
26, a. 27. 6. 28, a’. 29. &. 30. 6bay. 


If a=5, b=1, c=6, x=4, find the value of 


31. 22%. $2, qyaw. 33, 3+. 3a, 2. 35, 8°. | 
‘ fg 
36, 7%. 37. yyace. 88, bow. 89, 2c%. 40, aa” Va 
10. When several different quantities are multiplied together 
a notation similar to that of Art. 7 is adopted. Thus aabbbbeddd 
is written a*b‘cd®, And conversely 7a%cd? has the same meaning. 
as 7Xaxaxaxexdxd, 


Example 1, If x=5, y=3, find the value of 4a2y', 


4a°y8 = 4 x 52 x 38 
=4x 25 x27 
= 2700. 
; . Sha? 
Example 2. If a=4, b=9, 2=6, find the value of ani 
27a 


8ba°_8x9x6?_ 8x9x 36 
27a®” 27x48 ~ 97x64 


3 
=5=11 


/must be equal to 0, whatever values the other factors may have, 
A factor 0 is usually called a zero factor. . 
For instance, if 2=0 then ab3ry® contains a zero factor. 
Therefore a/xy*=0 when «=0, whatever be the values of a, dy y. 
Again, if e=0, then =0; therefore ab*c} = 0, whatever vy 
a and 6 may have. 


Note. Every power of 0 is 0. 


I 11. If one factor of a product is equal to 0, the whole product 


i) 
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EXAMPLES L. b. 


If a=7, b=2, c=0, r=5, y=3, find the value of 


1. 4ax?. DO Nae: 3. Sau: ards any", 
5, 30x 6. Zb%y?. 7. Zay*. 8. ac: 
9. acy. 10. Sy. 11. yoab’e.. 12, 427 
If w=2, b=3, c=1, p=0, g=4, r=6, find the value of 
38a?r Sab? 6a%c 4cr? 
1% 8b - 14. 9q?- 15. pe D 16. Oa? R 
Sb? 
ve 3a7be. 18, Sba’. 19. 9a" 90. 5a®er, 
21. are. 22, 3°. 23, 2a’. 24, cbs, 
(i 
5a7b2 27a% 64 br 
25. ‘6474 be 26: 32, © ils q” 28 . ro 


[The articles and examples marked with an asterisk may be post- 
poned and taken in connection with Chap. Xv1.] 


*12. Derinitioy. The square root of any proposed expres- 
_ sion is that quantity whose square, or second power, is equal to the 
' givenexpression. Thus the square root of 81 is 9, because 92=81. 
_ The square root of a is denoted by &/a, or more simply ,/a. 


Sunilarly the cube, fourth, fifth, etc., root of any expression. 
is that quantity whose third, fourth, fifth, etc., power is equal to 
the given expression. =— 

The roots are denoted by the symbols 3/ 4/ 2/, ete. 

Hxamples. 8/27=3; because 33=27. /832=2; because 25=—32. 

The symbol ,/ is sometimes called the radical sign. 

Example 1. Find the value of 5,/(6a%b4c), when a=3, b=1, c=8, 

bx /(Ga°b*e)—a x, (6x 3x Fx 8)=5 x /(6 X27 28) 
=5 x ,/1296=5 x 36=180. a 


/ : 4 “ 
Example 2. Find the value of al (Fs) when a=9, 6=38, x=5. 


31/ abs 31/9 x 33 31/9x 81 

Ee a5 Al (Ss) =4/ (Ses) =~) (seis) 
“(OX ea\ ao. 
ue 
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*EXAMPLES I. c. 
If a=8, c=0, k=9, x=4, y=1, find the value of 


1. VQ /, 2, (ka). 8. ./(2az). 

4. (2ak?). 5. 2(3k). 6. 8(ax'). 

7, 282%). 8. Mey’). 9. 2x,/(2ay). \ 
10.  5y,/(4ke). 11... 3¢,/(ia); 12. ay /(4y5\ 


ee ee) med 
18. f(x) 17. a/(js) 18, 4) gas) 


31/ca 31 a?k? Kau? 
19. a/(52): 20. /(%ia): 2. nase)" | 
13. In the case of expressions which contain more than one 
term, each term can be dealt with singly by the rules already 
given, and by combining the terms the numerical value of the 
whole expression is obtained. When brackets ( ) are used, they 
will have the same meaning as in Arithmetic, indicating that 
the terms enclosed within them are to be* considered as one 
quantity. 
Example 1. When c=5, find the value of ct — 4¢ + 2c° - 3c*, 
Here c§=§4=5 x5 x5 x 5=—625; 
4e=4x5=20) 
2=2xHK=2xK5xb6x b= 
8c?=3 x §°®=3x5x5=75. 
Hence the value of the expression 
= 625 - 20 +250 - 75 = 780. 


Example 2. If a=7, b=3, c=2, find the value of 
a(b+c¢)?—¢(a—b)*. 
The expression =7 (3 +2)? -2(7 -3)8=7. 52-2. 48=175 —- 128=47. 


250; 


Example 3. When a=5, b=8, c=1, find the value of 
a. i. b - Pp, < toe . 
b+ 2 (a +c)? 


na fs 
The expression =5? x —” 3 - 32 os 
Pp o ) 3+@x1) 3 x 5y1) 
i 4 
— 2! oo oak rie 
Xe )* 36 
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14. By Art. 11 any term which contains a zero factor is itself 
zero, and may be called a zero term. 
Example 1. Ifa=2, b=0, x=5, y=3, find the value of 
5a? — ab? + Qu?y + 8bxy. 
The expression = (5 x 23) -0+ (2 x 52x 3)+0 
=40+ 150= 190. 
Note. The two zero terms do not affect the result. 


Hxample 2. Find the value of 3a? - a®y+Tabx - 343, when 
C=O =], Cale : 
3x? —a?y + Taba -3y3=3. 7-57. 14+0-8.1 
= 292 —25 -2}=1,%. 
Example 3, Find the values of the expression x?—10a-++21 when 
zw has the values 0, 2, 3, 7, 8. 


Here the following arrangement will be found convenient. 


be Ol 2 |. eae ra) °s 

o 0}; 4) 9] 49 | 64 

10x 0 20. 30 | 70 ; 80 
x?-10x+21 | 21 By |) 0 } 5 


—— 


Thus the required values are 21, 5, 0, 0, and 5. 


15. In working examples the student should pay attention 
to the following hints. 


1. Too much importance cannot be attached to neatness of 
style and arrangement. The beginner should remember that 
neatness is in itself conducive to accuracy. 

2. The sign = should never be used except to connect quan- 
tities which are equal. Beginners should be particularly careful 
not to employ the sign of equality in any vague and inexact 
sense. 


3. Unless the expressions are very short the signs of equality 
. in the steps of the work should be placed one under the other. 


4. It should be clearly brought out how each step follows 
from the one before it; for this purpose it will sometimes be 
advisable to add short verbal explanations ; the importance of 
this will be seen later. 
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EXAMPLES I. d. 


If a=2, b=3, c=1, d=0, find the numerical value of 


ll. 6a+5b -8c+9d. 2. 8a-4b+6c+ 5d. 

38. 5a+3c-2b+6d. 4, ab+be+ca-da, 

5. 6ab—8cd+2da-—5cb+2db. 6, abe+bed+cda+dab. 

7. 38abe —2hed + 2cda — 4dab. 8. 2be+3cd - 4da + dab. 

9. 3bced +5cda —-'Tdab + abe. 10. a?+l?4+c?+d?. d 
1. 2a?+ 3b? -4c4. 12, at+b*-c4. 


If a=1, b=2, e=3, d=0, find the numerical value of 
18, a3+b? +3 +d, 14, }bc3- a3 - 3 - Fab%x, 
15. Babe — be — 6a’. 

16. 2a? + 2b? + Qc? + Qd? — Whe — Wed -— 2da - ab. 

17. 03+ fad -3a3 + bd. 

18, a? + 2h? + 2c? +d? +2Qab + Whe + Zed. 

19. 2c? + 2a* + 2h? — 4ch + Babcd. 

20. 13a2+4,)c4 + 20ab ~ 16ac — 16be. 

21, 6ab— fac? - 2a + 4)4- 3d 4+’ 43, i / 
92. a®—c? +? —d? + 2ab —2cd. 


93, 2ab- } 63+ 8ac -2ce-d+ yrad. 94, 125b%c — 9d +- 8abe*d. 
If a=2, b=1, c=3, r=4, y=6, z=0, find the value of 
25. c(y-x)-b%(c-a). 26, (2a—c)(a+2y ~ 2). 
27, ¥(c?- 22) + $(y?- 22). 28, (cy -2c2) +3 (ay - be). 
a? J% 2 e a? 
(a+y?_6(e-a) aH (atd+2) 
31. (a-2)> 7(a®?+2) 82. “a? (b+e-2) 
(a+b)? a(y~—z) (a+b+c)?_ 4(c-a)8 
33. (y-c)® c(a+2) 56, “e(y-2)  3(a+y) 


=. 
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EXAMPLES I. e. 
1. When «x has the values 0, 3, 6, 8, 10 find the values of 
x? — 9a + 20. ‘ 
2 
2. Find the values of 3+2x%+ i when x has the values 0, 1, 2, 3, 4. 


3. Shew that ¥?- 15y + 56 is 0 if y=7, and also if y=8. What 
is its value when y=10? 


3 2 
4, Find the values of the expression mo 10 when x has 
the values 2, 6, 8, 10. 


a Shew by substituting 10 for a and 3 for b that the two ex- 
pressions 
4(a—b)+3(a+b), 5(a+b)+2(a- 3b) 
are equal. 
Test the equality algo when a=6, b=0. 


6. Shew that x?—622+1la—-6,is 0 for each of the values x=1, 2, 
3. What is its value when c=102 


7, Shew that the expression a? —13x7+ 44x is equal to 32 when 
c=, 4, or & 


8. Shew that 2*+10z is equal to 7x? for each of the values x=0, 
2,5. Which of the expressions is the greater, and by how much, 
when +=6? 


9. By substituting 3 for 2 and 2 for y shew that the expressions 


6x°+7x*y-y® and (2x+y)(8x—-y) (x+y) 
are equal. 


10. Find the value of 42?+4a-—3 when #=2, and when x=}, 
11. When x=5, shew that 42+ 4a -3 is equal to 9(x+ 8). 


12, Shew that 6x? - 11x?+3x is equal to 0 when x=4, and when 
x= 3. Find its value in the form of a decimal when r=z\5. 


Examples for Revision. (Oratl.) 
1. What do you understand by 63 and by 6.3? 


2. What is meant by 45xvy and 4.dxy? If w=4, y=5, give the 
arithmetical value of each. 


3. Which is the greater 245 or 2.4.5, and by how much? 


4, Give the product of ¢ and w in three ways. 
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5. If 5 boys have p marbles each, express algebraically how 
many they have in all. If »=25 what is the number ? 


6. If x cakes are to be shared equally among. 6 boys, express 
algebraically how many each will have. If #2=42 what is the 
number ? . 


7. If 54 books are divided equally among ¢ boys, express each 
boy’s share algebraically. What is the arithmetical value if c=6? 


8. What is the difference between ‘‘ twice 3” and ‘*3 squared ” ? 
9 8g 


9, Give the expression for “thrice d,” also that for the ‘‘eube of 
d.” Give the arithmetical values if d=2. 


10. Distinguish between ‘‘ four times x” and ‘‘« to the fourth.” 
Give the respective values when 2=3. 


11. The quantity c is to be multiplied by the quantity x. How 
is this expressed? Give the product if c=7 and x=3. 


12. If x factors, each equal to c, are to be multiplied together, 
express this algebraically. What is the value if «=3 and the factor 
c=7? 


13. The quantities a, b, c are to be added together. Express this 
algebraically. What is the answer if a=5, b=7, c=11? 


14. ‘The quantity r is to be taken from the quantity s. Give the 
algebraical expression that denotes this. What is the answer if 
r=27 and s=41? 


15. A boy starts playing with x marbles and wins y. Express 
the number he then has. If «=25 and y=9, what number has he? 


16. The same boy plays with his increased number and loses 2. 
Express the number he then has. If z=17, how many has he left? 


17. A farmer takes f sheep to market and sells g of them. How 
many has he left? What is the remainder if f/=64 and g=48? 


18. Another farmer takes & sheep to market and returns with / of 
them. How many has he sold? If k=75, and /=82, what is the 
number he has sold ? 


19, Give the sum and product of the three quantities a, b, ¢; and 
if a=5, b=7, c=6, give the arithmetical value of each, 


20, If I walk vy miles per hour for y hours, what is the algebraical 
expression for the length of my walk? If y=4, what is the answer? 


CHAPTER II. 
NEGATIVE QUANTITIES. ADDITION OF LIKE TERMS. 


i6. In the preceding examples the sum of the terms to be 
subtracted has never been greater than the sum of the terms to 
be added ; that is to say, every operation has been capable of 
being worked by Arithmetic. But in an example that reduces 
to a result such as 4—9 the subtraction cannot be arithmetically 
performed, yet as an algebraical result such an expression can 
be explained; and, moreover, a subtractive term may stand 
alone and its meaning be quite plain. 


17. Algebraical quantities which are preceded by the sign + 
are said to be positive ; those to which the sign — is prefixed 
are said to be negative. When no sign is prefixed the + sign 
is to be understood. These signs are frequently used to denote 
a quality possessed by the quantities to which they are attached, 
as explained in the following illustrations : 

(i.) Suppose a trader gains £100 and then loses £70, the result 
of his trading is a gain of £30, that is +£100—£70= + £30 ; 
and the + £30 denotes that he is £30 better off than when he 
began. 


Babaifbe had first gained £70 and then lost £70, the loss 
would exactly balance the gain, that is -£70—£70=£0. Thus 


he would be in the same position as when he began. 

If, however, he had first gained £70 and then lost £100, 
the result of his trading would be a loss of £30, that is 
+£70—£100= — £30, and the —£30 denotes that he is £30 
worse off than when he began, or that he now hasa debt of £30. 

Thus we see that the —£30 denotes a quantity equal tn 
magnitude, but opposite in character to the + £30. 

(ii.) Again, suppose a man to row 60 yards up a stream, and 
then to drift down with the current for 40 yards, his position 
relative to the starting point would be +60 yards—40 yards 
=+20 yards, the +20 yards denoting the distance he was wp 
stream from his starting point. 
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If he had rowed 40 yards up stream and then drifted down 
60 yards, his position relative to the starting point would be 
+40 yards—60 yards= —20 yards, the — 20 yards denoting the 
distance he was down stream from his starting point. 

Thus we see that —20 yards denotes a distance equal in 
magnitude, but opposite in direction to that denoted by +20 
yards, 


(iii.) On a Centigrade thermometer 15°C. means 15° above 
the freezing point, and —15°C. denotes 15° below freezing 
point. 


From the above examples it will be understood that +5, for 
example, will denote a quantity greater than O by 5 units, 
whereas —5 will denote a quantity that is /ess than 0 by 5 
units, the two quantities being of the same absolute value but 
of opposite character. 


EXAMPLES II. a. 


1. A trader gains £20, loses £42, and then gains £10. Express 
algebraically the result of his three transactions. 


2. ‘Two cricket counties play 16 matches ; one wins 10 and loses 
6, and the other wins 7 and loses 9. Express the two results, 
allowing a gain of one point for a win and a loss of one point for a 
defeat. 


3. In the night a Centigrade thermometer falls to - 8°, and in 
the day-time it rises to 12°, How many degrees are there between 
the readings ? 


4. A Centigrade thermometer rises to 9° in the day-time and falls 
15° during the night ; what is the night reading ? 


5. Asnail climbs 6 feet vertically upwards from a given point on 
a wall, slips down 15 feet, and then climbs 6 feet upwards again. 
Express algebraically his final position from his starting point. 


6. Two men each fire 20 shots at a mark and agree to register 4 

oints for every hit and to deduct 3 points for every miss. One 
hits the mark 12 times, the other 8 times, Express algebraically 
their separate scores, 


7, Each of three football teams plays 20 matches during the 
season, The A team wins 9 and loses 5, the B team wins 8 and 
loses 8, and the C team wins 9 and loses 9, the other games bein 
drawn. If one point be allowed for a win, and one point deduct 
for a loss, place the three teams in order of merit and give the 
expressions that denote the results of the season’s play. 


OD haat betct,..s, 
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Addition of Like Terms. 


18. Derrinirion. When terms do not differ, or when they 
differ only in their numerical coefficients, they are called like, 
otherwise they are Called unlike. “Thus 3a, 7a; 5a2b, 2a ; 
3a°b?, —4a3b° are pairs of like terms ; and 4a, 3b; 7a?, 9a7b are 
pairs of unlike terms. 

The rules for adding like terms are 


Rule I. The sum of a number of like terms is a like term. 
Rule II. Jf all the terms are positive, add the coefficients. 
Example. Find the value of 8a+5a. 


Here we have to increase 8 things by 5 like things, and the 
aggregate is 13 of such things ; 


for instance, S lbs. +5 Ibs. =138 lbs. 
Hence also, 8a+5a=13a. 
Similarly, 8a + 5a+a-+ 2a + 6a=22a. 


Rule III. Jf all the terms are negative, add the coefficients 
numerically and prefix the minus sign to the sum. 


Example. To find the sum of -3z, -—5x, —Tx, —2. 

Here we have to express, as one subtractive quantity, the swm, 
or total, of four subtractive quantities of like character. To 
subtract in succession 3, 5, 7, 1 like things would have the same 
effect as to take away 3+5+7+1, or 16, such things in one 
operation. 

Thus the sum of —3xz, —5x, —7u, —x is —16a. 

Rule IV. Jf the terms are not all of the same sign, add to- 
gether separately the coefficients of all the positive terms and the 
coefficients of all the negative terms; the difference of these two 
results, preceded by the sign of the greater, will give the coefficient 
of the sum required. 

Example 1. Find the sum of 17x and — 82. 

A gain of 17 followed by a loss of 8 would give as a result a gain 
of 9, for the difference of 17 and 8 is 9, and the gain, or positive 
term, is the greater. 

Thus the sum of 17% and -8x=9z. 

Example 2. The sum of —17x and 8x= — 9x, 

Example 3. Find the sum of 8a, - 9a, —a, 3a, 4a, —1la, a. 

The sum of the coefficients of the positive terms is 16. 

7 re negative ,, 21. 

The difference of these is 5 and the sign of the greater is negative ; 

hence the required sum is — da. 
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When a number of quantities are connected together by the 
signs + and —, the value of the result is the same in whatever 
order the terms are taken. 

For example, in a series of combined losses and gains, the result 
is the same in whatever order the gains and losses are taken. 

We may, therefore, add or subtract the terms in the most 
convenient order, which is usually that stated in Rule IV. 
above. ‘This process is called collecting terms. 

19. When quantities are connected by the signs + and —, 
the resulting expression is called their algebraical sum. 


Thus lla—27a+13a=— da states that the algebraical sum 
of lla, —27a, 13a is equal to — 3a. 


Note. The sum of two quantities numerically equal but with 
opposite signs is zero. Thus the sum of 5a and — da is 0. 


EXAMPLES II. b. 
Find the sum of 


1, 5a, 7a, lla, a, 28a. By BU, i@,:80, 120, Orr 
8. 7b, 10b, 11b, 9b, 2b. 4, 6c, 8c, 2c, 15¢, 19c, 100c, c. 
5, -38x, -—5z, -llx, —7Ta. ¢ 6. -5b, -—6b, —11b, —18b. 
7. -8y, -—Ty, -y, —2y, —4y. 8, -—c, —2c, -—50c, —13c. 
9, -11b, — 5b, - 3b, -b. 10. 5x, —x, -3x, 2x, - 2x, 
ll. 26y, -lly, -l5y, y, -3y, 2y. 12. 5f, -9f, -3f, 217, -—30/7. 
“13, 22, —3a, 8, —8, —5e, 5a. 14, Ty, -lly, 16y, -3y, -2 


15. 5x, -—7x, —22, Tx, 2a, -5x. 16, Tab, -3ab, -5ab, Qab, ab. 
Find the value of 

17. — 9x? + 11x? + 32? - 42:2. 18. 3a2%x —- 18a2v +a2x. 

19. 3a - 7a? - 8a + 2a3 - 11a. 90. 42° -— 5x5 - 825 - 72°. 

Qi. 4a7b? — ah? — Ja2h? + 5a2h*? — a®h?. 

— Dart — 4a [1224 + 1824 - Tart, 

Tabed = llabed — 41abed +- 2abed.» - 

ly — leat 2x, 25. ja+fa- 

~ 5b-+ tb — 3b + 2b — bb+ ib. 

=~ Gat — Qa? - Px2+ at 4 Lat + Uae 


SSSESS8 


-ab- fab = jab - fab — aa 4+-ab + pgab. 
Sy— Fat gx ~ 20+ en > 4 ot + 


3 4 
— $a - Ga? - qv? - Tx - a, 
é 


$8 
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CHAPTER IIL 
SIMPLE BRACKETS. ADDITION. 


20. WHEN a number of arithmetical quantities are connected 
together by the signs + and —, the value of the result is the 
same in whatever order the terms are taken. This also holds in 
the case of algebraical quantities. 

Thus a—b+e is equivalent to a+ce—b6, for in the first of the 
two expressions 6 is taken from a, and ¢ added to the result; in 
the second ¢ is added to a, and 6 taken from the result. Similar 
reasoning applies to all algebraical expressions. Hence we may 
write the terms of an expression in any order we please. 


Thus it appears that the expression a—b may be written in 
the equivalent form —b+a. 

/ To illustrate this we may suppose, as in Art. 17, that a repre- 
sents a gain of a pounds, and —6 a loss of } pounds: it is clearly 
immaterial whether the gain precedes the loss or the loss pre- 
cedes the gain. 


21. Brackets () are used to indicate that the terms enclosed 
within them are to be considered as one quantity. The full use 
of brackets will be considered in Chap. vit. ; here we shall deal 
only with the simpler cases. 

8+(13+5) means that 13 and 5 are to be added and their sum 
added to 8. It is clear that 13 and 5 may be added separately 
or together without altering the result. 


Thus 8+(13+5)=8+13+5=26, 

Similarly a+(6+c) means that the sum of 6 and ¢ is to be 
added to a. 

Thus a+(b+c)=at+b+e, 


pa rnponX . 4 © 
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8+(13—5) means that to 8 we are to add the excess of 13 over 
5; now if we add 13 to 8 we have added 5 too much, and must 
therefore take 5 from the result. 

Thus 8+(13-—5)=84+138-5=16. 
Similarly «+(6—c) means that to a we are to add 6, diminished 


C. 
Thus A (O-—C) HBF O— Ci scvasar cove vesvercensnsss (1). 
In like manner, 
a+b-—c+(d-e-—f)=a+b-—c+d—e-f....ccee. (2). 
Conversely, 
a+b—c+d—e—f=a+b—c4+(d—e—f)....cssen (3). 
Again, a—b+c=a+e-b, [Art. 20.] 
=the sum of a and c—64, 
=the sum of a and -b+e, [Art. 20.] 
therefore @— 0+ C= A+ (—B40)....,.sccrcsesseseesceseceserserecs (4). 


By considering the results (1), (2), (3), (4) we are led to the 
following rule : 

Rule. When an expression within brackets is preceded by the 
sign +, the brackets can be removed without making any change in 
the expression, 

Conversely : Any part of an expression may be enclosed within 
brackets and the sign + prefixed, the sign of every term within the 
brackets remaining unaltered. 

Thus the expression a—b+c—d+e may be written in any of 
the following ways, 

a+(—b+ce-—d+e), 
a—b+(c-—d+e), 
a—b+ce+(—d+e). 


22. The expression a—(b+c) means that from @ we are to 
take the sum of bande. The result will be the same whether 
b and ¢ are subtracted separately or in one sum. Thus 

a—(b+c)=a—b-—e. 

Again, a—(b—c) means that from a we are to subtract the 
excess of b over c. If from a we take b we get a—b; but by so 
doing we shall have taken away ¢ too much, and must therefore 
addctoa—b. Thus 

a-—(b—c)=a—b+e. 
In like manner, 
a-b—(e-~d-e)=a—b-c+d+e. 
Accordingly the following rule may be enunciated ; 
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Rule. When an expression within brackets is preceded by the 
sign —, the brackets may be removed tf the sign of every term within 
the brackets be changed. 

Conversely : Any part of an expression may be enclosed within 
brackets and the sign — prefiwed, provided the sign of every term 
within the brackets be changed. 

Thus the expression «—b+c¢+d-—e may be written in any of 
the following ways, 

a—(+b—c—d+e), 
a—b—(—c-—d+e), 
a—b+c—(-—d+e). 
We have now established the following results : 


I. Additions and subtractions may be made in any order. 
Thus a+b-—c+d-—e-—f=a—c+b+d-—f-—e 
=a—c—f+d+b-e. 


This is known as the Commutative Law for Addition and 
Subtraction. 


II. The terms of an expression may be grouped in any manner. 
Thus a+b—e+d—e-—f=(a+b)-c+(d—-e)-f 
=a+(b—c)+(d—e)—f=a+b—(ce—d)—(e+f). 


This is known as the Associative Law for Addition and 
Subtraction. 


Addition of Unlike Terms. 


23. When two or more tke terms are to be added together 
we have seen that they may be collected and the result expressed 
as a single like term. If, however, the terms are unlike they can- 
not be collected ; thus in finding the sum of two unlike quantities 
a and b, all that can be done is to connect them by the sign of 
addition and leave the result in the form @+0. 

Also by the rules for removing brackets, a+(-b)=a—6; that 
is, the algebraic sum of @and — 6 is written in the form a— 6. 

It will be observed that in Algebra the word swm is used in 
a wider sense than in Arithmetic. Thus, in the language of 
Arithmetic, a@—b signifies that } is to be subtracted from a, and 
bears that meaning only ; but in Algebra it is also taken to mean 
the sum of the two quantities a and —b without any regard to 
the relative magnitudes of a and b. 


E.A. B 
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Example 1. Find the sum of 83a—5b+2c; 2a+3b-d; -—4a+2b. 
The sum =(3a-5b+2c) + (2a+3b—d)+(-—4a+42b) 
= 3a —-5b+2c+2a+3b-d-—4a+2b 
=3a + 2a — 4a - 56+ 38b+2b4+2c-—d 
=a+2c-d, 
by collecting like terms. 


The addition is, however, more conveniently effected by the- 
following rule : 


Rule. Arrange the expressions in lines so that the like terms 
may be in the same vertical columns: then add each column begin- 
ning with that on the left. 


8a — 5b +2c The algebraical sum of the terms in the 
2a + 3b an first column is a, that of the terms in the 
Ldn 4:98 second column is zero. The single terms 


a in the third and fourth columns are 
a +2c-d brought down without change. 


Example 2. * Add together -5ab+6be-—Tac; S8ab+8ac -2ad ; 
—2ab+4ac+5ad; be-3ab+4ad. 


~ 5ab + 6be — Tac 
Sab + 3ac -2ad Here we first rearrange the ex- 
pressions so that like terms are in 


~ 2ab + 4ac + Sad the same vertical columns, and then 
—3ab+ be +4ad add up each column separately. 
— 2ah 4+-The +7ad 


EXAMPLES III. a, 


Find the sum of 


1. a+2b-3c¢; -—3a+b42c; 2a-3b+c. 

9, 34+2b-c; -a+3b+2c; 2a-—b+3e. 

8. -3x+2y+2;3 w-By+2z2; 2a+y- 32. 

4, -w+2y+3z2; 8u-y+2z; 2v+3y—-z. 8 
§. 4a+3b4+5¢; -2a4+3b-8c; a—b+e. 

6, —15a-19b-18e; lda+15b48c; a+5b+9e. 

7. 2a-l5b+e; 13a-10b+4c; a+20b—c. 

8. -l6a-10b+5c; 10a+5b+c; 6a+5b—c. 

9, Sax—Thyt+cz; ax+2by-cz; —3ax+2Qby + 3cz. 

10, 20p+q-73 P-20q+r; p+q-20r, 


II. } ADDITION. 1G 


Add together the following expressions : 
ll. -5ab+6be-7ca; 8ab-—4bce+3ca; -2ab-2be+4ca. 
12, . liab —- 27be — 6ca; 14ab-18be+10ca; 45he — 3ca — 49ab. 
13... 5ab+be-3ca; ab—be+ca; —ab+2ca+be. 
14,. pgt+qr-rp; -—pqtar+rp; pa-qr+rp. 
15... wt+tyt+z; 24+3y-—22; 3x-—4yte. 
16. 2a-—3b+c; lda—21b-8c; 24b+7c+ 8a. 
17, day —9yz+ 220; —Qdvy+24yz—za; Way -ldyz+z0. ~ 
18, l7ab-13bc+8ca; —5ab+9bc-—Toa; —'Tbe-—ca+2ab. 
19. 47x-63y+2; —25e+15y-32; —220+15z+48y. 
20. —17b-—2c+23a; —9a+15b+7c¢; —13a+3)—4e. 


J 
Dimension and Degree. 
Ascending and Descending Powers. 


24. Each of the letters composing a term is called a dimen- 
sion of the term, and the number of letters involved is called 
the degree of the term. Thus the product adc is said to be of 
three dimensions, ov of the third degree ; and ax* is said to be of 
Jive dimensions, or of the fifth degree. 

A numerical coefficient is not counted. Thus 8a7b® and abé 
are eacl of seven dimensions. 

The degree of an expression is the degree of the term of 
highest dimensions contained in it; thus at—8a3+3a—5 is an 
expression of the fourth degree, and a®x — 7b. is an expression of 
the fifth degree. But it is sometimes useful to speak of the 
dimensions of an expression with regard to some one of the 
letters it involves. or instance the expression ax? — ba? + cx —d 
is said to be of three dimensions in x. 

A compound expression is said to be homogeneous when all 
its terms are of the same dimensions. Thus 8a°—a‘b?+9ab° is a 
homogeneous expression of sia dimensions. 


25. Different powers of the same letter are unlike terms; — 
thus the result of adding together 27° and 3x? cannot be ex- 
pressed by a single term, but must be left in the form 22° +32, 

Similarly the algebraical sum of 5a*b*, —3ab%, and —6+ is 
5a*b?—3ab*—b*. This expression is in its simplest form and 
cannot be abridged. 


a 
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In adding together several algebraical expressions containin 
terms with different powers of the same letter, it will be foun 
convenient to arrange all expressions in descending or ascending 
powers of that letter. This will be made clear by the followix 
examples. 


Example 1. Add together 3a° + 7 + 6a - 5a; 2a? -8- Qa; 
4x — 203 +322; 323 -9a-—2?3 x-— 2? - 274-4, 


Sa* — 5a2+ 6a+7 In writing down the first expression 
- we put in the first term the highest 
2a" - 9x -8 4 
a a power of x, in the second term the — 
— 2x? + 3a? + dar next highest power, and so on till the 
303 — a? - 9x last term, in which 2 does not appear. 
—- x- a+ x44 The other expressions are arranged in _ 


the same way, so that in each column — 
we have like powers of the same letter. 


323 — 2x? — 7x +3 


* 
Example 2. Add together 3ab? — 2b8 + a®; 5a*% — ab? — 3a°; 
8a® + 5b3; 9a®b —2a* + ab*. 


_. Op3 2 3 
sd idee d | s es Here each expression contains _ i 
- ab?+ 5a% — 3a’ powers of two letters, and is 
5b® + 8a arranged according to descend- i 
ab?+ Qa%h —2a3 ing powers of b, and ascending 
3b? + 3ab? + 14a*b + 4a8 pOwrey e 


EXAMPLES III. b. 
Find the sum of 
1. 2ab +3ca+6abe; —5ab +2be —5abe ; 8ab — 2be - 3ca. 
2. 2a? - Qay + 3y*; 4y?+ Say -2x*; 2° -Qry— Gy’. 
3. 3a?-Tab-4b?; -6a*+9ab- 3b? ; 4a®+ab+5b% . 
4, +ay-y?; -2+yz+y?; —224+02423, 
5, - 2? - Bry + 3y"; 82% 4 day -—5y?; a+ ay+y® 
6.0 a8 —a2+a-1; 229-242; ~Be 46241. 
7, Qa —a®-a; 4234 8a247a; = 6a - 6a2+a. 
8, 9x8 =7r+5; -14x2+ l6e-6; 202° — 40x ~ 17. 
9, 10a9+524+8; 303-4da®-6; 223 -Qr-3. 
10, a -ab+be; ab+b®-ca; ca-—be+c', 
11. 5a®- 3c +d*; b°—2a5 + 3d? ; 4c3 — Qa% - 3a’, 


‘ 


III. | 


ADDITION. 


Find the sum of 


12. 
13. 
14, 
15. 
16. 
ive 
18. 
19. 
20. 


623 —2a+1; Qaret+at+6; x2-—7a24+2n-4. 


rs — 
a —a?+3a; 3a°+4a?4+ 8a; 5a?-— 6a? - lla. Ce ; 


x+y? —Qey ; 222— 3y?—4yz; 2x? — 22? — Baz. 

P-WP +e; pP-2F+y; x2+2y2-x2+y%. 

x? + 327y + Bay? ; - 3a°y — Bay? —- x? 3 8x2y + dary”. 

a? + 5ab? +b? ; b> — 10ab?-a® ; 5ah® — 2b? +2a°b. 

x? — 4arty — 5x? y? 5 8aty +2277 —6axyt; 32y3 + bry — x". 
a®—4a°b + 6abe ; a®b-10abe+c?; b+ 3a2b+ abe. 

x? — 4a°y + Bary? ; Quy —8xy?+2y?; y+ 3x%y + 4ary?, 


Add together the following expressions : 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


1 17 27. 3 
pt —3)3 -—G@bs0; Fa —b. 


1 14 2 BR. 


i Device ) = Dees bythe ‘~ 
=—2a+3¢; —3%—2b; 5b —3c. < 
13 inter Day) goatee 
ee C5 24-305 = -b—c. 


Dine, MO. “hs ao ee Dp ee ie ee 
qt sey — 44"; —e—sayt2y?; 50° — ey — 4. 
3a2-Zab—4b?; -3a2?+2ab-3b?; -2a2-ab+b2. 
5 2 — 1, Pi y2s —~ByP41 Lh yy 72. Ly 2 1,2 
Bur sey tr yzHy; TU t yp sty -—Y" 5 Fu - AY TY’. 
— 303+ 5a0?-2a2x; a -Stae2+ tate; —- 503+ 302m. 
a ee eae AP pee Dayo, Be. 

at — say —Ty*} sey tay; —pxr+ 4y2. 

33 — 2a%b — 363 ; 3% — Fab? + 263 ; — 303+ ab? + 563, 


CHAPTER IV. 
SUBTRACTION. 


26. Tue simplest cases of Subtraction have already come 
under the head of addition of déke terms, of which some are 
negative. [Art. 18.] 


Thus 5a-—3a= 2a, 
3a—Ta= —4a, 
—3a—6a= - 9a. 


Also, by the rule for removing brackets [Art. 22], 
3a —(-8a)=3a+ 8a 
=lLla, 
and —3a—(-8a)= —3a+8a 


= 5a, 
Subtraction of Unlike Terms. 
27. The method is shewn in the following example. 
Example. Subtract 3a -2b-¢ from 4a — 3b + 5e. 


The difference 


ada <3b+8e<(Saseee The expression to be subtracted is 


first enclosed in brackets with a 


=4a - 3b +5¢-3a+2h+¢ minus sign prefixed, then on removal 
= 4a — 3a —3b+2b+5c+¢ of the brackets the like terms are 
=a — b+ Ge. combined by the rules already ex- 


plained in Art. 18. 
It is, however, more convenient to arrange the work as follows, 
the signs of all the terms in the lower line being changed. 
4a — 3b + 5e The like terms are written in 
~8a42h4e | the same vertical column, and each 
column is treated separately, 


by addition, a- b+6c 


Rule. Change the sign of every term in the expression to be 
subtracted, and add to the other expression. 

Note. It is not necessary that in the expression to be subtracted 
the signs should be actually pic the operation of changing 
signs ought to be performed mentally. 
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Example 1. From 5x?+ xy take 222+ 8xy — Ty?. 


5ar+ oxy In the first column we combine mentally 52° 
2x2 + Sxy — Ty? and — 22x", the algebraic sum of which is 3a”. In 
the last column the sign of the term —7y? has to 


Bu? — Tay + Ty? be changed before it is put down in the result. 


Example 2. Subtract 3x?- 2a from 1 — x3, 
Terms containing different powers of the same letter being wnlike 
must stand in different columns. 


= leg In the first and last columns, as there is 
342 — Qe nothing to be subtracted, the terms are put 
Sear ae down without change of sign. {n the second 
: % and third columns each sign has to be changed. 


The re-arrangement of terms in the first line is not necessary, but 
. it is convenient, because it gives the result of subtraction i in descend- 


ing powers of x. 
/ 


EXAMPLES IV. a. 
Subtract 
1. 4a-—3b+c from 2a -3b-c. 
2. a-—38b+5c from 4a—S8b+c. 
3. 2x-8y+z from 15a + 10y — 18z. 
4, 15a—27b+8c from 10a+3b+ 4c. alee . 
5, -10x-14y+15z from x- y -z. oe 
6. —llab+6cd from — 10bc+ ab — 4cd. 
7. 4a-—3b+15c from 25a —16b - 18c. 
8. -—162-18y—15z from —5x+8y+7z. 
9, ab+cd—ac—bd from ab+cd+ ac+bd. 
0. -ab+cd—ac+bhd from ab -cd+ac — bd. 


From 
11. 3ab+5cd -4ac—6bd take 3ab + 6cd - 3ac — 5hd. 
12. yz—-zx+ay take —xy+yz—22. 
13. —2x?-a2?-3x+2 take 2-x+1. 
14. —82x?y+ l5axy? + 10xyz pe 4x®y — Bay" — 5xyz. 
15. ja-b+ pete e get ge aC 
16. 2x+y- A tales 2 Zu — eee. 
17. -a-3b take 3a+4b-1e. 
18, jfa- ryt 108 take — dx+ty- 
19, -2x%-2y- 2G take $a - 3Y - ab 
20. -ix+fy-4 take $x-3y- 


22 


From 
1. 3xy-5yz+8zx take -4ay+2yz-10zx. Pa 
2. —8x°y? + l5a%y + 182y° take 4ic2y? + TaSy - Say’, ee 
38. —8+6ab+a*b? take 4- 3ab — 5a*h?, ie 
4, awlhe+b*ca+c2ab take 3a2be — 5l2ca — 4c2ab. v 
5. -—7a*b+8ahb?+cd take 5a2b — Tab? + 6cd. 
6. —8a°y + day? — xy" take Sa®y — Say? + xy? 
7. 10a*b?+15ab2+8a2b take — 10a2b?+ 15ab? — 80%), 
8, 42°-327+2 take —5a2+6x—- 7. 
9, x3+1la?+4 take 822-52 -3. 
10. —8a°x?+52?+15 take 9a2x? — 8a? -5, 
Subtract 
11, 2 -—2?+4+2+4+1 from 23+22-a+1. 
12. 38xy? —32°y +a%—y° from a + Bx2y + Bry? + ¥°. 
13. 6° +c3—2abe from a? + b*— 3abe. 
14, Tay?-y> - 3x°y + 5a from 8x3 + 7x?y — Bay? — y’, y 
15. a24+5+a-32x° from 5a4 - 823 — 2a? +7, A 
16. a?+b?+c3—B3abe from Jabe - 3a + 5) - c3, 
17. l-%+25-2'-23 from x4#-1+a-<22. 
18, * 7a‘ — 8a? + 3a5+a from a?-5a?-7+7a'. 
19, 10a°b + 8ab? — 8a5h3 — b4 from 5a2b — Gal? = 7a53, “é 
20. a~b*+ 8ab®-7a% from — Sab? + 15a2b +b’, } 
From ‘ 
21. ja*-hoy-3y? take - 3a%+ay-y? 
22. ja*-Ja-1 take -fa2+a-4, : 
23, ta%-1e+1 take La-1+4 at, ie 
24. ja*- Jax take }-12?- faz, 
25, {x3 —hay?—y? take Lary - by2- Lay? 
26. {a*—2ax?- hae take La%e+1a3- faa’, 
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EXAMPLES IV. b. 
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MISCELLANEOUS EXAMPLES I. 


1. Simplify (1) 4a: — Qa? — (Qa — 3a) ;s 
(2) 38a —4b — (8b +a) — (5a - 8b). 
2. To the sum of 2a—3b-—2c and 2b-—a+7c add the sum of 
a—4c+7b and c-—6b. 
3. When «=3, y=2, z=0, find the value of 
(1) pe a wcyee s (2) ee 


4, Define index, coefficient. In the expressions 4x?+ 3x, 2u°+ x, 
x? + 7.x, find (1) the sum of the indices, (2) the sum of the coefficients. 
5. From 5x°+3a-1 take the sum of 
Qe —5 + 7x? and 322+4-2Qu3 +a. 
6. Subtract 3a —7a?+ 5a? from the sum of 
2+8a?-—«a* and 2a - 3a?+a-2. 


7, Distinguish between like and unlike terms. Pick out the like 

terms in the expression : 
a® — 3abh +b? — 2a8 — a? + 3b? + 5ab + Ta? 

8. Write down in as many ways as possible the result of adding 
together x, y, and z. 

9, Subtract 5x”?+3a—-1 from 22°, and add the result to 

3x? + 3a — 1. 

10. If the number of pounds I possess is represented by +a, 
what will —a denote? 

11. Write down in algebraical symbols the result of diminishing 
2a by the sum of 3) and de. 

12. When «=1, y=2, z=3, find the value of the sum of 5z?, 
—2a%z, 3y4. Also find the value of 224 - 3y*. 


13. Add the sum of 2y—3y? and 1-5y® to the remainder left 
when 1 —2y?+y is subtracted from 5y’. 


14, Explain clearly why x-(y-z)=% -y+z. 
15, If w=4, y=3, z=2, a=0, find the value of 
3a? — Qyz- ax + Sax?y. 


16. Simplify 2a —b — (3a - 2b) + (2a — 3b) — (a — 20). 
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17. Find the algebraical sum of the like terms in the expression 
5a’ — 4a) + b + 6a%b + Tab? — 3a*b + 4ab3 + 8a°b. 


18. <A boy works x+y sums, of which only y —2z are right ; how 
many are wrong ? 


19.. In the expression 3a* — 7a*b +64, point out the highest power, 
the lowest power, the positive terms, and the coefficient of a”. 


20. Take x?—y? from 3xy-—4y*, and add the remainder to the 
sum of 4ay — a? — 3y? and 22? + 6y?. 
21. If x=1, y=3, z=5, w=0, find the value of 
J (Bary) + /(52z) +/(38yr). 


22. What is the degree-of a term in an algebraical expression ? 
In the expression 42° — 3x°a?+a%, what is the degree of the negative 
term ? 


93, Find the sum of 5a-7b+e¢ and 3b~9a, and subtract the 
result from c—4b. 


24. If x=3, y=4, p=8, q=10, find the value of 
2y 
Pe ¥Y 


xyp + +2q. 


25. If represents the date 10 a.p. what will - 3x stand for? 


26. Add together 3x?-7a+5 and 22°+5x2-3, and diminish the 
result by 32? +2. 
27. In the expression 
4a°b3 — b4 + 3a%b? + 5b® — ab8a + Qa%ab 4+- aba — a*h', 
point out which terms are like, and which are homogeneous. What 
is the degree of the expression ? 


28." Express in algebraical symbols the excess of the sum of a 
and b over ¢ diminished by d. 


29. A man walks 2a—b miles due North from a fixed point O, 
and then walks a distance 3a+4 2b miles due South ; what is his final 
position with regard to 0? 


Bs What expression must be added to 52°-7x+2 to produce 
7x81? . 


CHAPTER V. 
MULTIPLICATION. 


[Part of this chapter may be taken at a later stage. See remark on 
page 33. The easy graphical work in Arts. 411-420 may be 
studied after Examples v. b.] 


28. MULTIPLICATION in its primary sense signifies repeated 
addition. 


Thus 3x4=3 taken 4 times 
=34+34+3+43. 
Here the multiplier contains four units, and the number of 
times we take 3 is the same as the number of units in 4. 
Again axb=a taken bd times 
=ad+a+art..., 
the number of terms being 6. 


Also 3x4=4x3; and so long as a and 6 denote positive 
whole numbers, it is easy to show that ax b=bxa. 


29. When the quantities to be multiplied together are not 
positive whole numbers, we may define multiplication as an 
operation performed on one quantit 'y which when performed on 
umty produces the other. For example, to multiply # by 2, we 
perform on # that operation which when performed on unity 
gives 3; that “is, we must divide 4 into seven equal parts and take 


three of them. Now each part will be equal to — and the 
result of taking three of such parts is expressed by . 
Hence yaw 4x3 
Bo ox 7 


Also, by the last article, 
4x3_3x4_ 34 
Ba cons on 
34 
Tes 


a op Sia 
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The reasoning is clearly general, and we may now say that 
axb=bxa, where a and b are any positive quantities, integral 
or fractional. 

In the same way it easily follows that 


abe=a x0x¢ 
=(@xb)xc=(6x a)xc=bac 
=bx(axXc)= Oxexa =bea; 
that is, the factors of a product may be taken in any order. This 
is the Commutative Law for Multiplication. 


Example. 2ax3bxc=2x3xaxbxc=6abe. 


30. Again, the factors of a product may be grouped in any 
way we please. 


Thus abed=axbxexd 
=(ab) x (ed)=a x (be) x d=a x (bed). 
This is the Associative Law for Multiplication. 


31. Since, by definition, a’=aaa, and a'=aaaaa, 
*. @&xa=aaa x aaaaa=aaaaaaaa=a=a5* ; 


that is, the index of a letter in a product is the sum of its indices 
in the factors of the product. This is the Index Law for 
Multiplication. 


Again, 5a®=5aa, and 7a3=Taaa. 
* bBa®x 7a®=5 x7 x aaaaa= 35a". 


When the expressions to be multiplied together contain 
powers of different letters, a similar method is used. 


Example. 5a*b" x 8a*ba’ = 5aaabb x 8aabaxrx 
= 40a5b? 23, 

Note. The beginner must be careful to observe that in this pro- 
cess of multiplication the indices of one letter cannot combine in any 
way with those of another. Thus the expression 40a°b'x* admits of 
no further simplification. 


32. Rule. 7o multiply two simple expressions together, 
multiply the coefficients together and prefix their product to the 
product of the different letters, giving to each letter an index equal 
to the sum of the indices that letter has in the separate factors, 

The rule may be extended to cases where more than two 
expressions are to be multiplied together. 
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Example 1. Find the product of 2?, x3, and 2%. 
PGrproduat—a> x a 698 ett Soh Sete als, 
The product of three or more expressions is called the con- 
tinued product. 
Example 2. Find the continued product of 52°y%, 89°25, and 3x24. 
The product=5z*y? x 8yz5 x. 3x24 = 120z3y529. 


Multiplication of a Compound Expression by a Simple 
Expression. 
33. By definition, 
(a+b)m= m+m+m+... taken a+b times 
=(m+m+m-+... taken a times), 


together with (m+m+tm+... taken } times) 
SO SRE cfc sbe Sa. car Ree Reon cs as tone SURE aid} 
Also (a—b)m= m+m+m-+... taken a—b times 
=(m+m+m-+... taken @ times), 
diminished by (m+m+m-+... taken 6 times) 
Sia? ONTO a MOM EIN « Siva eya'e v3.1 + Stop) Vide (2). 
Similarly (a~b+c)m=am—bm-+em. 


Thus it appears that the product of a compound expression by 
a single factor is the algebraic sum of the partial products of each 
term of the compound expression by that factor, This is known 
as the Distributive Law for Multiplication. 

Note. It should be observed that for the present a, b, ¢ denote 
positive whole numbers, and that a is supposed greater than b. 

Examples. 3(2a+3b —4c) =6a + 9b — 12c. 

(4a? — Ty — 823) x Bay? = 12a3y? — Qlay? — Q4ay23, 


EXAMPLES Y. a. 


Find the value of! ~ 


1 Pee SO 7a. 9. » 4a? x 5a8. 3. Tab x 8a%b2. 
A, Wicg? x 52°. 5. Satb x b°. 6. 2abe x 38ac’. 
7. 2a%b? x 2a7°. 8. 5ab x 2a. 9. 4a2b3 x 7ad. 
10, 5a*b? x 0:27)". Vi, -aPy? x Garx*. 12... abc xy. 
13. 3a4b7x? x 5a8bw. 14, 4a%ba x Th?at. 15. 5a2x x Sex. 
16. 5a*y? x Gaz’. Li, Bary 18. 3a%wty7 x a®ady9, 


” 
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Multiply together : x 
ab+be and a%b. 

5a+3y and 2x”. 
be+ca-—ab and abe. p~ 
5aty + vy? — Tay? and 32°. 
6a3be - Tab?c? and a*b?. 


5ab—Tbxe and 4a*bx*. 
a?+b?-c¢? and ab, 

5a? +3b2-—2c? and 4a°%bc*. 
6x3 — 5x®y + Tay? and 827y". 


SSRs 


Multiplication of Compound Expressions. 


34. If in Art. 33 we write c+d for m in (1), we have 
(a+b)(c+d)=a(e+d)+b(c+d) 
=(c+d)a+(e+d)b [Art. 29.] 
=ACHAA+ DCH DA... .crececeseseees (3). 
Again, from (2) 
(a—b)(e+d)=a(e+d)—b(c+d) 
=(c+d)a—(e+d)b 
=ac+ad —(be+ bd) 
=a0+ Ad — b6— Dd oo. ceeeeeeseeeees (4). 
Similarly, by writing c—d for m in (1), 
(a+b)(e—d)=a(e—d)+b(e—d) 
=(e—d)a+(ce—d)b 
= 00 — Ad + be — bd oo. eeseecssenenes (5). 
Also, from (2) 
(a—b)(c—d)=a(e—d)—b(e-a) 
=(c—d)a-—(e-d)b 
=ac—ad —(be— bd) 
= 00 — Ad — O64 .....ceeeseeeecees (6). 
If we consider each term on the right-hand side of (6), and 
the way in which it arises, we find that 
(+a)x(+c¢)=+ae. 
(— b)x(-d)= +bd. 
(— b)x(+¢)= —be. 
(+a) x(-d)= —-ad. 
These results enable us to state what is known as the Rule 
of Signs in multiplication. 


Rule of Signs. The product of two terms with like signs is 
positive ; the product of two terms with wnlike signs is negative, 
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35. The rule of signs, and especially the use of the negative 
multiplier, will probably present some difficulty to the beginner. 
Perhaps the following numerical instances may be useful in illus- 
trating the interpretation that may be given to multiplication 
by a negative quantity. 

To multiply 3 by —4 we must do to 3 what is done to unity 
to obtain —4. Now —4 means that unity is taken 4 times and 
the result made negative ; therefore 3 x(—4) implies that 3 is 
to be taken 4 times and the product made negative. 

But 3 taken 4 times gives +12 ; 


$.3x(—4)=— 12: 
Similarly —3x —4 indicates that —3 is to be taken 4 times, 
and the sign changed ; the first operation gives — 12, and the 
second +12. 
Thus (-—3)x(-—4)=+412. 


Hence, multiplication by a negative quantity indicates that we are 
to proceed just as if the multiplier were positive, and then change 
the sign of the product. 


« 


Note on Arithnietical and Symbolical Algebra. 


36. Arithmetical Algebra is that part of the science which 
deals solely with symbols and operations arithmetically intel- 
ligible. Starting from purely arithmetical definitions, we are 
enabled to prove certain fundamental laws. 


Symbolical Algebra assumes these laws to be true in every 
ease, and thence finds what meaning must be attached to 
symbols and operations which under unrestricted conditions no 
longer bear an arithmetical meaning. Thus the results of Arts. 
33 and 34 were proved from arithmetical definitions which 
require the symbols to be positive whole numbers, such that 
a>b and c>d. By the principles of symbolical Algebra we 
assume these results to be universally true when all restrictions 
are removed, and accept the interpretation to which we are led 
thereby. 

Henceforth we are able to apply the Law of Distribution 
and the Rule of Signs without any restriction as to the symbols 
used. [See Art. 33, Note.] 


37. To familiarize the beginner with the principles we have 
just explained we add a few examples in substitutions where 
some of the symbols denote negative quantities. 
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Example l. Ifa= -—4, find the value of a’. 

Here a®=(-—4)8=(—4)x(-4)x(-4)=-64. 

By repeated applications of the rule of signs it may easily be 
shewn that any odd power of a negative quantity is negative, 
and any even power of a negative quantity is positive. 

Example 2. Ifa=-1, b=3, c= —2, find the value of — 3a%bc*, > 

Here —3athc?= -3x(-1)*x3x (-2)8 We write down at _ 
= -38x(+1)x38x(-8) once (- 1)4= +1, and 


(-2)%= -8. 7 
EXAMPLES V. b. i. 


= 


If a= -2, b=3, c=-1, r= —5, y=4, find the value of 


1, 3a, 2. Sabc*. 3. —5c%. 4. Bare’. 
5, dey. 6. 3%. 7, — be? 8. 3a%c*. 
9, -—Ta*be. 10. -2a%. 1, —4a%e* 12. Sc*x*. 
13, 5ax?. 14. -7ctxy. 15. - Sax. 16. 4c*2°. 
17, -5a%*c% = =18, -Ta%c’. 19. 8ctx*, 20. Zac, 

If a= -4, b=-3, c=—-1, f=0, x=4, y=1, find the value of 
21. 3a?+be—dAcy. * 22, Qab*® — She? + Qfx. / 
23, fa*- 2h — cx, 24, 3a%y? — 5b%x — Qc°. 

25, 2a® — 3b3.4 Tey, 26, 3l®y4 - 402 - 6etx. 


27, 2 /(ac) — Ba/ (xy) +/(be4). 28, 3,/(acx) - 2/(L?y) - 6 /(e%y). | 
29, Ta/(a?x) — 34/(Dic?) + 5 /( fx). 
30.  3Bec/(Bhe) — 5/(4c2y) — 2ey/(Bbe), 
38. The following examples further illustrate the 
signs and the law of indices. 
Example 1. Multiply 4a by — 3b. 
By the rule of signs the product is negative; also da x 3b= 
“. 4a x (= 3b)= — 12ab. 
Example 2. Multiply - 5ab8x by = ab%e. 
Here the absolute value of the product is Sa®h8e2, and by 
rule of signs the product is positive ; 
1. (= 5ab3x) x (= ab ix) = 5a2) Sx, ‘ 
Kxample 3. Find the continued product of 3a%, —2a%b®, —¢ 


This result, however, ma 
2 = 2a3h2)\ — ~ Bard? « ’ y t 
Bath x (~ 2a*b*) = ~ Ba%h? ; written down at once; for 


eee aaa. 0) = + Ot Ba% x 2a%? x ab! = Ga", 
te Fe the complete product | and by the rule of signs the 


quired product is positive, 
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Example 4. Multiply 6a3- $a2b- 4ab? by —2ab?. 
The product is the algebraical sum of the partial products 
formed according to the rule enunciated in Art. 33; thus 


(6a3 — 3a2b — Sab*) x (- Zab?) = -— fat? + 3053+ 3074, 


EXAMPLES V. c. 
Multiply together : “GK 


I. ax and. —3az: 2, —2abx and —Tabx. 
8. a’b and —ab?. 4, 6x°y and —10xy. 
5. -—abed and —- 3a7l'ctd?. 6. xyz and — 5ay%z. 
7. Sxy+4yz and — 12Qxyz. 8. ab—be and abc’. 
9, -—w—y-—z and —3z. 10. a?-b?+c? and abc. 
11. -—ab+be—ca and —abe. 12. —2a2b—4ab? and —7a?b?. 


13. 5x?y-6xy?+ 8a°y? and 3xy. 14, -—Tx%y-S5axy® and — 8x%y’. 
15. —Swxy?z + 38xyz?-S8aryzand xyz. 16, 40?y*z? — Bayz and — 12x%yz°. 
17. -—13xy?-1dx*y and —7x*y?, 18, S8axyz-1l0x3yz and — xyz. 
19. abc-az2bc-—ab?c and -abe. 20, -—a2bc+b%ca-—c?ab and —ab. 


Find the product of 


91. 2a-—3b+4c and — 3a. 99. 3x-2y-—4 and — be. 

23. #a—4b-c and 2az. 24, Sax? - Sax and - tax. 
25. - Sax and -3a2+ax-3a2, 26, -fay and —32%+2ay. 
27, — ay? and — $2? + 2y?. 98, —42y3 and ja3— ty’. 


39. The results of Art. 33 may be extended to the case where 
both of the expressions to be multiplied together contain two 
or more terms. For instance 

(a-b+c)m=am—bm+em ; 
replacing m by «—y, we have 
(a—b+c)(e—y)=a(a—y) —b(w—y) +e(v-y) 
=(ax — ay) — (bx — by) + (ex — er) 
=ax—ay— bat by+cx—cy. 

We may now state the general rule for multiplying together 
any two compound expressions. 

Rule. Multiply each term of the first expression by each term 
of the second. When the terms multiplied together have like signs, 
prefix to the product the sign +, when unlike prefix —; the 
algebraical swim of the partial products so formed gives the complete 
product. This process is called Distributing the Product. — 

B.A. 0 
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40. It should be noticed that the product of a+b and «#—y 
is briefly expressed by (a+b)(x-—y), in which the brackets 
indicate that the expression a+b taken as a whole is to be 
multiplied by the expression «-y taken as a whole. By the 
above rule, the value of the product is the algebraical sum of 
the partial products +ar, +62, —ay, —by; the sign of each 
product being determined by the rule of signs. 


Example 1. Multiply «+8 by «+7. 


The product =(a+8)(a2+7) 
=x? + 8x+7x +56 
=x? + 15x +56. 
The operation is more conveniently arranged as follows : 
x+ 8 We begin on the left and 
w+ 7 work to the right, placing the 
ws. Sx second result one place to the 


7 456 right, so that like terms may 
at Ie +00 stand in the same vertical 
by addition, 2?+15%+56 column. 


Example 2. Multiply 2% -3y by 4a -7y. 


Qu -— 3y 
5 eet |i 
8x? - 12xy 
ad Ma 
by addition, Sx? - 26xry + 21y?. 
EXAMPLES V. 4. Te 
Find the product of Fe mf 


2+5 and a +10. 9. w2+6 and aw—65. 
2=—7 and a —10., 4, x-7 and a+10, 
6 


1 
3. 
5. #+7 and x-10. +7 and w+ 10. 
‘f 


. +6 and x-6. 8. «+8 and x-—4, 
9, z-12 and x-]. 10. x+12 and z-1. 
11. «-15 and «+15. 12. x-15 and -2+3. 
18, -z-2 and -2z-8, i - 2+7 and x-7, 
15, —7+5 and -2-5, 16. «-138 and x+14, 
17. «x-17 and x+18., 18, #+19 and a-20. 
19, -—#-16 and - w+. 16, 20, -—xv+21 and w#-2l, 


91, 2v-3 and «+8. 22. 2%+8 and x-8. 


Find the product of 


a—2b and a+3b. 
3a—6b and a- 8b. 
x+a and x-b. 
x—-2a and x+3b. 


e—5 and 27-1). 
32-5 and 2a7+7. 
5x—-—6 and 2x+3. 
3x -—5y and 3x+5y. 30. 3x-5y and 3a—5y. 
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; / \ 
| ni 


oA 22—5, and) a I. 
26,. s2-+-5 “and! 27— 7 
98, 5e+6 and 2x7—-3. 


32. a-7b and a+8b. 
34, a-9b and a+5b. 
36. «w-a and «+b. 
38. ax-—by and ax+by. 


xy -—ab and xy+ab. 40. 2pq-3r and 2pq+ 3r. 


[With the exception of Art. 44, the rest of this chapter may be post- 
poned and taken after Chapter xIv. ] 


*41. Weshall now 


give a few examples of greater difficulty. 


Example 1. Find the product of 32?-2x-5 and 2x”—-5. 


32° == 8 — 5 


25 5) 

627 — 427-10x 

__ — 1527 +102 +25 
6x? — 192? +25 


Each term of the first expression is 
multiplied by 2x, the first term of the 
second expression; then each term of the 
first expression is multiplied by —5; like 
terms are placed in the same columns and 
the results added. 


Hxample 2. Multiply a—b+3c by a+2b. 
a- b+3c 
a+ 2b 
a?— ab+8ac 


2ab — 2b? + 6be 


a2+ ab+3ac — 2h?+ 6bc 


*42, When the coefficients are fractional we use the ordinary 
process of Multiplication, combining the fractional coefficients 
by the rules of Arithmetic. 


Example. Multiply }a?-1ab+ 3b? by fa+. 


Ot et 4 242 


1 
ZO 


ao 


1 
us 


ge— 1a%+ tab? 


+ 4 ath - xa? + 253 


ga — Pea2b + Fab? + 253 
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*43. If the expressions are not arranged according to powers, 
ascending or descending, of some common letter, a rearrange- 
ment will be found convenient. 


Example 1. Find the product of 2a*+ 4b? -3ab and 3ab — 5a® + 4b? 
Za? -— 3ab +40? 


— 5a*+ 3ab +4b? The rearrangement is not 
— 10a4+ 150% — 20a2b2 necessary, but convenient, 
+ Ga%b— 9a%?+ 12ab? because it makes the collee- 


‘ tion of like terms more 
8a*h? — 12ab3 + 1604 easy. 


— 10a4 + 21a%b — 21a*b? +164 


Example 2. Multiply 2a0z-2?+2a°-3yz+ay by x-y+2z. 
Qu? + xy +2uz -Byz2 -— 2 
xwe- y +22 
Qu + ay + Qx°2-Bxyz—- az? 
— Qary — Qryz — xy? + 3y2+ y2? 
4ar°z + Qacyz + 4acz? — 6y2? -— 228 
Qe — aPy + 6a — Baryz + Barz? — xy? + By%z — yz? — 22° y 
* EXAMPLES V. e. LY ot 
Multiply together 
1. a+b+c, a+b-c. 2, a-2b+c, a+2b-c. 
3. a? —ab+b?, a®+ab+b? 4, 2439", w+4y. 
§. a -22°+8, 2+2. 6, xt—aty?+eA, a®+y% 
7 


. @P+oyty’, w-y. 8. a®-2ax+4a", a® + Qa 4-42 
9, 16a?+12ab+9b?, 4a — 3b. 10. a*x-aa®+a25-a’, x+a, 
1], 2?+2-2, 22+2-6, 12, 2a°-32°4+2e, 22°4-3242, 
18, -—a+a‘d-aih?, -a-b. 14, a —7e+5, 2° - 2274-3. 


15, @° + 2a% 4-2ab’, a* - 2ab+2b7. 16, 4a%4-6ay+9y*, Qu - By. 
17, 2*-3ay-y*, -a+ay+y. 18, b8-a%b®+a5, a+ 0%? + bi, 
19, a? -2Qey+y?, 22+ Qay +4, 

20. ab+ed+ac+bd, ab+cd-ae—bd. 

21, -3a°b?+4ab?+15a%, 5a%h? + ab3 — Bb4, 

22. 27x* - 36ax* + 48a%x — 64a5, 3a 44a. 

23, a*—5ab—b*, a®+ Sab +b? 

2, xw-aytotyty+l, w+y-1. 
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Multiply together 
95. a®+b?+c?-be-ca-—ab, a+bte. be 
26. —xy+yt+a°%y?+at- avy, ot+y. 
QT, xl — ay + xdyt— ay + y8, w+ 92, 
98. 3a?+2a+2a°+1+a4, a?-2a+l. 
99, —ax?+3axy?-9ay*, —ax—3ay?. 
30. —2e*y + yt+ 32?y?+ at -Qay8, a? +Qay+y?. 


31. 4a2+fa+4, ga-F. 32. 402-2e+3, da+H, 
2 il ‘ 2 
33. ga2+ayt+3y, gu-sy. 34. 32®-ax- Za?, 3a2-Far+h02 
35. ia2-27-3, 1at+fe-—3 
Meng Cleon ag 


36. Zarv+fa%+Ja%, $0%+ $a? - Bae. 


44. Products written down by inspection. Although the 
result of multiplying together two binomial factors, such as. 
a2+8 and «—7, can always be obtained by the methods already 
explained, it is of the utmost importance that the student should 
soon learn to write down the product rapidly by inspection. 

This is done by observing in what way the coefficients of 
the terms in the product arise, and noticing that they result 
from the combination of the numerical coefficients in the two 
binomials which are multiplied together ; thus 


(v+8)(a@+7)=2?+8r4+ 7x +56 
= 27+ 15a"+56. 

(a — 8)(@ —7)=2? — 8x7 —Tr7+56 
=x — 157+ 56. 

(v7 +8)(#@ —7)=2?+ 8x — Ta —56 


= 47+ 2 —56. 
(a —8)(a@+7)=2? — 82+ 7x —56 
= 4" — x1 — 56. 


In each of these results we notice that : 

1. The product consists of three terms. 

2. The first term is the product of the first terms of the two 
binomial expressions. 

3. The third term is the product of the second terms of the 
two binomial expressions. 

4. The middle term has for its coefficient the sum of the 


numerical quantities (taken with their proper signs) in the 
second terms of the two binomial expressions. 
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The intermediate step in the work may be omitted, and the 
products written down at once, as in the following examples : 
(c+2)(7+3)=2°+50+6. 
(a —3)(#+4)=2?+a"-12. 
(«+6)(« -—9) =a? — 32-54. 
(a — 4y)(w— 10y) =x — 14ay + 407”. 
(w—6y)(a@+ 4y)= 2? —2xy — 247". 
By an easy extension of these principles we may write down 
the product of any two binomials. 


Thus (2x + 3y)(x—-y) =i ete 
=22°+ xy —3y. 

(3a —4y)(2a+y)= Ga — Say ting 47? 
= 62? — bay — 4y?. 


(a+ 4)(@—4)= 2+ 4x — 40-16 
= 7-16. 


(Qa + 5y)(Qa — 5y) = 4a*+ 10xy — Oxy — 25y? 
= 4a" — 25y*. 


Pl 
EXAMPLES V. f. 


Write down the values of the following products : 


. («+8) (a-5). 2. (x+6) (2-1). 8. (7-3) (2+10). 
(a1) (~+5). 5. (x+7) (7-9). 6. (2 - 10) (#-8). 
. (w—4)(e+1)). 8. (a -2)(a+4). 9, (w+2)(x-2), 
. (@-1)(a+1). ll. (a+9)(a-5). 12. (a-3)(a+12). 
(a —8) (a+ 4). 14, (a-—8)(a+8). 15. (a-6)(a+13), 


. (a+38)(a+3). 17. (a-1l)(a+11). 18, (a -8)(a-8). 

(7 —3a)(2+2a). 20, (w+6a)(~-5a). QI), (#+3a) (x - 3a). 
. (w+4y)(w@—2y). 23. (a+7y)(a@-Ty) 24 (@—3y) (a -3y). 
. (a+3b) (a+3b). 26, (a-5b)(a+10b). 27, “(a - 9b) (a - 8b), 
(20-5) (@+2). 29, (2u-5) (x-2). 30, (2a +3) (a - 8). 
(3a -1)(@+1). 82, (22+6)(2z-1). 33, (8x+7)(2x- 3), 
(4a =) (22+). 35, (Ba+8)(3e-8). 36, (2x—5) (2x-5). 
(Bu ~2Qy) (3a+-y). 38, (Bx +2y) (Ba+2y). 39, (2a+7y) (2x —5y), 
, (Sa: 3a) (5a—3a). 41, (Qa —-5a)(w+5a). 42, (Qa+a) (2a +a), 
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The Method of Detached Coefficients. 


* 45. When two compound expressions contain powers of 
one letter only, the labour of multiplication may be lessened 
by using detached coefficients, that is, by writing down the 
coefficients only, multiplying them together in the ordinary 
way, and then inserting the successive powers of the letter at 
the end of the operation. In using this method the expressions 
must be arranged according to ascending or descending powers 
of the common letter, and zero coefficients must be used to 
represent terms corresponding to missing powers of that letter. 


Example. Multiply 203 -- 4a? - 5 by 32°+4a—2. 


2 ae 5 

3+ 4- 2 Here we insert a zero coefficient to 

Quo O15 represent the power of x which is absent 
$2164 0=20 in the multiplicand. In the product the 


highest power of a is clearly a°, and the 
eee 8 ~ 0+ 10 others follow in descending order. 
GeO — | —20-+ 10 

Thus the product is 
62:° — 4x4 — 20a? — "Fac? — 202 + 10. 


The method of detached coefficients may also be used to 
multiply two compound expressions which are homogeneous 
and contain powers of two letters. 


Example. Multiply 3a4+2a%b + 4ab?+2b4 by 2a?-1?. 


34+2+0+4+42 We write a zero coefticient to represent 


2+0-1 the term containing a*b? which is absent 
6+4+0+8+4 in the first expression. Similarly, the 
ao 4—2 term containing ab is represented by a 


(Ea ae a a zero coefficient in the second expression. 


It is easily seen how the powers of a and 0B arise in the successive 
terms, and the complete product is 


6a + 4a°b — 3a4b? + 6a°b? + 4a7b4 — 4ab> — 258, 
Note. Beginners should on no account attempt to use detached 


coefficients until they are well practised in the ordinary full process 
of multiplication. 


CHAPTER VI. 


DIVISION. 


Uf preferred, the articles in this chapter marked with an asterisk 
may be postponed and taken after Chapter xv.] 


46. WHEN a quantity a@ is divided by the quantity 6, the 
quotient is defined to be that which when multiplied by 6 
a 


a 
b 
or a/b; in each of these modes of expression a is called the 
dividend, and } the divisor. 
Division is thus the inverse of multiplication, and 
(a+b) xb=a. 
This statement may also be expressed verbally as follows : 


produces a. This operation of division is denoted by a+b 


quotient x divisor = dividend. 


Since Division is the inverse of Multiplication, it follows 
that the Laws of Commutation, Association, and Distribu- 
tion, which have been established for Multiplication, hold for 
Division. 


47. The Rule of Signs holds for division. 


Thus ab+a= ab —axb_y 
a a 


Ps prc eh ih Naa) 
a a 


ab-+-(-a)= gf (=a) x(— 0) nb, 


ie —-a 


-ab+(-a)=—% (— Ox? _, 


Hence in division as well as multiplication 
like signs produce +, 
unlike signs produce —. 
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Division of Simple Expressions. 
48. The method is shewn in the following examples : 


Example 1. Since the product of 4 and wx is 42, it follows that 
when 4x is divided by x the quotient is 4, 


or otherwise, 4x +a=4, 


Example 2. Divide 27a> by 9a’. 


TI _ , 2105 Ziaaaaa . | We remove from the divisor 
le quotient = qos = —Oo oa and dividend the factors com- 
5 mon to both, just as in arith- 

= 3aa = 3a". metic. 

Therefore 27a? + 9a? = 3a. 


Example 3. Divide 35a%b?c3 by 7ab?c?. 
: 35aaa. bb. ccc 
The quotient — 4a. bb By 

We see, in each case, that the index of any letter in the quotient 
is the difference of the indices of ‘that letter in the dividend and 
divisor. This is called the Index Law for Division. 

The rule may now be stated : 

Rule. The index of each letter in the quotient is obtained by 
subtracting the index of that letter in the divisor from that in 
the dividend. 

To the result so obtained prefix with its proper sign the quotient 
of the coefficient of the dividend by that of the divisor. 


=5aa.c=5are. 


Example 4. Divide 45a%b?2x* by - 9a%ba?. 
The quotient =(-—5) x a®—8}2-1z4-2 
= —§a%a?, 
Example 5. —21a?b3 + ( —'7a?b?) =3b. 


Note. If we apply the rule to divide any power of a letter by the 
same power of the letter we are led to a curious conclusion. 


Thus, by the rule a?+a3=a’->=a’; 


ae 
but also ees =. 
a 
’ 
ale. 


This result will appear somewhat strange to the beginner, but its 
full significance will be explained in the chapter on the Theory of 


Indices. 
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Division of a Compound Expression by a Simple 
Expression. 


49. Rule. To divide a compound expression by a single 
factor, divide each term separately by that factor, and take the 
algebraic sum of the partial quotients so obtained. 


This follows at once from Art. 33. 


Examples. (1) (9%—12y+38z)+ -3= -3x+4y—-z. 
(2) (36a°h? — 24a?b° — 20a4b?) + 4a) = 9ab — 6b4 — 5ab. 
(3) (2a? -5ay+32°y3)+ -fe= —4at 10y -32y'. 


EXAMPLES 
Divide 

de Oo DY. a. ’ 2. 
S. -—3852° by 72°. 4. 
5, 24 by a*y. Az 6. 
7. 4a°b°c? by abc®. 8. 
9, -a'c® by -ac’. 10. 
ll. -162x%y? by -4ay?. 1g. 
13. 35a" by 7a’. 14. 
15. Ta*be by -7Ta*be. 16. 
17. 16b°yx2 by -2Qxy. 18. 
19, x?-2xy by a. 90. 
21. 2° —7a5+4a4 by 22. 22. 
93, 15x5—25a* by — 5x. 24, 
25, —24r5— 2x4 by — 82. 26. 
27, a®-ab-ac by -a, 28. 
29, 3x*-92%y-12ry* by -3a. 30. 
81, -3a?+ fab -6ac by - fa. $2. 
33, -§at+Say+4 0x by -Sa. 34, 

35. ja%r-ylyabx-facx by Zaz. 


VI. a. 

Q7at by — 9a. 
abx? by -ax. 
ate by —a%x. 


12a%b®c® by —3ath*e. 
L5aby7z4 by 5x22. 
~48a° by -8a%.- 
63a7b8c? by 9a5b*c’, 
28a4h® by —4a%, 

— 50y%a* by - 5a*y. 

3 — 3a? +a by 2. 

10.x7 — 8a: + 3x by 2. 
27a — 36> by 92°. 
342342 —Hla®%y® by 17xy. 
a? —a®h—a®b® by a’. 
daty! J8a%y? + bay? by — ay. 
Jaty? — Baty! by + Say’ 
~2a5x + fata by faz. 
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Division of Compound Expressions. 


50. To divide one compound expression by another. 

Rule. 1. Arrange divisor and dividend in ascending or 
descending powers of some common letter. 

2. Divide the term on the left of the dividend by the term on 
the left of the divisor, and put the result in the quotient. 

3. Multiply the wHoue divisor by this quotient, and put the 
product under the dividend. 

4, Subtract and bring down from the dividend as many terms 
as may be necessary. 


Repeat these operations till all the terms from the dwidend ave 
brought down. 


Example 1. Divide 2?+1lx+30 by «+6. 
Arrange the work thus: 
x+6)a?+11x+ 30 ( 
divide x, the first term of the dividend, by 2, the first term of the 
divisor ; the quotient is x. Multiply the whole divisor by x, and 
put the product x?+6x under the dividend. We then have 
x+6 ) a?+1la+30(2 
x2+ Gogh 
by subtraction 5x + 30. 
On repeating the process above explained we find that the next 
term in the quotient is +5. 
The entire operation is more compactly written as follows : 
x+6 ) w?+11x%+30(24+5 
x?+ 6x 
5a + 30 
52 + 30 


The reason for the rule is this: the dividend may be divided 
into as many parts as may be convenient, and the complete 
quotient is found by taking the sum of all the partial quotients. 
Thus z?+112+30 is divided by the above process into two parts, 
namely 2?+62z, and 52+ 30, and each of these is divided by 7+ 6; 
thus we obtain the complete quotient «+5. 


Example 2. Divide 2427-65xy+2ly? by 8a -3y. 
8a — By ) 24a? — 65ay + 21y?( 3x - Ty 
24a%— ary 
— 56ay + 21y? 
— 56xy + 21y? 
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EXAMPLES VI. b. 
Divide 
1. 2?+3e+2 by x+1. 
8. a?-1la+30 by a-5. 
5. 32?+10x%+3 by «+3. 
7. 5a?+1lx+2 by «+2. 


2, x*—Tx+12 by 2-3. 
4, a?-49a+600 by a-25. 
6. 2a?+1lla+5 by 2e+1. 
: 8, 202+172+21 by 27+3. 
9, 522+162+3 by «+3. 10. 32°+34v+11 by 32+1. 
LL. 4a?+2382+15 by 42+3. 12. 62?-72-3 by 2x-3. 
13. 32°+x2-14 by x-2. 14. 32°-aw-14 by x+2. 
15. 6x?-3lx+35 by 2x”-7. 16. 4a?+2-14 by x+2. 
17. 12a?-'7ax—-12x? by 3a-4a. 18, 15a?+17ax—-4x* by 3a 44a. 
19, 12a?-llac-36c? by 4a-9c. 20. 9a*+6ac -35c? by 3a+ 7c. 
~Q1, 60x°-4day-—45y? by 10a —-9y. 
™~ 22. 96a2-15y?-4day by 12% -5y.—23, 72°+96x2- 282 by Ta -2. 
~24. 10027 - 32-1322 by 3+25a. 25, 27a°+92x?-3x2-10 by 32- 2. 
26. 16a*—46a2+39a-9 by 8a-3. 27. 15+3a-7a*-4a* by 5 — 4a. 
28. 16-—96x + 216x? - 21627 + 8la* by 2-32. 
*51. The process of Art. 50 isapplicable to cases in which 
the divisor consists of more than two terms. 
Example 1. Divide 6x°—a4 +42 - 5a2-2-15 by 2a®-a2+3. 
Qa®*-4+3)6a5- af+4+4a3 - 522-2 - 15 ( 3a5+2°-2e-5 


622° — Bart 4- 923 
Qa4 -~ 5x — 5a? 
Dat at Sa! 
—473— 822-— 2 
— 423+ 2x? - 6x 
— 10a? + 5a - 15 
- 102° +5a- 15 


Example 2. Divide 2a°+10- 16a -39a*®+15a* by 2-4a - 5a’, 
Arrange the ag. gr i in ascending powers of a and use detached 


coefficients as in Art. 45, 
2-4-5) 10-16 -394+2415 (542-3 
10 — 20 — 25 
4-14+ 2 
4~- 3-10 
—- 64+124+15 
— 6412415 


Thus the quotient is 5+ 2a —3a®, 
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*52,. Weadd a few harder cases worked out in full. 
Example 1. Divide x*+4a* by 2?+2xa+2a?. 
x? + Qxa + 2a?) xt++4a4 ( 2:2 — 22a + 2a” 
at + 2a8a + Qax?aq? 
— 2am — Para? 
— 9x8a + 4a%a? — 4a 
2270? + 4a? + 4a4 
Q2?a? + 4a? + 4a4 


Example 2. Divide a?+b3+c3- Babe by a+b+e., 
a+b+c)a’-8abe+ 6'+c3(a?-ab—-ac+b?-be+e 
e+ a*hb+arc 
— a®h —a®c —3abe 
— a&b—ab?- abe 


—a’c+ ab?—2abe 


— arc — abc—ac? 
ab?— abc+ac?+b3 
ab? +03 + bc 
— abc+ac?— bc 
— abe — b2¢ — bc? 


ac?+be?+ 
ac? +be?+ ¢3 


Note. In the above example the dividend and successive re- 
mainders are arranged in descending powers of a. 
The result of this important division will be referred to later. 


*53. When the coefficients are fractional the ordinary process 
may still be employed. 


Example. Divide $23+-ay?+ ;y3 by a+ zy. 


ZU+RY) +t pater a Ly (4x? -Fay+1y? 
feb + 7 ay 
Sat ty? 
— Laty— 1 xy? 


Al 1 
3 ty tizsy 
4 typ toy 


*54, In the examples given hitherto the divisor has been 
exactly contained in the dividend. When the division is not 
exact the work should be carried on until the remainder is of 
lower dimensions [Art. 24] than the divisor. 
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*EXAMPLES VI. c. 


[Examples 1-20 will furnish practice in the use of Detached 
Coefficients as explained in Art. 51.) 


Divide 
1, 23 -a?-9x-12 by 22+3x+3. 
2. 2y-3y?-6y-1 by 2y?-5y-1. 
3. 6m?—m*—14m+4+3 by 3m?+4m-1. 
4, 6a°-—13a4+4a*+3a? by 3a*-2a?-a. 
5. at+a3+7a*-62+8 by 22+2r+8. 
6. at—a®-8a?+12a-9 by a®+2a-3. 
7. at+6a5+13a2+12a+4 by a®+3a+2. 
8. Qet-as+4a?+7a4+1 by 2-2+3. 
9, 2° - 5at+ 923 -622-2+2 by a®-32+2. 
10. 25-4a4+323+32?-3824+2 by 2®-2-2. 
11. 3004+ 1123 -82a%-5x2+3 by 2a-44+ 32% 
12. 30y+9-71ly® +287 - 35y? by 4y?-13y +6. 
13. 6 -1514+4+7P-7k+2 by 3-k+1. 
14, 154+2m*-31m+9m?+4m>+m> by 3-2m-—-m’* 
15. 2a*-8x+a4+12-72? by x?+2-32. 
16, 2 -2a4 - 429+192? by 2°-7a+5. 
17. 192-a*+128x%+ 427-823 by 16-2*, 
18, 14at+ 4523y + 7822y2+ 46ay3+14y? by 2a°+ 5ay+7y’*. 
19. 25 -aty+a%y?-23+22-y by 2-a-y. 
20, 25 + arty — a3y?+ a3 -Qay?+e8 by a? +ay—-y*. 
21. a®-b* by a®—b'. 22, «9-7 by a®+ay+y* 
23, x7 -Qy'4— Tardy — Tay? + 1l4a%y8 by a -2Qy?. 
24, a®+3a°b+b8-143ab? by a+b-1). 
25. x-y8 by +a2%y+ary?+y'. 96. a®—b'? by a®-b*. 
27. al? +2a%8 +b by at+ 2a? + bf 
28. 1-a’- 8x3-6axr by 1-a-2z. 


Find the quotient of 


FSSRES 


4a8 - atx + 2 aa®-2703 by ta-8a. 


AD as hare? op he ae ol a | 
g7O - ya + ya az by ga- FZ. 
Rated + $ya° by Jatt Jac 
psa - a3 -fa2+fa+4% by Ja?-$-a. 

1 ee EE TR | Sey 
362° + 54° +¢ Any Gutsy by 62 - yy a 


: 2 § 
oa - Ftgaxt by ga - ta. 
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*55. The following examples in division may be easily verified ; 
they are of great importance, and should be carefully noticed. 


poe 
pay ae 
HT Bho 
Me ony =2+ay+y’", 
— yA 
eee =O aly tay ty, 


and so on; the divisor being ~—y, the terms in the quotient 
all positive, and the index in the dividend either odd or even. 


By 
ag 
x 2,9 
I. CEP aot aty tatty 
: a ; = 08 — xy + ty? — ays + ary — ay +, 


and so on; the divisor being ++y, the terms in the quotient 
alternately positive and negative, and the index in the dividend 
always odd. 


(mbes Khe of 
w+Y Wis ee 
ake) Ee, POM: 
INE ry =i" — HY + LY —¥", 
hee 4 GE) Oe ys 
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and so on; the divisor being x+y, the terms in the quotient 
alternately positive and negative, and the index in the dividend 
always even. 

IV. The expressions 2?+7*, at+y', v§+7/,... (where 
the index is even, and the terms both positive) are never divisible 
by v+y or x-y. ' 

All these different cases may be more concisely stated as 
follows : 

(1) w"-y" is divisible by x—y if n be any whole number. 

(2) x+y" is divisible by x+y if n be any odd whole number. 

(3) a” —7" is divisible by v+y if x be any even whole number. 

(4) a"+y" is never divisible by x+y or #—y, when n is an 
even whole number. 


CHAPTER VIL 
REMOVAL AND INSERTION OF BRACKETS. 


66. QvAnTITIEs are enclosed within brackets to indicate that 
they must all be operated upon in the same way. Thus in 
the expression 24—3b—(4a—2b) the brackets indicate that the 
expression 4a —2b6 treated as a whole has to be subtracted from 
2a—3b. When we wish to enclose within brackets part of an 
expression already enclosed within brackets it is usual to employ 
brackets of different forms. The brackets in common use are 
(), {},[]. Sometimes a line called a vinculum is drawn over 
the symbols to be connected; thus a—b+c is used with the 
same meaning as a—(b+c), and hence a—b+c=a—b-—ce. 


Removal of Brackets. 


57. To remove brackets it is usually best to begin with the 
inside pair, and in dealing with each pair in succession we apply 
the rules already given in Arts. 21, 22. 


Example 1. Simplify, by removing brackets, the expression 
a — 2h —[(4a - 6b — {3a —c + (5a - 2b —- 3a —¢ + 2b)}]. 
Removing the brackets one by one, we have 
a — 2b - [4a — 6b - {3a —¢ + (5a — 2b — 3a +e -2h)}] 
=a —2b —[4a - 6b - {8a -c+ 5a - 2b-38a+e-2h}) 
=a-2b-[4a-6b- 8a4+¢- 5a+2b 43a --c+ 2b] 
=a-2b- 4a+6h+ 3a-c+ 5a-—2b-3a+e-2b 
=2a, by collecting like terms. 


Example 2. Simplify the expression 
—[- 2a -{8y — (Qa - 3y) + (Ba — Qy)} + 2a). 
The expression = -[ - 2x -{3y ~2Qa+ 3y + 3x —2Qy} + 2a] 
= -[-22-3y+2x-3y-3x+2y +2x) 
= 2a + By - 2x + By + 8x —Qy - 2x 
=a+4y. 
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EXAMPLES VII. a. 


Simplify by removing brackets 


1. a-(b-—c)+a+(b—-c)+b-(c+a). 

2, a—[b+{a-(b+a)}]. 

3. a —[2a -{3b - (4c - 2a)}]. 

4 {@—(b—c)}+{b-(c-—a)}—{ce-(a-b)}. 
5. 2a -—(5b+([8¢ -a]) - (5a —[b+c]). 

a) 4 f- (eda 

fe ele {0 —(¢—a)} |b = fea) } 
Se (=(-(—2))) =(—(= 9): 

We {~(abe~a)} 4 -{—=(6-a—0)}. 
10. -5x-[By - {2x - (2y—«)}]. 
eee) (7): 

12. 38a-[a+b-{a+b+c-(a+b+c+d)}]. 
13. -2a-[8x+{3c -(4y+3a+2a)}]. 

14, 30-[5y —{62— (4x ~Ty)}}. 

15, - [5a -(11y—8x)] - [5y — (8x - 6y)}. 
16. —[15x- {14y — (152+ 12y) - (10a - 15z)}}. 
17, 8x«-{l6y — [8x -—(12y — 2) —-8y]+2x}. 
18. -[w-{2+(x-z) -(z-a)-z}-a]. 

19. -[a+f{a-(a—x)-(a+x)-a}h-al]. 
20. -[a-{a+(x-a) —(%-a)-—a}- 2a]. 


58. A coefficient placed before any bracket indicates that 
every term of the expression within the bracket is to be multi- 
plied by that coefficient. 


Note. The line between the numerator and denominator of a 


J 


fraction is a kind of vinculum. Thus —3~ is equivalent to 3(2—5). 


Again, an expression of the form ,/(«+y) is often written Va+y, 
the line above being regarded as a vinculum indicating the square 
root of the compound expression «+ y taken as a whole. 


Thus /25 + 144 =/169 = 13, 
whereas /25 +N/144=5+12=17. 


AG D 
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59. Sometimes it is advisable to simplify in the course of 
the work. 
Example. Yind the value of 
84—7[-llx-4{-17¢+3(8-9—52)}}. 

The expression = 84 —7[ — lla -4{-17x+3(8 - 9+ 52)}] 
=84-7[-lla-—4{-17%+3(5a—-1)}] 
=$4-7[-lla-4{-17x+15e—-3}] 
=84-7[ -llx-4{-20-3}] 
=84 -7[-1llvw+8xr+12] 
=84-—7[-—3x+12] 
= 84+ 2]a - 84 
— ibis 


When the beginner has had a little practice the number of 
steps may be considerably diminished. 


EXAMPLES VII. b. 
Simplify by removing brackets 
a ~(2b+48c - 8a -(a+b)}+ 2a —(b+3c)]. 
a+b--(¢c+a—-—[b+e-(a+b—-{e+a-(b+c-a)})]) 
a-(b-c)-[a-—b-c-2{b+e-3(c-a)-d}]. 
Qu - (37 —4z) — {Qu - (By + 4z)} — {8y — (424 Qa) }. 
b+ce-(a+b-[c+a—(b+ce-{a+b-(c+a-b)})]). 
3b — {5a -[6a + 2(10a - b)}}. 
-(b-c)-[a-—b-c-2{hb+c}]. 
3a® — [6a® — { 8b? — (9c? — 2a2)}}. 
b-(e-a)-[b-a-c-2{c+a-38(a~-b)-a}]. 
10, -20(a-d)+3(b-c)-2[b+c+d~-8{e+d-4(d-a)}}], 
ll. - 4(a4+d)4+24(b-c)-2[c+d+a-3{d+a-—4(b+c)}}]. 
12. -10(a+b)-[c+a+b-3{a+2hb -(c+a—b)}]+4e. 
13, a-2(b-c)-[-{-(4a-b-c-2{a+b+c})}}. 
14, 8(b-c)-[-{a-b-3(c-b+a)}]. 
15, 2(3b - 5a) -7[a -6{2-5(a—b)}). 
18, 6{a~2[) -3(c-+d)]}-4{a-3[b-4(c-d)]}. 
17, 5{a-2[a-2(a+x)]}-4{a -2[a-2(a+x)]}. 
18. -10{a-6[a —(b —c)]}+60{b-(c+a)}. 


So s3eoo0 + SPP 
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19, -3{-2[-4(-a)]}+5{-2[-2(-a)} 
20. -2{-[-(x-y)]}+{-2[-(x-y)]} 

1 _3fl/,_a\_ 2 3/,  4a\7])\ 
Zl, qia—5(b—a)} 513(° =) G7 a(t ail; 


29. 35| SY {30 ae \ ]+8@- on. 


Be Be-L(2p-}e)-[o- Qe (ly-)}-(Be-b)] 


Insertion of Brackets. 


60. The converse operation of inserting brackets is im- 
ea The rules for doing this® have been enunciated in 
Arts. 21, 22; for convenience we repeat them. 


(1) Any part of an expression may be enclosed within brackets 
and the sign + prefixed, the sign of every term within the 
brackets remaining unaltered. 


(2) dAny part of an expression may be enclosed within 
brackets and the sign — prefixed, provided the sign of every 
term within the brackets be changed. 

Hxamples. a—b+c-d-e=a-b+(c—d-e). 

a—-b+c-—d-e=a-(b—c)—(d+e). 
x? — at bx — ab=(a? — ax) + (ba —ab). 
ay — ax —by+ab=(xy —by) —(ax-ab). 

61. The terms of an expression can be bracketed in various 
ways. 


Example. The expression ax ~-bx+cx-ay-+ by -cy 


may be written (ax —bx)+ (ca —ay)+(by—cy), 
or (ax - ba +cx) —(ay —by+cy), 
or (ax — ay) — (ba — by) + (ex — cy). 


62. Whenever a factor is common to every term within a 
bracket, it may be removed and placed outside as a multiplier 
of the expression within the bracket. 
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Example 1. In the expression — 
aa? - cx +7 — dx* + bx —c— da? + bx? - 2x 
bracket together the powers of x so as to have the sign + before 
each bracket. 

The expression = (ax* — dx*) + (bv? — da?) + (ba — cx - 2%) + (7 -c) 
=a) (a—d)+22(b-d)+2(b—c-2)+(7-c) 
=(a—d)2?+(b-d)x?+(b-c-2)a+7—-c. 

In this last result the compound expressions a-d, b-d, b-c-2 
are regarded as the coefficients of 2%, «*, and # respectively. 


Example 2. Inthe expression — a*x -7a+ a®y +3 —2x—-ab bracket 
together the powers of a so as to have the sign — before each bracket. 
The expression = — (a®x -— a®y) — (7a + ab) — (2x - 3) 
= -a*(x—y) —a(7 +b) — (2a - 38) 
= -(@-y)a?-(7+b)a—(2u-8). 


EXAMPLES VII. c. 


In the following expressions bracket the powers of x so that 
the signs before all the brackets shall be positive : 
1. aat+ ba? +54 2Qbx -— ba? + 224 - 3x. 
2, 3ba?-7-—2u+ab+ bax? + cx — 422 - be. 
3, 2-7x3 + bax -— 2cx + 9aa 4-Tx -— 8x2, 
4, ex - 3aba + 4dx — 8ba4 — aP' + x4, i 
In the ethos, expressions bracket the powers of » so that 
the signs before all the brackets shall be negative : 
5, ax? + 5a — art — 2b23 — 3a? - bat, 
6. 7a? — 8c2a — aba? + Baa + 72° — abca’. 
7, aa® + ax — ba? - 5x? - cx’. 
8, 3b%x4 - ba - ax — cat — 5e2x — Tat, 
Simplify the following expressions, and in each result re-group 
the terms according to powers of « : 
9, ax — 2ca —[ba* — {ca - dx - (ba? + 3cx*)} - (ca® - bar)]. 
10,  5aa* ~ 7(bx - ca*) - { 6ba:* - (Bax* + Qaax) — 4ea}. 
11. av?-3{ -aas+3ba- 4[ tens - #(ax- ba?) ] } : 


12. a — Adee | 12a ~ 4 {hat -9( Fda) -Saxt} J. 
13. x{a-b-x(a—-bx)}+an-af{x- x(ax-b)}. 
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63. In certain cases of addition, multiplication, etc, of ex- 
pressions which involve literal coefficients, the results may be 
more conveniently written by grouping the terms according to 
powers of some common letter. 

Example 1. Add together ax*—2ba?+3, ba*’-cx>— a? and 

2° — one? + Cn. 
The sum =az? — 2ha? + 3 + ba — cx? — x? + 23 — ax? + cx 
= ax  — cx? + v8 — av? —2ba? — 2? + bat+cxt3 
=(a—c+1)a®—(a+2b4+1)a2?+(b+ce)xa+3. 
Example 2. Multiply aaw?-2ba+3c¢ by pe-q. 
The product = (aa? — 2ha + 3c) (px - q) 
=apx* — 2bpx? + 38epx — aqu? + 2hqu — 3cq 
= ap — (2bp + aq) x? + (8cp + 2bg) x — 3cq. 


EXAMPLES VII. d. 


Add together the following expressions, and in each case 
arrange the result according to powers of x: 


te ae® —Ber, ba? — ca®; om = a. 

OD ew 1, au —bx", beta. 

8. ax? —5x, 2ax? — Sax, Ya? — bx? — ax. 
4, aax+bu-—c, qu-r—px, «?+2x+3. 

5, pa®—qxe, qu? -pxu, q-23, px? +qz*. 


Multiply together the following expressions, and in each case 
arrange the result according to powers of x: 


6, ax?+ba+1 and cav+2. 7, cx?-2x+3 and ax—b. 
8. ax?-be-c and px+q. 9 23?—32=1 and be-Fc. 
10. ax?-2ba+8c and x-1. 11, pax?-2x-q and ax-3. 


12. 2? +ax?-ba—-c and x*-ax?-bxr+e. 
13. av—2?+3u-—b and axv?+224+3a+b. 
14. «t-az*-ba?+ca+d and w!+ax3—-bx?-cxt+d. 


CHAPTER VIII. 
SIMPLE EQUATIONS. 


64. Aw equation is a statement that two algebraical expres- 
sions are equal. 

Thus (i.) @+3+¢24+4=2r74+7, (ii.) 4v+2=14 
are equations. 

The parts of an equation separated by the sign of equality are 
called members or sides of the equation, and are distinguished 
as the right side and the left side. 


65. If the two expressions are always equal, for any values 
we give to the symbols, the equation is called an identical 
equation, or briefly an identity. Thus equation (i.) above is 
an identity, as is easily seen by collecting the terms on the left 
side. 

If two expressions are only equal for a particular value or 
values of the symbols, the equation is called an equation of 
condition, or more usually an equation, simply. 

Thus the statement 47+2=14 will be found to be true only 
when v=3. 

This, then, is an equation in the ordinary sense of the term, 
and the value 3 is said to satisfy the equation. The object of 
the present chapter is to shew how to find the values which 
satisfy equations of the simpler kinds, 


66. The letter whose value it is required to find in any 
equation is called the unknown quantity. The process of 
finding its value is called solving the equation. ‘The value so 
found is called the root or solution of the equation. 


67. An equation which, when reduced to a simple form, 
involves no power of the unknown quantity higher than the 
first is cated a simple equation. It is usual to denote the 
unknown quantity by 2. 


68. The process of solving a simple equation depends only 
on the following axioms : 

1, If to equals we add equals the sums are equal. 

2. If from equals we take equals the remainders are equal. 

3. If equals are multiplied by equals the products are equal. 

4. If equals are divided by equals the quotients are equal. 
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Example 1. To solve the equation 7a=14. 
Dividing both sides by 7, (Axiom 4) we get 


2, 
Example 2. Solve the equation == = 6. 
Multiplying both sides by 2, (Axiom 3) we get 
v= — 12. 


Example 3. Solve the equation 
Tx — 2x —%=10-— 23 - 15. 
By collecting terms on each side, we get 


4= — 28. 
Dividing by 4, (Axiom 4) we get 
x= -7. 


EXAMPLES. ((rai.) 


Find the values which satisfy the following equations : 


1. 32=18. 2 4212: Si Oa— 12 4, Tx=—'7. 
5, 32=2). (f Mlo=an, Yi, iWehe=sier 8. 14e= —42. 
Jaige oo, 10, =or—=si il, =2e=—12. 12.) —3e=2i. 
18. 30. 14. -47=0. 15, 2xv=11. 16s) Sneato. 
We oles 18, Se=—7.. 19, “28e= 3b) 20. 342=—51. 
MW, =. Op fans, 93. 24, 4, ==0. 
] 5 6 


v 
9h. Sxr+-5x—3e=17 —9+ 33-11. 
96. 5e—7x+8xe=12-5+7+4+10. 
27. —de —12u+5x=29 -2+6-13. 
26, 4— lobe —9e-+-2ia= —25+8—60-+ 17. 

69. In the preceding examples the terms have been so 
arranged that those involving the unknown quantity have 
been on one side of the equation and the numerical quantities 
on the other. We can always arrive at this arrangement by 
the aid of the axioms. 

Example. Solve the equation 3x —-8=x+ 12. 

Subtracting w from both sides, we get 


; 32 —o— 8=12, [Axiom 2. ] 
Adding 8 to both sides, we have 
3a — x=12+8; [Axiom 1]. ] 
C, Bip AN) 2 


dividing by 2, part [Axiom 4, ] 
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70. Beginners should verify, that is, prove the correctness 
of their solutions by substituting, in both sides, the value 
obtained for the unknown quantity. 


In the last equation 3x%-8=x+12, 


if x=10, 
the left side=3 x 10 -8=22, 
and the right side= 10+ 12=22. 


Since these two results are equal the solution is correct. 


71. In the following examples some preliminary reduction 
is necessary. 

Example 1. Solve 5(x-3)-7(6 — #7) =24 -3(8-—2) -3. 

Removing brackets, 5a - 15 ~ 42+ 7a =24- 244+ 82-3; 


collecting terms, 12x - 57 =32 - 3. 
Subtracting 3x from each side, we get 
9x -57= -3. {Axiom 2, ] 
Adding 57 to each side, we have 
9a = 54, [Axiom 1.] 
Dividing by 9, x=6. [Axiom 4. ] 


(Verification. When x=6, 
the left side =5(6 — 3) —7(6-6) 
=5x3-0=15. 
The right side =24 - 3(8-6)-3 
=24-~3x2-3 
=24-9=165, 
Thus the solution is correct. ] 


de 3 aye 
5 10 5° 4 

Here it is convenient to begin by clearing the equation of 
fractional coefficients. This can be done by multiplying every 
term on each side of the equation by the least common multiple of 
the denominators. [Axiom 3.] 

Hence, multiplying throughout by 20, 

16a — 6 = 4a + 5a. 
Subtracting 9a from each side, 


Example 2. Solve 


7x -~6=0., 
Adding 6 to each side, 10=6, 
Dividing by 7, an? 


7 
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[ Verification. When =o 
: 4 6 3 48-21 27 
the left side=_x7-19= 7070 
. : 1 6 1 6 24430 
The right side=sxat7X7 140 
oh) 27 
7140. 770) 


Thus the solution is correct. | 


72. The preceding examples have been worked out very 
fully in every detail for the purpose of impressing on beginners 
the importance of shewing clearly the meaning of every step of 
their work in solving simple equations. Each step should 
occupy a separate line, and each successive process should be 
referred to one of the fundamental axioms ; the object in each 
case being to gradually reduce the equation until it consists of a 
single term containing v on one side, and a single known term 
on the other. The required root is then found by dividing each 
side by the coefficient of x. 

Orderly arrangement should be studied throughout, and in 
particular, the signs of equality in the several lines should be 
written neatly in column. 

In order to furnish the requisite practice in method and 
arrangement, we shall now give an exercise containing easy 
equations which are free from difficulty in the way of reduction, 
and which involve little actual work. 


EXAMPLES VIII. (1). 


Find the value of # which satisfies each of the following 

equations, and in each case verify the solution. 

eve —-4— 17. Dae —1l()) 3. 2x+15=23. 

AL Lye C= Orile 5s) feel S =D, 6. 8e=]25= 27) 

7. Av—3=9¢-+1. 8. 5¢+2=6x7-1. 9, 3x+2=4x -3. 
10, 42-—3=37-+4. Il. 8¢-9=33-4e. J12. d2+3=15-2, 
13, 20+15=27 — 4x. 14, 7e+1l1=30+Z, 
15. 15-5x=24 -— 8a. 16. 9x%+21-—4x7=46. 
17. 5¢04+74+4¢4114+3x27=24. 18. -0=9-6x-19+10z. 
19. 7-8¢=5+42+11—-16z. 90, —38e-5= —Ja+1. 
21. 6¢+7-19=7x%4+13-3x-21. 
92. 30+44+10e-17=14- 232+ 16 - 7x. 
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Solve and verify the following equations : 


#6 v4 f Qn _ 5 
23., 36 24, 53" 25. er 

da _ 7 jx 4 325 
26. 5. me 15 a 6 =f 98. 7-7 = 
29. 5e-4u=a-9, 30. e-paptl. 

C 4x 2. i 1 
a1, 5-o3=— _= 92. jet aw-map 5m 


73. After enough practice to enforce the reasons for the 
several steps, the solutions may be presented in a shorter form. 

When any term is brought over from one side of an equation 
to the other it is said to be transposed. 

We shall now shew that any term may be transposed from 
one side of an equation to the other by simply writing it down 
on the opposite side with its sign changed. 

Consider the equation 32—8=#+ 12. 

Subtracting w from each side, we get 

382—4—-—8=12. 
Adding 8 to each side, we have 
37 —-v7=12+8, 

Thus we see that +2 has been removed from one side, and 
appears as —v on the other; and —8 has been removed from 
one side and appears as +8 on the other. 

Similar steps may be employed in ali cases, 

It appears from this that we may change the sign of every 
term in an equation ; for this is equivalent to transposing all the 
terms, and then making the two sides change places. 


Example, Take the equation — 3x -12=a- 24, 
Transposing, - ©+24=32 + 12, 
or 3u+12= —a+424, 
which is the original equation with the sign of every term changed. 


74. We can now give a general rule for solving any simple 
equation with one unknown quantity. 


Rule. /irst, if necessary, clear of fractions ; then transpose 
all the terms containing the unknown quantity to one side of the 
equation, and the known quantities to the other. Collect the terms 
on each side; divide both sides by the Ma of the unknown 
quantity and the value required is obtained. 


on 
Le 
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Example 1. Solve 5x - (4x —7)(3x—5)=6 -3(4a - 9) (a —-1). 

Here the products (4v—7)(8e-5) and (4e- 9)(a—1) must be 
multiplied out, or written down by inspection as in Art. 44, before 
any further reduction can be made. 


Forming the products, we have 
da — (12a — 414+ 35)=6 — 3(4x? — 130+ 9) ; 
and by removing brackets, 
5x — 12x? + 41a - 35=6 — 12a7+ 39x - 27. 
The term — 12%? may be removed from each side without altering 


the equality ; thus 
5x + 41a —35=6 + 39x — 27. 


Transposing, 5.0 + 41a — 39x =6 - 27435; 
collecting terms, fing al 
ee CO 
Note. Since the minus sign before a bracket affects every term 
within it, in the first line of work we do not remove the brackets 
until we have formed the products. 
Example 2. Solve 7x —5[a-{7-6(x-3)}]=3x+1. 
Removing brackets, we have 
Tx - 5[a—{7-6x+18}]=3e+1, 
Tx —5[a-25+6x]=3x+1, 
Tx —5x2+125 -30%=3r+1; 


transposing, Tx — 5a — 30x - 3a=1-125 ; 
collecting terms, —3la= —124; 
. @=4, 


EXAMPLES VIII. a. 


[Zt 7s recommended that Nos. 1-16 of the following examples 
should be solved in full by reference to the axioms. In the rest of 
the exercise the solutions may be shortened by transposition of 
terms. | 


Solve the following equations and verify the solutions in 
Examples 1 to 20. 


1, 3e+15=27+25. 9. %%—3=32z—f. 

3 382+4=5(x"-2). 4, 2x+3=16- (2a - 8). 
5. 8(a-1)4+17(x-3)=4(4a-9)+4 

6, 15(a—1)+4(a+3)=2(7+2). 

7. 5x-6(x%-—5)=2(%+5)+5(x —- 4). 

8. 8(x—-3) —(6 —2x)=2(%+2)-—5(5-2). 
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Solve the following equations : 
9, 7(25-—x) —2x=2(3x - 25). 
10, 3(169-2)-—(78+2)=29e. 
ll. 5e@-174+3x2-5=62-7-8x+115. a 
12. 72-39 -102+15=100 - 35x + 26. 
138. 118 - 65x” —123=15x2 +35 —- 1202. 
14, 157 -21(%+3)=163 — 15(2a — 5). 
15. 179-18(%-10)=158 - 3(a—-17). 
16, 97~5(a+20)=111-8 (2+). 
17, w-[8+{a@-(3+2)}J=5. 
18. 5a -—(3a-—7) -{4-2x-(62%-3)}=10. 
19, 14e-(5a-9) - {4-32 - (2x -3)}=30. 
20... 25a - 19 - [3 - {4a -5}]=3a - (6x -5). 
Qi. (a+1)(2v4+1)=(a%+ 3) (Qv+3) -14. 
92, (a+1)?—(a?-1)=a (2x +1) -2(a+2)(%+1)+20. 
93, 2(%+1)(2+3)+8=(2e+1)(x+35). 
94, 6(x®-3x+4+2) —2(a®-1)=4(x~ +1) (@+2) -— 24. 
25, 2(a—4) — (a? +a — 20) =4a:? - (5a: 4-3) (a — 4) — 64. 
96. (+15) (a -—3) -—(x?-62+4+9)=30 -15(a-1). 
27, 2% —5{3x —7(4a - 9)}=66. 
98, 20(2-x)+3(a—7) -2[x+9-3{9 -—4(2-a)}]=22. 
99, #+2-[a-8-2{8-3(5-a)-ax}]=0. 
30. 3(5-6x) —- 5[a-5{1-3(x-5)}]=23. 
81. (2+1)(22+3)=2(x+1)?4+8. 
82. 3(x-1)?-3(a? -1)=a- 15. 
33. (3+ 1)(2a -—7)=6 (a - 3)? +7. 
34, 2? -87+25=2(a — 4) —25(a - 5) - 16. 
35. we (a+ 1) + (a +1) (a2 +2) = (a +2) (w4+3) 4+ a(@4+4) - 9. 
86, 2(a2+2)(a-—4)=—a(2a+4+1)-21. 
87, (w 4-1)? +2(% +3)? =3m (@ 4-2) 4 35. 
88, 4(a +5)? - (Qu +1)?=3 (a —- 5) +180. 
39, 844 (a+ 4) (2-3) (a 45) =(ar+1)(a4+2) (a+ 3). 
40. (w+1)(@+2)(2+6)=a3 + 922+4(7a-1). 
67. The following examples illustrate the most useful 
methods of solving equations with fractional coefficients, 
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oe 


Heample 1. Solve 4- =ha ae 


Multiply by 88, the Mee common multiple of the denominators ; 


thus 352 —-11(~—-9)=4u—44; 
removing brackets, 302 — lla+99=4a-44; 
transposing, —lla—da= —44- 352-99; 
collecting terms and changing signs, 15a2=495 ; 

x= 33. 


w= 9 . : 1 : 
Note. Here — 3 38 equivalent to —g(x-9), the vinculum or 
line between the numerator and denominator having the same effect 
as a bracket. [Art. 58.j 


76. In certain cases it will be found more convenient not to 
multiply throughout by the L.c.m. of the denominators, but to 
clear of fractions in two or more steps. 


Example 2. Solve ~ 5 Bees CE a) za) 


35 9 28 
Multiplying throughout by 9, we have 
18x — 27 9x+81 
Lion 5e — 32 — ; 
oa — 12 “35 = Ow 32 38 
2-7 Ox 
transposing, es =u SES) 2 — 20. 
Now clear of fractions by multiplying by 5x 7 x 4 or 140; 
thus 72a — 108 +- 45x + 405 = 280x — 2800 ; 


2800 — 108 + 405 = 280a — 72a — 452 ; 
3097 = 1632 ; 
oN). 


77. Tosolve equations whose coefficients are decimals, we may 
express the decimals as vulgar fractions, and proceed as before ; 
but it is often found more simple to work entirely in decimals. 


i 
Example 1. Solve ‘6x+ 25-50 =18 — "15a — 5 


Expressing the decimals as vulgar fractions, we mak 


° 
2¢+1—-te=l$-3e-4; 


clearing of fractions, 24x +9-—4x%=68 — 272-12; 
transposing, 24x - 40+ 27x=68 —- 12-9, 
Aaa 


Ce 
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Example 2. Solve °375a —1°875= "12a + 1°185. 
Transposing, 375a — -12%=1°185 + 1°875 ; 
collecting terms, (°375 — -12)a=3°06, 
that is, 2552 =3°06 ; 
3°06 
v= O55 
= 12% 
EXAMPLES VIII. b. 
Solve the following equaffons, and verify Nos. 1-16. 
x «2-5 w-5 w+5 
fn is “ 1 ey 
5 "52,2410, 4 21 af 
r-4 x-10 ~ w+] 
ai icin ais eee 
4(e+2) _ Bx +4 @-4 4 
icon mals | o ea 
r+20 32 . ce-8 x-3, 5 
9. 9 +7 =6. 10. ao +57 =0. 
ct+> e+1 2+3 4-5x 1-22 13 
11. ia Dee ie 12, So "= a 
5(v+5) 2e-38) 19 4(x+2) O(x-7)_,, 
13. gS 7 Sat. 14. 3 , ia 12. 
a Qe 3u oy ve @ L ns 
15. l+5-g-a-4 16. 9 3 aban le 
3 5 y) 5 
ii, 1g" ~ 1) ~ {a (* - 4) =z(2 - 6) + 48° 
5 mee 
18, 2 +5 (x -i)- 7 (7 -8)= 3a - 142, 
se. OG ; _@-1 4s 
19, - ja(e+10)~(w- 3)=" = - 43. 
a _3 ‘ 
20. 5 “ya'* 11) = (a ~ 25) +34. 
zi] w\ 5 A( x 
21. 3+7=3(4-§)-3 ae 5) 
i 4+xu x-] 23-2 
e8) + —— +d <a 
, 22, ge 8)+ +7 x 
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bf ) 5a ba _#-12 x+3 
= 3(q-3 * Gralige ROP © 
24 ou (8u- 2? | Soe 87-5 
Ge o+10. 5. x-2 
25 i econ goo 3 
96. ‘da—‘3a=-2Q5a—1. 27. 34+ 5=1-5 
98, 2:25x —*125=32+3°75. 99, ‘2Qu-‘léx='6—°3. 


80, 62 —-7a+ “752 —-‘875x+15=0. 
$1, 12{3a— -25(x%—4)—-3(5ar+14)}=47. 


°25 («2 — 3) + °3 (a — 4) 


8. Soe oo) ss pe sen eee 
5 2 5 « as ae —“s0=a— oy 
35, ‘Se — “2a= 32-155. 36. 15=9 aS 


[Some of the examples in Miscellaneous Examples IL., p. 80, 
will furnish further practice in Simple Equations. | 


78. Before concluding this chapter it will be worth while to 
draw attention to the following cases which occur so frequently 
in solving equations that the beginner should learn to write 
down the solution at sight. 

Case I. Suppose ce 


5 ¢ 


Multiplying both sides by 5, we have 


a=" | 
Be Saari cks ets aie (1) 
gue) 
mt oa 
Case II. Suppose coud 
5 ae 
Multiplying both sides by 32, we have 
52 7 
/ 
Fo ay ae ee oe eae ene (2). 
Ug an 
9x3 
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By a careful examination of the results in (1) and (2), the 
truth of the following principles will be evident : 


Any factor of the numerator of one side of an equation may 
be transferred to the denominator of the other side, and any fuctor 
of the denominator of one side inay be transferred to the numerator 
of the other side. 


The ready application of these principles will be found very 
useful. 


7 3a (oO 
Example 1. If 147738” 
9x14 
tl peta taf! 
ai = 35x91 
3 2 
Hxample 2. If 7 - 5, 
then is rs ord ae 


After a little practice the arithmetic should be performed mentally, 
and the intermediate steps omitted. 


EXAMPLES VIII. c. 


Write down the values of « which satisfy the following 
equations : 


4, -7=2. 5. oa 6. a3. 
16. 3=5- I, =z. 8. => 
19, #8 oo, ae 9}, 19_57. 


CHAPTER, EX. 
SYMBOLICAL EXPRESSION. 


79. Iw solving algebraical problems the chief difficulty of 
the beginner is to express the conditions of the question by 
means of symbols. A question proposed in algebraical symbols 
will frequently be found puzzling, when a similar arithmetical 
question would present no difficulty. ‘Thus, the answer to the 
question “find a number greater than x by a” may not be self- 
evident to the beginner, who would of course readily answer an 
analogous arithmetical question, “find a number greater than 
50 by 6.” The process of addition which gives the answer in 
the second case supphes the necessary hint; and, just as the 
number which is greater than 50 by 6 is 50+6, so the number 
which is greater than 2 by a is +a. 


80. The following examples will perhaps be the best intro- . 
duction to the subject of this chapter. After the first we leave | 
to the student the choice of arithmetical instances, should he . 
find them necessary. 


Hxample 1. By how much does x exceed 17? 
Take a numerical instance ; ‘‘ by how much does 27 exceed 17?” 
The answer obviously is 10, which is equal to 27 — 17. 
Hence the excess of x over 17 is x- 17. 
Similarly the defect of x from 17 is 17- «x. 
Example 2. If x is one part of 45 the other part is 45 — x. 


: I= 
Example 3. If x is one factor of 45 the other factor is =. 


Example 4. How far can a man walk in @ hours at the rate of 
4 miles an hour? 


In 1 hour he walks 4 miles. 
In a hours he walks a times as far, that is, 4a miles. 


Example 5. If £20 is divided equally among y persons, the share 
of each is the total sum divided by the number of persons, or £ : 


E.A. E 
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Example 6. If 17 be divided by 6 the quotient is 2, and the 
remainder 5, 


17 5) 
rel es > 3 fp 
that is, 6 +6 


So if N be divided by D, and the quotient be Q@ and the 
remainder R, we have 


N R 
p7etp 
or N=QD+R. 


Thus, if the divisor is a, the quotient y, and the remainder 2, 
the dividend is xy +z. 


Example 7. A and B are playing for money; A begins with £p 
and B with q shillings: after B has won £x, how many shillings 
has each ? 


What B has won A has lost, 
A has 20(p — 2) shillings, 
B has q+ 20x shillings. 


EXAMPLES IX. a. 


What must be added to # to make y? 
By what must 3 be multiplied to make a? 
What dividend gives b as the quotient when 5 is the divisor ? 
What is the defect of 2¢ from 3d? 
By how much does 8k exceed k. 
. If 100 be divided into two parts and one part be # what is 
the other ? 
7. Ifa be one factor of b, what is the other ? 
8. What number is less than 20 by ¢? 
9. What is the price in pence of a oranges at tenpence a dozen ? 


10, What is the price in pence of 100 oranges when 2 cost six- 
pence ? 


11. If the difference of two numbers be 11, and if the smaller be 
x, what is the greater ? 


12. If the sum of two numbers be ¢ and one of them is 20, what 
is the other? 


13. What is the excess of 90 over a? 

14, By how much does w exceed 30? 

15. If 100 contains a five times, what is the value of 2? 

16, What is the cost in pounds of 40 books at x shillings each 2 


Oop Ope 
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17. In years a man will be 36 years old, what is his present age ? 

18. How old willa man be in a years if his present age is x years? 

19, If x men take 5 days to reap a field, how long will one man 
take ? 

20. What value of w will make 5a equal to 20? 


21. What is the price in shillings of 120 apples, when the cost of 
a score iS x pence ? 


22. How many hours will it take to walk x miles at 4 miles an 
hour ? 


23. How far can I walk in x hours at the rate of y miles an hour? 
24, In x days a man walks y miles, what is his rate per day? 


25. How many minutes will it take to walk w miles at a@ miles 
an hour? 


26. <A train goes x miles an hour, how long does it take to go 
from Bristol to London, a distance of 120 miles? 


27, How many miles is it between two places, if a train travelling 
p miles an hour takes 5 hours to perform the journey ? 


28. What is the velocity in feet per second of a train which 
travels 30 miles in x hours? 


29. A man has @ crowns and DP florins, how many shillings 
has he? 

30. If I spend z shillings out of a sum of £20, how many shillings 
have I left? 


31. Out of a purse containing £a and 6 shillings a man spends 
¢ pence ; express in pence the sum left. 


32. By how much does 2% —5 exceed «+1? 

33. What number must be taken from a—2b to leave a—3b? 

34, If a bill is shared equally amongst x persons and each pays 
3s. 4d., how many pence does the bill amount to? 

35. If I give away c shillings out of a purse containing a 
‘sovereigns and 0b florins, how many shillings have I left ? 

36. In how many weeks will 2 horses eat 100 bushels of oats if 
one horse eats y bushels a week ? ; 

37. If I spend 2 shillings a week, how many pounds do I save 
out of a yearly income of £y? 

38. A bookshelf contains w Latin, y Greek, and z English books : 
if there are 100 books, how many are there in other languages ? 

39, Ihave x pounds in my purse, ¥ shillings in one pocket, and 
z pence in another: if I give away half-a-crown, how many pence 
have I left? 

40. In a class of x boys, y work at Classics, z at Mathematics, 
and the rest are idle: what is the excess of workers over idlers? 
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81. We subjoin a few harder examples worked out in full. 


Example 1. What is the present age of a man who a years hence 
will be m times as old as his son now aged y years ? 

In x years the son’s age will be y+ years; hence the father’s 

age will be m(y+.x) years; therefore now the father’s age is 

m(y +x) — 2 years. 


Example 2. Find the simple interest on £% in n years at f per 
cent. 
Interest on £100 for 1 year is £f, 


ea 
Fass ceoeenaaes Pos occu ais entered 00° 
kf 
SiVeseee wiky ems £k ageeredeeciuvas £700’ 


*. Interest on £4 for n years is £700" 


Example 3. Aroom is x yards long, y feet broad, and a feet high ; 
find how many square yards of carpet will be required for the floor, 
and how many square yards of paper for the walls. 


(1) The area of the floor is 3xy square fect ; 


. the number of square yards of carpet required is at 
(2) The perimeter of the room is 2(3x + y) feet ; 

'. the area of the walls is 2a(3x+y) square feet ; 

‘. number of square yards of paper required is aie ty, 


Example 4, The digits of a number beginning from the left are 
a, b,c; what is the number ? 


Here c is the digit in the units’ place ; 6 standing in the tens’ 
place represents b tens; similarly a represents a hundreds, 
The number is therefore equal to a hundreds + tens +e units 


=100a + 10b + ¢. 
If the digits of the number are inverted, a new number is 
formed which is symbolically expressed by 
: 100¢ + 10b +a. 


Example 5. What is (1) the sum, (2) the product of three con- 
secutive numbers of which the least is n? 


The numbers consecutive to n are n+-1, n+2; 
“. the sum=n-+(n-+1) + (n +2) 
=3n-+3. 
And the product =n(n +1) (n+ 2). 
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We may remark here that any even number may be denoted 
by 2n, where » is any positive whole number ; for this expres- 
sion is exactly divisible by 2. 


Similarly, any odd number may be denoted by 2n+1; for 
this expression when divided by 2 leaves remainder 1. 
Exanyple 6. How many days will a men take to mow 6 acres if 
c boys can mow a acres in b days, and each man’s work equals that 
of n boys? 
Since c boys can mow aacresin b days; 


Ne OVA cay ctaaleamamuate sein seme or avekers be days, 
be 

Re UP TOS SOR WIE sa aoe gla eceae ge ve es days, 
be 

OOD ea retinas Ne tece aansicssn Obs: — days, 
an 
be 

fo CL ME Mioes eetaeean sie nsiacstatv i acre... —,- days; 
an 


... OFe 
therefore a men can mow DP acres in OE days. 


EXAMPLES IX. b. 


1. Write down four consecutive numbers of which ~ is the least. 

2. Write down three consecutive numbers of which y is the 
greatest. 

3. Write down five consecutive numbers of which x is the middle 
one. 

4, What is the next even number after 2n? 

5, What is the odd number next before 27+1? 

6. Find ue sum of three consecutive rodd numbers of which the — 
middle one is 2n+ 1. 

7, Aman makes a journey of x miles. He travels a miles by 
coach, 6 by train, and finishes the journey by boat. How far does 
the boat carry him ? 

8. A horse eats a bushels and a donkey 6} bushels of corn in a 
week : how many bushels will they together consume in 7 weeks ? 

9, Ifa man was « years old 5 years ago, how old will he be y 
years hence ? 

10. A boy is x years old, and 5 years hence his age will be half 
that of his father. How old is the father now ? 

11. What is the age of a man who y years ago was m times as 
old as a child then aged x years? 

12. A’s age is double B’s, B’s is three times C’s, and C is x years 
old: find A’s age. 

13. What is the interest on £1000 in } years atc per cent. ? 
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14, What is the interest on £x in a years at 5 per cent. ? 

15. What is the interest on £50a in @ years at a per cent. ? 

16. What is the interest on £24ay in 2 months at y per cent. per 
annum ? 

17, A room is a yards in length, and y feet in breadth: how 
many square feet are there in the area of the floor? 

18. A square room measures 2 feet each way: how many square 
yards of carpet will be required to cover it? 

19. A room is p feet long and a yards in width: how many yards 
of carpet two feet wide will be required for the floor ? 


20. What is the cost in pounds of carpeting a room a yards long, 
b feet broad, with carpet costing ¢ shillings a square yard ? 

21. How many yards of carpet a inches wide will be required to 
cover the floor of a room y feet long and z feet broad ? 

22. A room is a yards long and b yards broad ; in the middle 
there is a carpet c feet square : how many square yards of oil-cloth 
will be required to cover the rest of the floor ? 


23. How many miles can a person walk in 45 minutes if he walks 
a miles in x hours ? 


24, How long will it take a person to walk } miles if he walks 
20 miles in ¢ hours ? 


25. Ifa train travels a miles in b hours, how many feet does it 
move through in one second ? 

26. A train is running with a velocity of « feet per second : how 
many miles will it travel in y hours ? 

27, How long will 2 men take to mow y acres of corn, if each 
man mow z acres a day ? 

28. How many men will be required to do in » hours what y 
men do in az hours? 

29, What is the rate per cent. which will produce £y interest 
from a principal of £1000 in r years ? 


30. Find in how many years a principal of £a will produce £p 
interest at 7 per cent. per annum, 


[The following examples will assist the student in stating the con- 
ditions of a problem in equational form. | 


31. If y is the product of three consecutive numbers of which the 
greatest is p, express this fact by an equation. 

32. The sum of three consecutive even numbers is equal toa. If 
the middle number is 2n express this by an equation. 

33, The product of p and q is equal to five times the excess of a 
over b; express this by an equation, 
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34. If x is divided by y, the quotient is equal to 10 more than the 
sum of m and ; express this in algebraical symbols. 

35, A man is x years older than his son, whose present age is a 
years; five years hence the father’s age will be twice that of the son; 
express this in algebraical symbols. If the son is now 15, what is 
the father’s age? If the father is now 538, how old is the son? 

36. <A has £p and B has q shillings; A hands £z to B and finds 
that he then has three times as much as 6; express this fact by an 
equation. 

37. A man who is p years old has a son whose age is q years ; 
five years ago the father’s age was seven times that of his son. Ex- 
press this in algebraical symbols. 


Formule. 


82. In Example 6, Art. 80, we proved 
N R 
ey! 
a result which gives in a single statement a general relation 
expressing the connection between a number, its divisor, and 
resulting quotient and remainder. 

This is an example of a very important class of algebraical 
statements known as formule, the use and application of which 
we shall now briefly explain. 

Derinition. A formula is a relation established by reason- 
ing among certain quantities, any one of which may in turn be 
regarded as the unknown. 

Thus in the formula above mentioned, if Q, 2, and D are given 
quantities, we have an equation to find the corresponding value 
of V. Or, a question may be proposed as follows: “ By what 
must 96 be divided so as to give a quotient 5, and a remainder 
11?” Here we have given V=96, Q=5, L=11, and therefore 
from the formula we obtain 

96 


Wa 
—=5+—) 


D D 
whence D=17, the required divisor. 


83. A formula, it must be observed, includes all particular 
cases in one general statement ; and so by the use of a single 
algebraical formula we are enabled briefly to express a whole 
class of results in a form at once simple, easily remembered, and 
easily applied. Experience will convince the student how much 
of the power and utility of Algebra lies in the ready application 
of formule to many kinds of problems. 
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It would be out of place here to make more than a passing 
allusion to other branches of Mathematics, or to Physical Science ; 
but on account of the interest and importance of the subject, it 
may be useful to draw the reader’s attention to a few of the 
more elementary formule he is likely to meet with in his other 
studies. 

(1) If a triangle on a base 6, has a height A, its area (A) is 
given by the formula A=hb. 


(2) Ifa pyramid of height % stands on a base whose area is 

a’, its volume (J’) is given by the formula 
V=}arh. 

In these cases i linear unit, inch, foot ... being chosen, the 
superficial and solid units will be respectively the square and 
cubic inch, foot, ... ; and in each of these formule if two of the 
three quantities be given, the third is easily obtained by Arith- 
metic. 


Example. The Great Pyramid of Heypt stands on a square base 
each side of which is 764 feet ; and its height is 480 feet. Find the 
number of cubic feet of stone used in its construction. 
From the formula, V=4 x (764)? x 480 
= 160 x 764 x 764 
= 93391360 cubic feet. 


84. We have in this chapter given several examples involving 
space, velocity, and time ; and all these can be solved without 
difficulty by common sense reasoning. At the same time we 
may remark that they are only particular cases of the general 
formula s=vt, in which s denotes the space described by a body 
which moves with uniform velocity v for a time ¢. 

In this formula, if ¢ denotes the number of seconds the body 
has been in motion, and v the number of feet passed over in one 
second, then s is the space (in feet) described in ¢ seconds, 


Example. If a train has a velocity of 75 feet a second, how long 
will it take to cross a viaduct which is 300 yards in length ? 


Substituting the values of s and v (expressed in feet) in the 
formula, we get 
900 =75t, 


$2000 
om (> 
= 12, 
Therefore the time is 12 seconds. 
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85. Another very interesting case is that of a body falling 
vertically under the action of gravity. 

It is proved in works on Dynamics that if a body fall freely from 
rest, and if s denote the space (in feet) described in ¢ seconds, 

s=ggt?. 

In this formula g denotes the number of feet per second by 
which the velocity is increased in each successive second in 
consequence of the earth’s attraction, and it is found by experi- 
ment that g=32°2 nearly. 


Example 1. A stone dropped from the Clifton suspension bridge 
takes 4 seconds before it reaches the water. Find the height of the 
bridge above the river. 


From the above formula, s=4 x 32°2 x (4)? 
=i Oy 
and the height is therefore 257°6 feet. 
Example 2. How long will it take a stone to reach the bottom of 
a well 144°9 feet deep ? 
From the formula, 144:°9=4x322x2; 


5144-9 
a tesien 
= 


Therefore the time is 3 seconds. 


EXAMPLES IX. c. 


1. From the formula for the area of a triangle in Art. 83, find 
(i) The area, when the base is 32 ft., and the height 17 ft. 
(ii) The base, when the area is 56 sq. ft., and the height 7 ft. 


(iii) The height (in chains and links), when the area is 5°985 
acres, and the base 17 chains 50 links. 


2. By means of formula (2) in Art. 83, find 


(i) The volume of a pyramid of height 10 ft., on a base 
whose area is 15 sq. ft. 


(ii) The volume of a pyramid of height 6 ft., standing on a 
square base each of whose sides is 1} ft. 


(iii) The height of a pyramid whose volume is 20 eu. ft. and 
whose base has an area of 12 sq. ft. 
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3. By means of the formula s=vt (Art. 84), find 


(i) How many miles a train will run in 84 minutes at 35 miles 
per hour. 


(ii) How long a train will take to run 56 miles at 42 miles per 
hour. 


(iii) The velocity in miles per hour of a train which travels 
5500 yards in 5 minutes. 


4, By means of the formula s=4gt® (Art. 85), find 


(i) The height of a flagstaff if a stone dropped from the top 
takes 3 seconds to reach the ground. 


(ii) How long it will take a stone to drop from a balloon whose 
height above the ground is 402 ft. 6 in. 


5. The circumference (C) of a circle is 7 times the diameter (d) ; 
and the area (A) of a circle is r times the square of the radius (7). 
Express these two results by formule. 


If wa 22, find the circumferences and areas of circles whose radii 
are 3} inches and | ft. 9 in, respectively. 
6. The surface S of a sphere of radius 7 is given by the formula 
S=4x 22,4, 
Find (i) the surface of a sphere whose radius is 1°4 in. ; 
(ii) the radius of a sphere whose surface is 38} sq. ft. 
If a room is a feet long, y feet broad, and z feet high, find 


formule for (i) the perimeter, (ii) the area of the floor, (iii) the area 
of the walls. 


8. From the formule of the last example find the perimeter, area 
of floor, and area of the walls of a room 18 ft. 8 in. long, 11 ft. 3 in. 
wide, and 12 ft. high. 


9. From formula (iii) of Example 7, find the height of a room 
when the length and breadth are 17 ft. 9 in., 12 ft. 3 in. respectively, 
and the area of the walls is 630 sq. ft. 


10. If a parallelogram on a base b has a height h, its area (4) is 
given by the formula 


A=bh. 
Find the area of parallelograms in which 
(i) the base=5°5 em., and the height=4 em. ; 
(ii) the base =2°4 in., and the height =1°5 in. 


11. The area of a parallelogram is 4°2 sq. in., and the base is 
28in. Find the height, 


x, | USE OF FORMUL&. 68, 


12. The area of a trapezium is equal to 


+ (sum of parallel sides) x (distance between them). 


Express this in algebraical symbols, and apply the formula to find 
the area of a trapezium when the parallel sides are 6 ft. 4 in. and 
7 ft. 2 in. and the distance between them is 4 ft. 


13. Use the formula of Art. 80, Ex. 6, to find a number which 
when divided by 19 gives a quotient 17 and remainder 5. 


14. By what number must 566 be divided so as to give a quotient 
37 and remainder 11? 


15. What is the present age of a man who 5 years hence will be 
three times as old as his son who is now 15? Verify the answer by 
substituting in the formula of Art. 81, Ex. 1. 


16. In a right-angled triangle if a and b denote the lengths of 
the sides containing the right angle and c denotes the length of the 
hypotenuse, it is known that c?=a?+b?. 

By substitution find which of the following sets of numbers can 
be taken to represent the sides of a right-angled triangle. 


(i) 7, 24,25. (ii) 12, 35,36. (iii) 1-6, 6-3, 63. 


17. The rectangle contained by two straight lines, one of which 
is divided into any number of parts, is equal to the sum of the 
rectangles contained by the undivided line and the several parts 
of the divided line. 


Prove this by taking algebraical symbols to represent the un- 
divided line and the segments of the divided line. 


18. AB isastraight line divided into any two parts at O. Prove 
algebraically, as in the last example : 


(i) AB’=AB. AO+AB, OB. 
(i), AB. AO=AC’+ AO. Ob, 


Express these two results in a verbal form as in Example 17. 


19. Prove algebraically the following theorems : 


(i) If astraight line is divided into any two parts, the square 
on the whole line is equal to the sum of the squares on 
the two parts together with twice the rectangle con- 
tained by the two parts. 


(ii) If a straight line is divided into any two parts, the sum 
of the squares on the whole line and on one of the parts 
is equal to twice the rectangle contained by the whole 
and that part, together with the square on the other 
part. 


Express the results of these theorems in a form corresponding to 
(i) and (ii) of Example 18. 
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20. With the notation of Example 16, find the value of 
(i) c when a=15, b=8; 
(ii) @ when c=25, b=7; 
(iii) b&b when c=41, a=9; 
(iv) @ when c=6°5, b=6°3. 
21. If r=3'1416, 7=2°0125, s=144°9, gy=32°2, m=18°75, v=5'6, 
find the values of 7 
(i) a (ii) J2ga; (ii) Sm 
2 
99. In the formula Fa" given m=12°075, r=3, g=32'2, 
F'=200, find v. 


23, In the formula v? - u2=2as, find the value of a when v=50, 
w=10, and s=100. 


94, From the formula s=5(a+)), find 


(i) the value of s, when n=20, a=14, 1=964 ; 
(ii) the value of a, when s=25'2, n=12, 1=3°2; 
(iii) the value of n, when s=46°8, a=°6, 1=7'2; 
(iv) the value of /, when s= -175°5, a=13°5, n=18. 
95, IE y=4+ px, find the value of y when x has the values 
0, 4, 8, 12, 16, 20. 


There is a wall 20 ft. long, whose height at any point a ft. from 
one end is 44750 feet. Draw the wall on aseale of 1 inch to 4 feet, 
marking on it the height at each end and at intervals of 4 ft. 


CHAPTER X. 7 
PROBLEMS LEADING TO SIMPLE EQUATIONS. 


86. THE principles of the last chapter may now be employed 
to solve various problems. 


The method of procedure is as follows : 
Represent the unknown quantity by a symbol x, and express 
in symbolical language the conditions of the question ; we thus 


obtain a simple equation which can be solved by the methods 
already given in Chapter v1. 
Example 1. Find two numbers whose sum is 28, and whose 
difference is 4. 
Let # be the smaller number, then x+4 is the greater. 
Their sum is x+(2%+4), which is to be equal to 28. 


Hence e+e+4=28 ; 
22 =24 ; 

ie UD 

and x+4=16; 


so that the numbers are 12 and 16. 
The beginner is advised to test his solution by finding whether 
it satisfies the data of the question or not. 


Example 2. Divide 60 into two parts, so that three times the 
greater may exceed 100 by as much as 8 times the less falls short of 
200. ; 


Let x be the greater part, then 60 —~= is the less. 
Three times the greater part is 3x, and its excess over 100 is 
3x — 100. 
Eight times the less is 8(60-—«), and its defect from 200 is 
200 — 8 (60 — x). 
Whence the symbolical statement of the question is 
3x — 100=200 — 8 (60-2) ; 
3x — 100=200 — 480+ 82, 
480 — 100 — 200 =82 - 3a, 
Do — SOs 
x= 36, the greater part, 
and 60 —-x=24, the less. 
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Example 3. Divide £47 Letween A, B, C, so that A may have 
£10 more than B, and B £8 more than C. 
Suppose that C has 2 pounds; then B has «+8 pounds, and 4 
has «+8-+ 10 pounds. 
Hence a+(x+8)+(7+8+10)=47; 
xw+xex+8+2+8+4+10=47, 
ou=Z21's 
Pee ope 
so that Chas £7, B £15, A £25. 


Example 4. A person spent £28. 4s. in buying geese and ducks ; 
if each goose cost 7s., and each duck 3s., and if the total number of | 
birds bought was 108: how many of each did he buy ? 
In questions of this kind it is of essential importance to have all | 
quantities expressed in the same denomination ; in the present in- 
stance it will be convenient to express the money in shillings. ‘ | 
Let «be the number of geese, then 108-2 is the number of 
ducks. 
Since each goose costs 7 shillings, 2 geese cost 7x shillings. 
And since each duck costs 3 shillings, 108 — 2 ducks cost 3(108 = 2) | 
shillings. 
Therefore the amount spent is 
7x +3(108 - a) shillings ; 
but the question states that the amount is also £28, 48., that 
is 564 shillings. | 


Hence 7a +3(108 — 7)=564 ; 
Ti + 324 -— 3a =564, 
4a = 240, 

«x=60, the number of geese, 

and ; 108 —-x=48, the number of ducks. 


Example 5. A is twice as old as B, ten years ago he was four 
times as old: what are their present ages? 


Let B’s age be x years, then A’s age is 2a years. 
Ten years ago their ages were respectively, 2-10 and 2x~-10 


years ; thus we have 2a -10=4(a%—- 10) ; 
2x -10=4a% - 40, 
Qe=80 ; 
. t= 15, { 
so that Bis 15 years old, A 30 years, ; 


Note. In the above examples the unknown quantity « represents 
a number of pounds, ducks, years, ete. ; and the student must be 
careful to avoid beginning a solution with a supposition of the kind, j 
‘let = A’s share” or “let x=the ducks,” or any statement so 
vague and inexact. 
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EXAMPLES X. a. 


1, One number exceeds another by 5, and their sum is 29; find 
them. 

2. The difference between two numbers is 8; if 2 be added to the 
greater the result will be three times the smaller: find the numbers. 

3. Find a number such that its excess over 50 may be greater by. 
11 than its defect from 89. 

4, A man walks 10 miles, then travels a certain distance by 
train, and then twice as far by coach. If the whole journey is 70 
miles, how far does he travel by train? 

5. What two numbers are those whose sum is 58, and difference 
28? 

6, If 288 be added to a certain number, the result will be equal 
to three times the excess of the number over 12: find the number. 

7. Twenty-three times a certain number is as much above 14 as 
16 is above seven times the number: find it. 

8. Divide 105 into two parts, one of which diminished by 20 
shall be equal to the other diminished by 15. 

9, Find three consecutive numbers whose sum shall equal 84. 

10. The sum of two numbers is 8, and one of them with 22 added 
to it is five times the other: find the numbers. 

11. Find two numbers differing by 10 whose sum is equal to twice 
their difference. 

412. A and B begin to play each with £60. If they play till A’s 
money is double 5’s, what does A win? 

13. Find a number such that if 5, 15, and 35 are added to it, the 
product of the first and third results may be equal to the square of 
the second. 

14, The difference between the squares of two consecutive num- 
bers is 121 : find the numbers. 

15. The difference of two numbers is 3, and the difference of their 
squares is 27: find the numbers. 

16. Divide £380 between A, B, and C, so that B may have £30 
more than A, and C may have £20 more than B. 

17. A sum of £8. 17s. is made up of 124 coins which are either 
florins or shillings: how many are there of each ? 

18. If silk costs six times as much as linen, and I spend £9. 8s. 
in buying 23 yards of silk and 50 yards of linen: find the @ost of each 
per yard. 

19, A father is four times as old as his son; in 24 years he will 
only be twice as old: find their ages. 

20. A is 25 years older than B, and A’s age is as much above 20 
as B’s is below 85: find their ages. 
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A’s age is six times 4’s, and fifteen years hence A will be 
three times as old as B: find their ages. 

22. A sum of £4. 5s. was paid in crowns, half-crowns, and 
shillings. The number of half-crowns used was four times the 
number of crowns and twice the number of shillings: how many 
were there of each ? 

23. The sum of the ages of A and B is 30 years, and five years 
hence A will be three times as old as B: find their present ages, 


24, In a cricket match the byes were double of the wides, and 
the remainder of the score was greater by three than twelve times 
the number of byes. If the whole score was 138, how were the runs 
obtained ? 

The length of a room exceeds its breadth by 3 feet ; if the 
length had been increased by 3 feet, and the breadth diminished by 
2 feet, the area would not have been altered : find the dimensions. 

26. The length of a room exceeds its breadth by 8 feet ; if each 
had been increased by 2 feet, the area would have been increased by 
60 square feet: find the original dimensions of the room. 


87. We add some problems which lead to equations with 
fractional coefficients. 


Example 1. Find two numbers which differ by 4, and such that 
one-half of the greater exceeds one-sixth of the less by 8. 


Let a be the smaller number, then a +4 i - the greater. 
One-half of the a is represented by B(a+4), and one-sixth 
of the less by § aX. 


Hence S(e+4) 3 —gr= 8; 
multiplying by 6, = 3a+ 12- “a= 48 ; 
* 20236; 
a=18, the less number, 
and a+ 4=22, the greater. 


Example 2. A has £9, and B has 4 guineas; after B has won 
from A a certain sum, A has then five-sixths of what B has: how 
much did B win? 


Suppose that B wins x shillings, A has then 180-. shillings, 
and B has 84+ shillings. 


1" 
Hence 180 - a= 5 (84+ %);5 
1080 — 6a = 420 4 5a, 
Lla = 660 ; 
a= 60, 


Therefore B wins 60 shillings, or £3. 


~ 
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EXAMPLES X. b. 


1. Find a number such that the sum of its sixth and ninth parts 
may be equal to 15. 

2. What is the number whose eighth, sixth, and fourth parts 
together make up 13? 

3. There is a number whose fifth part is less than its fourth part 

by 3: find it. 

4, Find a number such that six-sevenths of it shall exceed four: 

fifths of it by 2. 

5. The fifth, fifteenth, and twenty-fifth parts of a number 

together make up 23: find the number. 

6. Two consecutive numbers are such that one-fourth of the less 

exceeds one-fifth of the greater by 1: find the numbers. 

7. Two numbers differ by 28, and one is eight-ninths of the 

' other: find them. 
8. There are two consecutive numbers such that one-fifth of the 
greater exceeds one-seventh of the less by 3: find them. 
9. Find three consecutive numbers such that if they be divided 
by 10, 17, and 26 respectively, the sum of the quotients will be 10. 

10. A and B begin to play with equal sums, and when B has lost 
five-elevenths of what he had to begin with, A has gained £6 more 
than half of what B& has left: what had they at first ? 

11. From a certain number 3 is taken, and the remainder is 
divided by 4; the quotient is then increased by 4 and divided by 5 
and the result is 2: find the number. 

12. Inacellar one-fifth of the wine is port and one-third claret ; 
besides this it contains 15 dozen of sherry and 30 bottles of hock : 
how much port and claret does it contain? 

13. Two-fifths of A’s money is equal to B’s, and seven-ninths of 
B’s is equal to C’s; in all they have £770: what have they each? 

14. A, B, and C have £1285 between them: A’s share is greater 
than five-sixths of B’s by £25, and C’s is four-fifteenths of B’s: find 
the share of each. 

15. A man sold a horse for £35 and half as much as he gave for 
it, and gained thereby ten guineas: what did he pay for the horse? 

16. The width of a room is two-thirds of its length. If the 
width had been 3 feet more, and the length 3 feet less, the room 
would have been square: find its dimensions. 

17. What is the property of a person whose income is £430, 
when he has two-thirds of it invested at 4 Be cent., one-fourth at 
3 per cent., and the remainder at 2 per cent. ? 

tho pga | touche a certain number of apples os three a penny, and 
five-sixths of that number at four a penny; by selling them at six- 
teen for sixpence I gained 3}d.: how many apples did I buy? 

E.A. E 


ame 


CHAPTER XI. 


HicHest Common Factor, Lowest COMMON MULTIPLE 
or SIMPLE EXPRESSIONS. 


Highest Common Factor. 


88. Derinirion. The highest common factor of two or 
more algebraical eal Bey oe is the expression of highest dimen- 
sions [Art. 24] which divides each of them without remainder. 

The abbreviation H.C.F. is sometimes used instead of the 
words highest common factor. 


89. In the case of simple expressions the highest common 
factor can be written down by inspection. 

Example 1. The highest common factor of a‘, a*, a®, a® is a®. 

Example 2. The highest common factor of a®b4, ab®c?, a®h7e¢ is abt; 
for ais the highest power of a that will divide a*, a, a*; b* is the 
highest power of } that will divide b*, l°, b7; and ¢ is not a common 
factor. 

90. If the expressions have numerical coefficients, find by 
Arithmetic their greatest common measure, and prefix it as a 
coefficient to the algebraical highest common factor. 

Example. The highest common factor of 2lata*y, 35a°axty, 28a%xy! 
is 7a’xy ; for it consists of the product of 

(1) the greatest common measure of the numerical coefficients ; 


(2) the highest power of each letter which divides every one of 
the given expressions. 


EXAMPLES XI. a. 


Find the highest common factor of 


1. 4ab?, 2a, 9,  Saty®, xy’. 8. Gary*z, 8x%y*2%, 
4. abc, 2ah*e. 5. 5a"b’, l5ahe?. 6. Ga®y%2?, 12x92, 
7, 4a*b®e?, 6a5h*c3, 8. Ta%bie5, 14ab®c3, 
9, 16xty8z®, 124772. 10. Sa%x, baby, l0abe sy’. 
ll. 49ax*, 63ay*, 56az*. 12. 17ab*c, 34a%bc, 5labe?. 
13, avy’, bay?, clay, 14, 24a7b%c3, G4a%h8o2, 48a5h2c3, 
15, 25ay*z, 100x®yz, 125.xy. 16. abpay, gay, a*bar*. 


17, 15a%b8c?, 60a%b7c*, 25atb'c®. 18, 35a%c%b, 42a%ch?, 30ac%b3, ff 


CHAP. XI. | LOWEST COMMON MULTIPLE. 


~I 


Or 


Lowest Common Multiple. 


91. Derririon. The lowest common multiple of two or 
more algebraical expressions is the expression of lowest dimen- 
sions which is divisible by each of them without remainder. 

The abbreviation L.C.M. is sometimes used instead of the 
words lowest common multiple. 


92. In the case of st¢mple expressions the lowest common 
multiple can be written down by inspection. 


Example 1. The lowest common multiple of a+, a, a?, a® is a®, 


ELxample 2. The lowest common multiple of a*b*, ab°, ab? is 
a*b’ ; for a® is the lowest power of a that is divisible by each of the 
quantities a, a, a*; and b’ is the lowest power of b that is divisible 
by each of the quantities b+, b°, b’. 

93. If the expressions have numerical coefficients, find by 
Avithmetic their least common multiple, and prefix it as a 
coefficient to the algebraical lowest common multiple. 

Example. The lowest common multiple of 2latzy, 35a?xty, 
28a%xry* is 420a4*xty* ; for it consists of the product of 

(1) the least common multiple of the numerical coefficients ; 


(2) the lowest power of each letter which is divisible by every 
power of that letter occurring in the given expressions. 


EXAMPLES XI. b. 


Find the lowest common multiple of 


Il, @idorey ag Den ory aye: 3. Bayz, 4a°9°. 
4, 5abc?, 4ab?c. 5, 3a4b2c?, 5a?b%c°. 6. 12ab, 8axy. 
ie (GG, De, ad, SE HO, Lole® har 9, 2ab, 3bc, 4ca. 
10. 2%, dy, 4z. i, Sass ee se: 12. Ta?, 2ab, 3b%. 
13, - abc, b*ea, c’ab. 14, da’c, 6cb?, 3bc?. 
15, Bay, dey, da". 16. Tay, Say”, Saye. 
17. 35a7c3b, 42a°cb?, 30ac?b*. 18. 66a7b?c?, 44a%b4c?, 24a?b%c4, 


Find both the highest common factor and the lowest common 
multiple of 7 
19. 2abe,3ca,4bca. 20, 2xy, 4yz, Gzary. 21. Y9abc, 3b2c, cab. 
99. 13a%be, 39a7bc®. 93, lTaxyz", 5lz?y. 24. 52% y8z, Q5ay3z?, 
25, 3ab, 2bc, Scab. 26, WimnPntp®, 5imtp*. 27, ay, yz, ztry?. 
28. 15p%q4, 20in2p2q°, 30mp*. 29, 72k?m®n4, 108/°m2n°. 


CHAPTER XII. 


ELEMENTARY FRACTIONS. 


94. Derinition. If a quantity x be divided into b equal 
parts, and a of these parts be taken, the result is called the 
a 


b 
simply “the fraction ; 


of x. If x be the unit, the fraction of w is called 


; so that the fraction represents a 


Jraction 
” 


equal parts, b of which make up the unit. 


95. In this chapter we propose to deal only with the easier 
kinds of fractions, where the numerator and denominator are 
simple expressions. Their reduction and simplification will be 
performed by the usual arithmetical rules. The proofs of these 
rules will be given in Chapters x1x. and xxi. 


Rule. To reduce a fraction to its lowest terms :- divide 
numerator and denominator by every factor which is common to 
them both, that is by their highest common factor. 

Dividing numerator and denominator of a fraction by a com- 
‘mon factor is called cancelling that factor. 

6a2ce 2a 
Examples. (1) or faa 
Tatyz +1 
2) DBiaye? ~ dace 
35a°b®e Sat ‘ 
O). hae = 


EXAMPLES XII. a. 


Reduce to lowest terms: 


a a ee 


MSaxty? 39a%4c8 38k2p%ms AGarsytz5 
17. o5a%xys = 18 Boum’ «19. Same’ «= Gas, a” 
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Multiplication and Division of Fractions. 


96. Rule. To multiply algebraical fractions: asin Arith- 
metic, multiply together all the numerators to form a new numerator, 
and all the denominators to form a new denominator. 
2a 5a? . 3b? 2a x 5x x 3b? 5x 
Bb 2a * D0 ~ 3b x Qakb x Qe 2a’ 
by cancelling like factors in numerator and denominator. 
3a7b | ye Lhe . SCA _ 

‘Bet “3a 762? 
all the factors cancelling each other. 


Hxample 1. 


Example 2. 


97. Rule. To divide one fraction by another: cnvert the 
divisor und proceed as in multiplication. , 
7a? z Gera Sater Le ia , OC ; 15b?ay" Ye 
Ax y? nab” l5Pay? 4x8? “Babe Q8are2 8x’ 
all the other factors cancelling each other. 


Hxample. 


EXAMPLES XII. b. 


Simplify the following expressions : 


2ab_ cd? 12a7bc 24abh? ldxyz?  3aPx 


1. 3a * ab 2. “saps * 36bc2 3h he, © BYE 
Ja2b? 18a? 8m?n>  Ldayz* 21k?p* 39n3m? 
fe Gag ine. > ‘Butye em 6. Tsian?* Bes" 
SOFU a2 ONE Day, bee Dares 
7. 4b%c 8a? * 16622 8. 3Yy% e Tay? * 40ay?z 
9 ne : bl yr i ma 10 2Bak™p* Dak? s Qa7hA 
* Vijx®y” Qip*n” pyz * 58mp* ~ 13pkm * 87m*p? 
W 150? 7c abe | 12 b? VES _ 16a7b?c? 
 G0e * 81a8* 14d? * Be Ba?” 1505 
8ax?  49cy/2 l5abe 128x272? 
me Tby * Slat 14. l6ayz *"100a"be | 
1b. 45a*hFc4 AB xy 16. l04ayzk*p — 56y%2*p 


DTaP * 180a7bc? 282y"kp* ‘ 26y2k 


m* 36p%q? _ Lompx® 18 as xy? ae ap 


De oan BinaPy. ' Bab ax” 8 
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Reduction to a Common Denominator. 


98. In order to find the sum or difference of any fractions, 
we must, as in Arithmetic, first reduce them to a common 
denominator ; and it is most convenient to take the lowest com- 
mon multiple of the denominators of the given fractions. 


Heample. ‘Express with lowest common denominator the fractions 
a b c 
Bry Gxy2’ Qyz 
The lowest common multiple of the denominators is 6aryz. 
Multiplying the numerator of each fraction by the factor 
which is required to make its denominator 6xyz, we have the 
equivalent fractions 
2az b 3cex 
6xyz’ 6xyz’ Bayz 
Note. The same result would clearly be obtained by dividing the 
lowest common denominator by each of the denominators in turn, 
and multiplying the corresponding numerators by the respective 
quotients. 


EXAMPLES XII. c. 


Express as equivalent fractions with common denominator : 


Ps tre, tee te ee 
Qo we mes ws %, a 
ee ere 


Addition and Subtraction of Fractions. 


99. Rule. To add or subtract fractions: express all the 
fractions with their lowest common denominator ; form the alqe- 
braical sum of the numerators, and retain the common denominator. 

. re in OO Te 

Example 1. Simplify g tat --G° 

The least common denominator is 12. 
20x +9x—ld4a ia ba 


12 ~ eee 


The expression = 


— A i « ~ sf ey VY 
yA a ‘ 


sy? 1 vv 
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Example 2. Simplify Tae Oe i a 


6ab—S5ab—ab_ 0 | 
10x 7 10x 


) 
Example 3. Simplify —-—¥.. 
: Py et Beat 
6ax —cy 
3a%c? 
Note. The beginner must be careful to distinguish between 
erasing equal terms with different signs, as in Example 2, and 
cancelling equal factors in the course of multiplication, or in 
reducing fractions to lowest terms. Moreover, in simplifying frac- 
tions he must remember that a factor can only be removed from 
numerator and denominator when it divides each taken as a whole. 


The expression = 


The expression = , and admits of nofurther simplification. 


6aa — cy 


Dayo ei iboy Saeeaiet f 
3a2c? 


, c cannot be cancelled because it only divides cy 


and not the whole numerator. Similarly @ cannot be cancelled 
because it only divides 6ax and not the whole numerator. The 
fraction is therefore in its simplest form. 


When no denominator is expressed the denominator 1 may 
be understood. 


OF se © ar 12a — a? 
Example 4. 3x Le ae a Ae 
If a fraction is not in its lowest terms it should be simplified 
before combining it with other fractions. 


’ 2 ee a 

(oii ae) (ee i GTN ane 
Huamplé 5. —— — Y => -3=—— 
ee oxy 2 38 6 


EXAMPLES XII. d. 


Simplify the following expressions : 


ee a ee ig ee ig ae 
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Simplify the following expressions : 


17. 5-S+5: 18. i ati 19. 5+5-5° 

20, ote oy, 2 <Bae. a a oe 
23. <-%. pan 25, a+2 26. aE 
27 2 -*. ag 29. oe at, 30 v5 


MISCELLANEOUS EXAMPLES II. 
(Chiefly on Chapters 1.-V111.) 


[The examples marked with an asterisk must be postponed by those 
who adopt the suggestions printed in italics on pages 33 and 38. | 


1. What expression must be added to 4a°-3x°+2 to produce 
4. + 7x - 6? 


2. If A=6u-3y+2z, B=a+y+z, and C=10%+y-7z, find 
the value of A+4B-(C. 


3. Ifx=3, y=4, z=1, find the value of 
SSS 
Ney + dare +N 9y +. 
4, Simplify by removing brackets 
a? + 2d? — (2e? — b®) — { (d? - c? - e?) + (d? = e*)}. 
*5, Multiply a? +a7+32+5 by 2-2-2. 

6. Solve the equations : 

(1) 3-40¢=362-17; (2) 6e#-15=17%+21. 


*7, Divide at—10x7+9 by a?-2a-3. 
8. Simplify 7a -4b - {5a - 8[b-2(a—b)]}. 


9. In an examination A has x+y marks, B has 2a -3y, and C 
has twice as many as A; how many marks have A, B, and C together? 


10, Find the sum of 1 ~2x +2, 3x -2a°, 5a°-7x-2, arranging 
the result in descending powers of x, 
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11. Write down the following products : 
(1) (w+17)(a-3); (2) (3a —8)(Sx+3). 
12. Solve the equations: 
(1) 7Je-3-(7-5x2)=3-3x—-(5x+8); 
(2) (5a +1) (x —2) — (4a — 3) (Ba — 1) =10— (7x +2) (a +1). 


13. From the sum of 3ab, —5ab, 2ab, Tab, —9ab, subtract the 
sum of —8ab, 6ab, —9ab,. 10ab. 


14. When a=4, 6=3, c=2, find the numerical value of 
2a + b(2c —a) 
3b —/2e8 
15. From what expression must lla? — 5ab — Tbe be subtracted so 
as to give for remainder 7b(a+c)+5a?? | 
*16. Multiply °+62?+8x2-8 by 2?-2a+44. 
17. Simplify 
12a —[6a —2{3a —4(b-a)}—(9a+8b)]. 
18. Solve the equations: 
(1) 3(2x—1)+2(3e—2)+3=4(a-5); 
(2) $(w+1)+2(~+3)=F(a+4)+16. 
Verify the solution in each case. 


¥*19, Divide 3p° + 16p4 — 33p* + 14p? by p?+7p. 
20. Add together 
a+2hb—(2c+d), 3a—(b-—2c)+2d, and 2a—[b-(2c-3d)]. 

21. To what expression must 72°—6x*—5a be added so as to 
make 9x? — 62% — ‘7x? ? 

22. What value of w will make the product of x+1 and 2x+1 
less than the product of x+3 and 2x+3 by 14? 

93. When a=2, b=3, c=1, g=4, r=6, find the value of 

' 5a®c” — 342? + 27a — cPb7. 
24, Solve the equation : 
w-13 6z+I 2 _ 8x 


2 2a + 3(6 ae 
Shew also that «=8 does not satisfy the equation. 
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25. A horse can eat 3m+2n bushels of corn in a week; how 
many weeks will he be in eating 12m? -7mn — 10n? bushels ? 


_A&%. Subtract the sum of 
23 —~3a+4 and —322+2x-7 
from 43 — 322 + a — 6 — [2a — (x - 6)]. 
97. Find the value of a*+6'+c*- 8abe, when a=1, b=4, c= - 5. 
98. Solve the equations : 


Qe «ex-6 3/x £ 
(1) et ie = 103-5) 


(2) Mea), P(1-9) +1078 x 3): 


5 2 3/°10 5\6 8 
#99, Divide 3y°-37y4+35y°+7y2+2 by y(y—-1)(y+4) -2. 


30. Divide £1120 between A and B so that for every half-crown 
that A receives B may receive a shilling. 


y 31. Find the value of 
(a+b)? +(b+c)?+(c+a)? 
when a=-1, b= -2, c=3. 
32. Multiply (2m?+8)(m+2) by 3m-6. 
#33, Divide the product of : 
2-2, «+3, and 24-7 
by the sum of 3(a®-—2a-2) and 5a-a2?- 15. 
34, A man walks at the rate of a miles an hour for p hours; he 
then rides for g hours at the rate of b miles an hour. How far has 


he travelled, and how long would it have taken to ride the same 
distance at c miles an hour? 


Also work out the result supposing p=7, q=3, a=4, b=9, c=11. 
35. Solve the equations : 


3a 5 lity 8\. 

(1) g 7g 2lw (20+ 107%) 5 
(2) gx -4- S059) _*(6425-). 

15 5 3 


36. An egg-dealer bought a certain number of eggs at 1s, 4d. per 
score, and five times the number at 6s. 3d.*per hundred. He sold 
the whole at 10d. per dozen, gaining £1. 7s, by the transaction. 
How many eggs did he buy ? 


CHAPTER XIII. 
SIMULTANEOUS EQUATIONS. 


[In connection with this chapter the student may read Chap. Xurv. 
Arts. 417-424. ] 


100. ConsIpER the equation 27+5y7=238, which contains two 
unknown quantities. 


From this we get 5y = 23 — 22, 
that is, —— isdqvelse ec dsate anlar eteee (ip 


From this it appears that for every value we choose to give 
to # there will be one corresponding value of y. Thus we shall 
be able to find as many pairs of values as we please which | 
satisfy the given equation. 


2 
For instance, if v=1, then from (1) 2 yo, 
—: 27 
Again, if #= —2, then y= and so on. 
But if also we have a second equation of the same kind, such 
as 3x + 4y = 24, 
: 24 — 3x 
we have from this y= z i ee een ee (2). 


If now we seek values of # and y which satisfy both equations, 
the values of y in (1) and (2) must be identical. 


Ue See Es — 32x 


Therefore = 
5 a 
Multiplying up, 92 —84=120—- 15x ; 
(ie—23e 
7=4. 


Substituting this value in the first equation, we have 


: i. OY —=15 5 
y=3,\ 
and r=4J 


Thus, if both equations are to be satisfied by the same values 
of and y, there is only one solution possible. 
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101. Derinrtion. When two or more equations are satisfied 
by the same values of the unknown quantities they are called 
simultaneous equations. 


We proceed to explain the different methods for solving simul- 
taneous equations. In the present chapter we shall confine our 
attention to the simpler cases in which the unknown quantities 
are involved in the first degree. 


102. In the example already worked we have used the 
method of solution ae best illustrates the meaning of the 
term simultaneous equation; but in practice it will be found 
that this is rarely the readiest mode of solution. It must be 
borne in mind that since the two equations are simultaneously 
true, any equation formed by combining them will be satisfied 
by the values of w« and y which satisfy the original equations. 
Our object will always be to obtain an equation which involves 
one only of the unknown quantities. 


103. The process by which we get rid of either of the un- 
known quantities is called elimination, and it must be effected 
in different ways according to the nature of the equations 
proposed. 


Example 1. Solve AO Ti AT SE cite bheseues th ccs eveasvads 1}; 
Dh Ry FE eveyone cpvtves ssesessenniegut (2). 
To eliminate 2 we multiply (1) by 5 and (2) by 3, so as to make 
the coefficients of « in both equations equal. This gives 
15x + 35y = 135, 
l5x+ 6y=48 ; 
subtracting, 297 = 87 ; 
» yo=s. 


To find a, substitute this value of y in either of the given 
equations, 


‘ 


Thus from (1) 32 +21 =27 ; 
x= 2,) 
and y=3.) 


Note. When one of the unknowns has been found, it is immaterial 
which of the equations we use to complete the solution. Thus, in 
the present example, if we substitute 3 for y in (2), we have 

5x2+6=16; 


«=, as before, 
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Hxample 2. Solve Wteiots 20) SANs aelon. oy. Cea dncee fone eee Ie (1), 


Here it will be more convenient to eliminate y. 
Multiplying (1) by 2, l4xv + 4y=94, 


and from (2) 5a -—4y=1; 
adding, 19%=95 $ 
% @=o- 


Substitute this value in (1), 
35 + 2y=47; 


. = 7=6, 
and Tis, 


Note. Add when the coefficients of one unknown are equal and 
unlike in sign; subtract when the coefficients are equal and /ike in 
sign. 


Example 3. Solve pS smo 3 V fe a) Ma cee EA Ue Mey 5 3: (ans 


Here we can eliminate x by substituting in (2) its value obtained 
from (1). Thus 


OMe (5g Rey: 


2 
48 - 35y —7=6y ; 
41=41y; 
and from (1) x=3.f 


104. Any one of the methods given above will be found 
sufficient ; but there are certain arithmetical artifices which will 
frequently shorten the work. 


Heomuplel, Solve U7 Vat’ = 21BY S642). 0.1... casscuaencraneeriwaness (1), 
yA Eee 2p 1 Sr a ene ue (2). 


Noticing that 171 and 114 contain a common factor 57, we shall 
make the coefficients of z in the two equations equal to the least 
common multiple of 171 and 114 if we multiply (1) by 2 and (2) by 3. 


Thus 342% — 426y = 1284, 

«842 — 978y = 782 ; 

subtracting, 552y = 552 ; 
that is, y=, 
and therefore from (1) tpt 
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Bxample 2. Solve W769 1928 ate tee ge tee SeeAe EE (1), 
a i ol Wang al Wy PA esse ico paar ve (2). 
By addition, 1862 + 186y = 3720 ; 
1A) oe scrim re oe aloe carga Ra (3). 
Subtracting (2) from (1), 68x —68y=136 ; 
Sk AR Pe Par toc a (4). 


Thus, by an easy combination of (1) and (2), the problem is 
reduced to the solution of the equations (3) and (4). From these 
we obtain by addition 2x=22, and by subtraction 2y=18. 


Therefore v—=I1t, end 7—v. 


EXAMPLES XIII. a. 
[Art. 421 may be read in connection with these Laanyples. ] 
Solve the equations : 


l, 3x+4y=10, 2. ¢#+2y=13, 3. 40+7y=29, 
4x+y= 9. 3x+y=14. e+3y=11. 
4, 2c-y= 9, 5. 5x2+6y=17, 6, 2a¢+y=10, 
3a -Ty=19. 6x + 5y=16. 7x + 8y = 53. 
7. 8e-y=34, 8, 1d5x+7y=29, 9. l4v-3y=39, 
x + 8y=53. 9x + 15y=39. 6x + 17y=35. 
10. 28x%-23y= 33, 11. 35x+17y=86, 12. 152+77y=92, 
632 — 25y=101. 56a - 13y=17. 55a — 338y = 22. 
13. 5x-J7y= 0, 14, 2lx-50y= 60, 15. 39x%-8y=99, 
Tuc + 5y=74. 28a — 274 =199. 52a -15y=80. 
16, 5x2=Ty-21, 17. 6y-5x=18, 18. 8x=5y, 
21a -9y=75. 12x-9y= 0. 13a=8y +1. 
19). S2= 77, 20. 192+17y= 0, Q1. 93x+15y=123, 
lQy=5x-1. Qe — y =53. 15a +98y =201. 


105. Weadda few cases in which, before proceeding to solve, 
it will be necessary to simplify the equations. 


Example 1. Solve 5(a + 2Qy) — (Ba + lly) =14 cece cccccsseesesenens (1), 
Tae — Dy — 3 (ar — gy) = BB. cvsecessesces cecsecnes (2). 

From (1) 5a + 10y -— 38a -lly=14; 
Se UME AY fs ies cides wavecriss easy (3). 

From (2) 7x -9y — 3a + 12y=38 ; 
Oe Sy 08S cyavicesceetenenpanet (4). 

From (3) 6a - 3y=42. 


By addition 10a=80; whence w=8. From (3) we obtain y=2. 
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Example2. Solve 3x- v pe a OM) Fre seg (1), 
| SY54 _F (Qn—5)=y ee Od ve one (2) 
Clear of fractions. Thus 
from (1) 42x —2y + 10=28x-21; 
et VT QHE ON «Beant oie shaks Wie ceablee (3). 
From (2) 9y + 12—10x%+25=1dy ; 
Fo NORE OO/= Oi) 12 ccna sense db enotg psa eet me cues (4). 
Eliminating y from (8) and (4), we find that 
_ 14 
or 
Eliminating x from (3) and (4), we find that 
207, 
I~ %6 


Note. Sometimes, as in the present instance, the value of the 
second unknown is more easily found by elimination than by sub- 
stituting the value of the unknown already found. 


EXAMPLES XIII. b. 


Solve the equations : 


Ox w y . 
1 3 ty=16, 2. Bian) 3. 6 ~¥=3 
- 
#+%=14. Bi Yi ere: 
4 e—y=d, 5 ao ue 6 v= sy: 
STE She pea ie ay ee 
Sernaee. < 3+ y=00 3 ty 34 
2 ] 1 ] Br 
He BY 199 =3 8 5° —5Y=4, 9 2x -+y=6@, 
1 1 1 
AEE sieeed ae 
10. yteal, ll. 32-Ty=8, 12, 5 4 =9 
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Solve the equations : 
13, S46! 237-7) -97=0. 
15. x+3 8-y 3(x+y) 16 


id x 

a * 13 

106. In order to solve simultaneous equations which contain 

two unknown quantities we have seen that we must have two 

equations. Similarly we find that in order to solve simultaneous 

equations which contain three unknown quantities we must have 
three equations. 


~ 5 = 6 - 10y ~8=0. 


Rule. Lliminate one of the unknowns from any pair of the 
equations, and then eliminate the same unknown from another pair. 
Two equations involving two unknowns are thus obtained, which may 
be solved by the rules already given. The remaining unknown is 
then found by substituting in any one of the given equations. 


Hxample 1. Solve Oa Sy Dr UB. iw cssaneeceas troy iva wie sevens (1), 
SEO SCRE IS nena waiwnveskinss Ge (2), 
10 SERN, OES OO yuu EMEP CEL) Opie van stress (3). 


Choose y as the unknown to be eliminated. 
Multiply (1) by 3 and (2) by 2, 
18x + 6y — 15z=39, 
62+6y- 4¢=26; 
subtracting, Eee DTG UG scsi oestsguaevecsasvriniees’ (4). 
Again, multiply (1) by 5 and (3) by 2, 
302 + 1l0y — 252 = 65, 
l4v+10y- 62=52; 


subtracting, Tet = TOs LG cnsvsuvanaverbys soovcerinaevass (5). 
Multiply (4) by 4 and (5) by 3, 
48a - 442 = 52, 
48x —57z=39 ; 
subtracting, 13z= 13, 
g=l, 
and from (4) ==3| 
from (1) y=3. 


Note. After a little practice the student will find that the solution 
may often be considerably shortened by a suitable combination of the 
proposed equations. Thus, in the present instance, by adding (1) and 
(2) and subtracting (3) we obtain 2¢—4z=0, or a=2z. Substituting 
in (1) and (2) we have two easy equations in y and z, 
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Some modification of the foregoing rule may often be ised 
with advantage. 


Example 2. Solv Ste i“ 
ip ve 5) 1 gt 1 at 2, 
Nea 
3 t5= 13. 
From the equation = -l= +1, 
we have aed il WA OP DE ORS eee (1). 
, x Zz 
Also, from the equation oe l= at 2, 
we have fire Ce AD, cates ined Reagh ity aad ate Rees: (2). 
And, from the equation 2 ae 2 =13, 
we have DNASE AO ole sais odie PAROLE RC TR (3). 


Eliminating z from (2) and (3), we have 
Qla + 4y = 282 ; 
and from (1) 12% —-4y=48 ; 
whence x=10, y=18. 
Also by substitution in (2) we obtain z=14. 


Example 3. Consider the equations 


Be ay — 26) liasek. MOC Ne een Mea (Gby, 
BOGE gE OAL cre kiO Saavcessscs crac tev (2), 
BELO SS 7, Ae tinted eich Reson (3). 


Multiplying (1) by 3 and adding to (2), we have 
282 — 16y=32, 
or Te- 4y=8. 


Thus the combination of equations (1) and (2) leads us to an 
equation which is identical with (3), and so to find x and y we have 
but a single equation 7x—4y=8, the solution of which is indeter- 
minate. [Art. 100.] 


In this and similar cases the anomaly arises from the fact that 
the equations are not tndependent ; in other words, one equation is 
_deducible from the others, and therefore contains no new relation 
between the unknown quantities which is not already implied in the 
other equations. 


E.A. G 
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L. 


*107. 


e+2y+2z=11, 
Qn+ y+ z= 7, 
su+4dy+ z=14. 


w+4y+3z=17, 
Bx+3y+ z=16, 
2a 4+-2y+ z=11. 
2u+ y+ z=16, 
w+2y+ z= 9, 
e+ y+2z= 3. 
38x+2y- z=20, 
Qu +3y+6z=70, 
ew- yt+6z=41. 


3a — 4y=62 - 16, 


ALGEBRA. 


EXAMPLES XIII. c. 


Solve the equations : 


2. 


x+3y+4z2=14, 
xe+2y+ 2= 7, 
2e+- yt+2z2= 2. 


2¢-3y+ z=1, 
3x- y+2z=9. 
Qa + 3y+42=20, 
3a+4y+52=26, 
3x +5y+6z2=31. 


4% -—y-2=5, x=3y+2(z-1). 


5a+2y=14, y-6z=-15, x+2y+z=0. 


ytz_2+u x+y 


d 3 2 


y-2_y-@_. 


3 2 


3, e+yt+2=27. 


5z — du, y+e=2Qe4l. 


Qu+3y=5, 22-y=1, 7e-92=3. 


p(e+2-8)=y-2 


=2zx-11 


= - 


DEFINITION. 


(a + 2z). 


16, x+20="%410 


=22+5 


[CHAP. 


=110-(y +2). 


If the product of two quantities be equal 
to unity, each is said to be the reciprocal of the other. 


Thus 


if ab=1, a and b are reciprocals, They are so called because 


1 , 
a=F, and b= S; and consequently @ is related to 6 exactly as 
a 


b is related to a. 


The reciprocals of w and y are 1 and ; respectively, and in 


solving the following equations we consider - and ; as the 


unknown quantities, 
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Example 1. Solve as Be Uh SERS A oA PRE a een (ay 
ay 
cll ij A TN OT (2). 
co Yy 
Multiply (1) by 2 and (2) by 3; thus 
cary 
CG Y 
c oY 
adding, a 55 ; 
a 
multiplying up, 46 = 23x, 
G2). 
and by substituting in (1), vs 
Example 2. Solve = +; S a5 Ey OEE eee ees (iy 
i 
Bed hs ve pecan aca ae 2 
aie oe: ee 
iat ese Aroma teens ea Tee een (3), 
clearing of fractional coefficients, we obtain 
from (1) Desiige 215th Ae Cee (4), 
ie Lie 
from (2) SE aaah ne, Ses kn a (5), 
vy 
from (3) ; ae 3 60 _35 A Se CECT ei are MA Tek (6) 
i Oe 
Multiply (4) by 15 and add the result to (6); we have 
105 42 
hs Uh 
ee lo 6 
dividing by 7, = ae NO oiled Ga tects fv se eee a (7); 
| from (5) Eee S ; 
“sy 
poe Ih: 
u 
eso, 
— from (5) f= | 
— from (4) rat 
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*EXAMPLES XIII. d. 


Solve the equations : 


}, Sheed, g, Gotan a Mbctes, 
wy xy wy 
15 3a ae. J tal 
mew cy x sy 
4 5 8 _ 79, 5 = ar 6 b 8 oth 
cy a ey 
16 1_ ye: ae 
== 44 = = = a5" a wie 
e 68.224, e S2ny 4 27 _ 49, 
oF ct Y ge 
6(247)=1 20(245)=7 ey 
ey cy oY 
8. 5 8 ul in yin 
10. 5 ay il. at 12, 2y-x=4ay, 
Bary | ee! 4 3 
_99 =—. -—-—— = -_-—-- = 
Oy — 22x 5 7a 7% 9. 
13. 42s dee, 14 11496, 
xy a y @ 
ae | 1 2 tings, 
y &% sy & 
2 3 jee toe | 
i a ty the 
: = 5 
15. ee SI 
xyeny & 


CHAPTER XIV. 
PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS. 


108. In the Examples discussed in the last chapter we have 
seen that it is essential to have as many equations as there are 
unknown quantities to determine. Consequently in the solution 
of problems which give rise to simultaneous equations, it will 
always be necessary that the statement of the question should 
contain as many independent conditions as there are quantities 
to be determined. 


Example 1. Find two numbers whose difference is 11, and one- 
fifth of whose sum is 9. 


Let x be the greater number, y the less ; 


Then boil El ee eg eae ioe re Maden (5 
Also a aD { 
5 
Or ee Oat Godnado ne oanudann cogasonihtuL (A) 


By addition 22=56 ; and by subtraction 2y=34. 

The numbers are therefore 28 and 17. 

Example 2. If 15 lbs. of tea and 17 lbs. of coffee together cost 
£3. 5s. 6d., and 25 lbs. of tea and 13 lbs. of coffee together cost 
£4. 6s. 2d.; find the price of each per pound. 

Suppose a pound of tea to cost x shillings, 


SUI Clinwerr nternn Cease ctee coffee ...... ee : 
Then from the question, we have 
log Uy S008. Mees arc ite eee (1), 
Doe f 2 1Se) OO teen viwa. sasdaseneta aed (2). 


Multiplying (1) by 5 and (2) by 3, we have 
75a + 85y=3274, 
75a + 39y =2585. 


Subtracting, 46y = 69, 
y=1 d, 
And from (1) 15x +254 =655, 
whence 15x =40 ; 
L=25. 


the cost of a pound of tea is 25 shillings, or 2s. 8d., 
and the cost of a pound of coffee is 1} shillings, or 1s. 6d. 
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Example 3. A person spent 15s, 2d. in buying oranges at the rate 
of 3 for twopence and apples at fivepence a 6, ane ; if he had bought 
five times as many oranges and a quarter of the number of apples he 
would have spent £2. 4s. 2d. How many of each did he buy ? 


Let x be the number of oranges, and y the number of apples. 


Qa 
x oranges cost i pence, 


y apples cost % pence, 


, 5 Ie Oa 
Again, 5a oranges cost 5x x 3 OF —3- pence, 
5 : 4 


y Coic oy 
and 4 apples cost 4% jo % Gg Pence, 


10a Sy _ 
Ay a ta os UR ti Dh CEC PEPER os ss (2). 


Multiply (1) by 5 and subtract (2) from the result ; 
(5.5) ys; 


12 48 
PY — 380 ; 
; y = 192, 
and from (1) wal. 


Thus there were 153 oranges and 192 apples. 


Example 4. If the numerator of a fraction is increased by 2 and 
the denominator by 1, it becomes equal to 2; and, if the numerator 
and denominator are each diminished by 1, it becomes equal to }: 
find the fraction. 


Let aw be the numerator of the fraction, y the denominator ; 


then the fraction is ™. 
y 


From the first supposition, 


; 5 
asi i ssorseneit ta etcaneanennert Ce (1), 
from the second, = =) saves elven Hehe yciyiiRe date ite (2). 


These equations give a=8, y=15. 


Thus the fraction is ri 


? 
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Example 5. The middle digit of a number between 100 and 1000 
is zero, and the sum of the other digitsis 11. If the digits be reversed, 
the number so formed exceeds the original number by 495; find it. 


Let x be the digit in the units’ place, 
CSE ree eerery errr hundreds’ place ; 


then, since the digit in the tens’ place is 0, the number will be 
represented by 100y+2a. [Art. 81, Ex. 4.] 
And if the digits are reversed the number so formed will be 
represented by 1007+ y. 
100a + y — (1007 + x) = 495, . 


or 100x + y — 100y — 7 =495 ; 
. 99x — 997 =495, 
that is, Het VME OAL Hoy Tere S (1). 
Again, since the sum of the digits is 11, and the middle one is 0, 
we have Gey — We preanttacn einen ee (2). 


From (1) and (2) we fihd x=8, y=8. 
Hence the number is 308. 


EXAMPLES XIV. 


1, Find two numbers whose sum is 34, and whose difference is 10. 

2. The sum of two numbers is 73, and their difference is 37 ; 
find the numbers. 

38. One third of the sum of two numbers is 14, and one half of 
their difference is 4; find the numbers. 

4, One nineteenth of the sum of two numbers is 4, and their 
difference is 30; find the numbers. 

5, Half the sum of two numbers is 20, and three times their 
difference is 18; find the numbers. 

6. Six pounds of tea and eleven pounds of sugar cost £1. 3s. Sd., 
and eleven pounds of tea and six pounds of sugar cost £1. 18s. 8d. 
Find the cost of tea and sugar per pound. 

7. Six horses and seven cows can be bought for £250, and 
thirteen cows and eleven horses can be bought for £461, What is 
the value of each animal ? 

8. A, B, C, D have £290 between pre A has twice as much as 
C, and B has three times as much as D; also C and D together have 
£50 less than A. Find how much each has. 

9, A, B, O, D have £270 between them; A has three times as 
much as O, and B five times as much as D; also A and B together 
have £50 less than eight times what C has. Find how much each 
has. 
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10. Four times B’s age exceeds A’s age by twenty years, and one 
third of A’s age is less than B’s age by two years: find their ages. 

11. One eleventh of A’s age is greater by two years than one 
seventh of B’s, and twice B’s age is equal to what A’s age was ~ 
thirteen years ago: find their ages. 

12. In eight hours A walks twelve miles more than B does in 
seven hours; and in thirteen hours B walks seven miles more than 
A does in nine hours. How many miles does, each walk per hour? 

13. In eleven hours C walks 125 miles less than D does in twelve 
hours; and in five hours D walks 3} miles less than C does in seven 
hours. How many miles does each walk per hour ? 

14. Find a fraction such that if 1 be added to its denominator it 
reduces to $, and reduces to 3 on adding 2 to its numerator. 


15. Find a fraction which becomes y on subtracting 1 from the 
numerator and adding 2 to the denominator, and reduces to 4 on 
subtracting 7 from the numerator and 2 from the denominator. 

16. If 1 be added to the numerator of a fraction it reduces to 1 ; 
if 1 be taken from the denominator it reduces to +: required the 
fraction. 


i ly a Z be added to the numerator of a certain fraction the 
fraction will be increased by yy, and if + be taken from its de- 
nominator the fraction becomes < : find it. 


18. The sum of a number of two digits and of the number formed 
by reversing the digits is 110, and the difference of the digits is 6: 
find the numbers. 

19. The sum of the digits of a number is 13, and the difference 
between the number and that formed by reversing the digits is 27: 
find the numbers. 


20. A certain number of two digits is three times the sum of its 
digits, and if 45 be added to it the digits will be reversed: find the 
number. 


21. A certain number between 10 and 100 is eight times the 
sum of its digits, and if 45 be subtracted from it the digits will be 
reversed : find the number. 


22. Aman hasa number of pounds and shillings,and he observes 
that if the pounds were cael ter shillings and the shillings into 
om he would gain £5. 14a. ; but if the pounds were turned into 
valf-sovereigns and the shillings into asll ordi he would lose 
£1. 138. 6d. What sum has he? 


23, In a hag containing black and white halls, half the number 
of white is equal to a third of the number of black ; and twice the 
whole number of balls exceeds three times the number of black balls 
by four. How many balls did the bag contain? 
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24, A number consists of three digits, the right-hand one being 
zero. If the left-hand and middle digits be interchanged the number 
is diminished by 180; if the left-hand digit be halved and the middle 
and right-hand digits be interchanged the number is diminished by 
454. Find the number. 


25. The wages of 10 men and 8 boys amount to £1. 17s. ; if 4 
men together receive ls. more than 6 boys, what are the wages of 
each man and boy ? 


26. A grocer wishes to mix spice at 8s. a pound with another sort 
at 5s. a pound to make 60 pounds to be sold at 6s. a pound: what 
quantity of each must he take? 


27, <A traveller walks a certain distance; had he gone half a 
mile an hour faster, he would have walked it in four-fifths of the 
time: had he gone half a mile an hour slower, he would have been 

+ hours longer on the road. Find the distance. 


28. A man walks 35 miles partly at the rate of 4 miles an hour, 
and partly at 5; if he had walked at 5 miles an hour when he walked 
at 4, and vice versa, he would have covered two miles more in the 
same time. Find the time he was walking. 


29. Two persons, 27 miles apart, setting out at the same time are 
together in 9 hours if they walk in the same direction, but in 3 hours 
if they walk in opposite directions: find their rates of walking. 


30. A family, consisting of three adults and five children, spends 
in food £1. 17s. 6d. a week. Distress, however, comes when they can 
afford only £1 per week, and the food of each adult is diminished by 
one-half, and of each child by one-third. Find the cost per week of 
an adult and of a child. 


31. If I lend a sum of money at 6 per cent., the interest for a 
certain time exceeds the loan by £100; but if I lend it at 3 per cent., 
for a fourth of the time, the loan exceeds its interest by £425. How 
much do I lend? 


32. A takes 3 hours longer than B to walk 30 miles; but if he 
doubles his pace he takes 2 hours less time than B: find their rates 
of walking. 


5° ee eee 
PN a CHAPTER XV. 
INVOLUTION. 


fArts. 41-45 should be studied here by those who have adopted the 
postponement suggested on page 33. | 


109. Derinirioy. Involution is the general name for multi- 
plying an expression by itself so as to find its second, third, 
ourth, or any other power. 


Involution may always be effected by actual multiplication. 
Here, however, we shall give some rules for writing down at 
once 


(1) any power of a simple expression ; 
(2) the square and cube of any binomial ; 
(3) the square of any multinomial. 


110. It is evident from the Rule of Signs that 

(1) no even power of any quantity can be negative ; 

(2) any odd power of a quantity will have the same sign as 
the quantity itself. 


Note. It is especially worthy of notice that the square of every 
expression, whether positive or negative, is positive. 


111. From definition we have, by the rules of multiplication, 
(a?)3 =q?, a2, a®@=a?t?+2=a8, 
(— 2 P=(— 2°)( — 29) a8 = 2%, 
(—a®)8 =(—a®)(—a5)( — a5) = — a5+5+5.= — al, 
( — 3a) =( — 3)*(a*)'=81al’. 
Hence we obtain a rule for raising a simple expression to any 
proposed power. 
Rule. (1) Raise the coefficient to the required power by Arith- 
metic, and prefix the proper sign found by the Rule of Signs. 


(2) Multiply the index of every factor of the expression by the 
exponent of the power required. 
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Examples. (227)? == 320". 
( — 3ab)§ = 729a°b}8, < 
( = 16th? 
Baty/ 8 laky* 
It will be seen that in the last case the numerator and the denomi- 
nator are operated upon separately. 


EXAMPLES XV. a. 


Write down the square of each of the following expressions : 


1. 3a0* 2. ae. 3, (ab2. 4, 1167c?. 
5, 4a*b®x". G, "Sze": 7. —2abc?. 8. =Sen*, 
Oh Din? 10, Fae ieee 19) oe 
ea; icon 3 a ez77, 
Tab 3a2h3 1 : 
ik. = ms : 14. 4cext 13¥ = Qxy 16. a 2xy . 
5ab Ses Le _ 3a? 

vf Quy 18. esGerae. 19. = das 20. aut 
Write down the cube of each of the following expressions : 
21. 2ab?. 2. or \, 23. dat 24, -3a%b. 
25. —5ab. 26, —b%c?ax. 27, —6a°%. 28. —2a‘c?. 

1 oor eee 2 Ot 

29. 32" aun = Eas 81, Tary*. oa = rad 


Write down the value of each of the following expressions : 


33, (3073). 84, (—a®x)®, «85, (—-2a¥y). 36, ae 
ees SG) oe) lege 


112. By multiplication we have 
(a+bP= ai Wy 


SO PGE O2 csnisaes'oneviada cigs anton gn Gh); 
(a-b)'=(a—b)(a—6) 
AG OE OA aca gecclnsu deer eae Sun xo (2). 


These results are embodied in the following rules : 
Rule 1. The square of the sum of two quantities is equal to the 
sum of their squares increased by twice their product. 


Rule 2. The square of the difference of two quantities is equal 
to the sum of their squares diminished by twice their product. 
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Example 1. (w+ 2y)?=2? +2. a. 2y+(2y)? 

=2+4xry +4y?. 

Example 2. (2a — 3b?)?= (2a)? - 2. 2a3. 3b? + (3b?)? 

= 4a% — 12a%b? + 9b+. 

113. These rules may sometimes be conveniently applied to 
find the squares of numerical quantities. 

Example 1. The square of 1012=(1000+ 12)? 

=(1000)?+2. 1000. 12 -+(12)? 
= 1000000 + 24000 + 144 
=1024144. 

Example 2. The square of 98=(100- 2)? 

=(100)2—2. 100. 24 (2)? 
= 10000 — 400 + 4 
= 9604. 

The work is considerably shortened by the omission of the first 
two steps. 

114. We may now extend the rules of Art. 112 thus: 

(a+b+c)*={(a+b)+e}? 
=(a+b)?+2(a+b)ce+e? [Art. 112. Rule 1.] 
=a? +b? +c? + 2ab+ 2ac + he. 

In the same way we may prove 

(a—b+c)P=a? +h? +c? —2ab+2ac — 2be 
(a+b+c+d)=a?+b?+c?+4+d?+2ab+2ac+ Qad + 2he + 2hd 4+ Qed. 

In each of these instances we observe that the square con- 
sists of 

(1) the sum of the squares of the several terms of the given 
expression ; 

(2) twice the sum of the products two and two of the several 
terms, taken with their proper signs; that is, in each product 
the sign is + or — according as the quantities composing it 
have like or unlike signs. 

Note. The square terms are always positive. 

The same laws hold whatever be the number of terms in the 
expression to be squared. 

Rule. 70 find the square of any multinomial : to the sum of 
the squares of the several terms add twice the product (with the 
proper sign) of each term into each of the terms that follow it. 
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Hxe.l. (%-—Qy - 32)? =? + 4y?+922-2. a2. 2y-2. 4.38242. 2y. 32 
= x? + 49? + 92? - ies Giz + 12yz. 
Ha. 2. (14+ 2% — 327)? =1+4 427+ 9at+2.1.20-2.1. 32?-2.2¢.322 
=1+ 427+ 9at+ 4a — 62? - 1228 
=1]1+40 — 2x? — 1223 4+ 9x4, 
by collecting like terms and rearranging. 


EXAMPLES XV. b. 


Write down the square of each of the following expressions : 


1. a+3b. 2. a-3b. cue — oN. 4, 20+ 3y. 
5. 3x-y. 6. 3x +5y. T.. 9u= 24: 8. 5ab—-c. 
9. pq-r. 10. x-abc. ll. ax+2by. 12. 27-1. 
13; @a—b—c. 14, a+b-e. 15, a+2b+c. 

16. 2a—3b-+ 4c. 17. 2-9 —2. 18. xy+yz+zm. 

19, 3p -2q+4r. 20. x?-a+1. 21, 2x?+3x-1. 

22. x«-y+a-b. 93. 2a+3yta-2b. 24, m-n-p-q. 
2. 5a-2b+5. 2, 230-3. 27, oat a +3. 


115. By actual multiplication we have 
(a+b)=(a+b)(a+b)(a+b) 
=a + 3a7b + 3ab? + b°. 
Also (a—b)8=a3 —3a7b+3ab? — 6°. 


By observing the law of formation of the terms in these 
results we can write down the cube of any binomial. 


Example 1. (Qu + y)®=(2a)8 + 3(2x)?y + 3 (2x) y? + ¥8 
= 823 + 12x2y +- Bay? + 3. 
Example 2. (3a —2a?)?=(82)8 — 3 (3a)?(2a?) + 3 (82) (2a”)? — (2a?)8 


=27 x? — 54x70? + 86x04 — 8a8. 


EXAMPLES XV. c. 


Write down the cube of each of the following expressions : 


1. wt+a 2 a, 3. a —Qy. 4, Qu+y. 
b, 382 —dy. 6. ab+e. ve ae — 8c. 8. 5a—be. 
9, w?+4,/? 10. 4x? — 5y?. 11, 2a° - 3b?. 12. 5x5 -4y*, 
2h a “i a 
13, a 37 14, 3 +92, 15. 3 — 32x. 16, 6 + Diy. 


CHAPTER XVI. 
EVOLUTION. 


[Arts. 51-54 showd be studied here by those who have adopted the 
postponement suggested on page 38.) 


116. Derinitioy. The root of a by proposed expression is 
that quantity which being multiplied by itself the requisite 
number of times produces the given expression. 


The operation of finding the root is called Evolution : it is 
the reverse of Involution. 

117. By the Rule of Signs we see that 

(1) any even root of a positive quantity may be either positive 
or negatwe ; 

(2) no negative quantity can have an even root ; 


(3) every odd root of a quantity has the same sign as the 
quantity itself. 


Note. It is especially worthy of remark that every positive 
quantity has two square roots equal in magnitude, but opposite 
in sign. 

Example. 9728 = + 8ax%, 

In the present chapter, however, we shall confine our attention to 
the positive root. 

Examples. Ja5ht=a'b2, because (ah?)?= ath, 

&/— a= - 23, because (- 23) = — 29, 
Y%eM=ct, because  (c#) =e, 
\/81a'?=32%, because (32°)4=S8la™. 

118. From the foregoing examples we may deduce a general 
rule for extracting any proposed root of a simple expression : 

Rule. (1) Find the root of the coefficient by Arithmetic, and 
prefix the proper sign. 

(2) Divide the exponent of every factor of the expression by the 
index of the proposed root. 


Examples. R/- 6428 = - 4a2, 
\/16a8 = 20%, 


Sla 925 
Vet “Bee 
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EXAMPLES XVI. a. 


Write down the square root of the following expressions : 


1. 4a7b+. 2. Day. 3. , 2ony®, 4, 16a4b?c®. 
8laS§. 6. 100°. fe Gi Ga oru-c es 
36 aPb® 28944 
64a8y8, apes =. Bet: 
9, 64x°y 10. oa IL 45 12. Ss 
324012 8lals 2562/8 4000152 
1ig¥ 169y6 $ 14. 36)2 S 15: 289p"4 D 16. “Bl alos” 


Write down the cube root of the following expressions : 
nf.* 2iakbec. 18. —8a?b°. 19, 64a5y%!2, 20, —343a1?b18, 


gy? 829 125a°b§ Dart 
2). cw, 125 » Za. 729y>" Den 21625y?" 24. eg 64/83" 
Write down the value of each of the following expressions : 
95. ef (aan). 96. Rg) a TA 7. 8) (82a°y?), 
28. </729a)8d°). 29.  8/ (25605). 30, 8/ (ay), 
7 | 128 10 /ay2x:50 as 
3l. I 278° 32. aj 100 * 33. Ne h27¢36° 


118,. By Art. 112, we can write down the square of any 
binomial. 

Thus (27+ 3y)?=(20)?+2.2x. 3y+(8y)?. 

Conversely, by observing the form of the terms of an expres- 
sion, its square root may often be written down at once. 


Example 1. Find the square root of 25x? — 40ay + 16y°. 
The expression = (52)? — 2. 20xy + (4y)? 
= (Su)? - 2(5m) (4y) + (4y)? 


= (5x —4y). 
Thus the required square root is 5x - 4y. 
Example 2. Find the square root of ae ee 


The expression = e sy + *42/ a) 
a (3) 5 )(2) + (2) 
=(3+2) 


Thus the required square root is = ay 
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Example 3. Find the square root of 4a? +b? +c? +4ab — 4ac — 2be. 
Arrange the terms in descending powers of a, and the other letters 
alphabetically ; then 
the expression = 4a? + 4ab — 4ac + b? - 2be +c? 
= 4a? 4-4a(b -c)+(b-c)? 
=(2a)?+2. 2a(b-—c)+(b-c)? 
={2a+(b-—c)P; 
whence the required square root is 2a+b-c. 
Or we might proceed as follows : 
the expression = (2a)? +b? +c? +2. (2a)b-2. (2a)c-2.b.¢, 
which is evidently the square root of 2a+b-—c. [Art. 114.] 


119. When the square root cannot be easily determined by 
inspection we must have recourse to the rule we are about to 
explain, which is quite general, and applicable to all cases. But 
the student is advised to use methods of inspection wherever possible, 
in preference to rules, 

Since the square of a+b is a?+2ab+b?, we have to discover a 
process by which a and 6, the terms of the root, can be found 
when a?+2ab+ ? is given. 

Now a* +-2ab +b? =a?+b(2a+5), 
so that the expression is made up of 

(1) the square of the first term of the root, together with 

(2) the product of the second term of the root into an ex- 
pression consisting of this second term added to twice the first term 
of the root. 

By reversing the process we arrive at the following method 
of working : 

a’? + 2ab+b? (a+b 
a? 


2a+b 2Qab +b? 
Qh 4b 


Explanation. (1) The terms are first arranged according to the 
powers of one letter a. 

(2) The square root of a* is written down as the first term of the 
root, and its square subtracted from the given expression. 

(3) The first term of the remainder is divided by twice the first 
term of the root to obtain the second term of the root, that is, 6. 

(4) The second term of the root ix added to twice the term already 
Jound to form the complete divisor 2a +b, 
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Example 1. Find the square root of 9a? — 42axy-+ 49y?. 
9.x? — 42xy + 49y?( 38x — Ty 
9x? 


6x-Ty |-42a7 +497? 
— 42ay + 49y? 


Explanation. The square root of 92? is 3x, and this is the first 
term of the root. 

By doubling this we obtain 6x, which is the first term of the 
divisor. Dividing —42.xy, the first term of the remainder, by 6x we 
get —7y, the new term in the root, which has to be annexed both to 
the root and divisor. We next multiply the complete divisor by 
—7y and subtract the result from the first remainder. There is now 
no remainder, and the root has been found. 


The rule can be extended so as to find the square root of any 
multinomial. The first two terms of the root will be obtained as 
before. When we have brought down the second remainder, the 
first part of the new divisor is obtained by doubling the terms of 
the root already found. We then divide the first term of the 
remainder by the first term of the new divisor, and set down the 
result as the next term in the root and in the divisor. We next 
multiply the complete divisor by the last term of the root and 
subtract the product from the last remainder. If there is now no 
remainder the root has been found; if there is a remainder we 
continue the process. 


Example 2. Find the square root of 
25.0?a? — 12xa* + 1624+ 4a4 — 24a%a. 
Rearrange in descending powers of x. 
1624 — 24:30 + 25.x?a* — 12x03 + 4a4 ( 4x? - 3x0 + 2a? 
1624 


— PAxra + 25270? 

—24x8a+ 927A? 

16x2a? — 122-0? + 4a4 
16x2a? — 12xa? + 4u4 


8x? — 3a 


82? — 62a + 2a? 


Explanation. When we have obtained two terms in the root, 
4x? — 32a, we have a remainder 
16x°a? — 12aa* + 4a‘, 

‘Doubling the terms of the root already found, we place the result, 
8x? —6xa, as the first part of the divisor. Dividing 16x°a7, the first 
term of the remainder, by 8x, the first term of the divisor, we get 
+2a?, which we annex both to the root and divisor. We now 
multiply the complete divisor by 2a? and subtract. There is no 
remainder, and the root is found. 


E.A. H 


* 


106 ALGEBRA. (CHAP. 


EXAMPLES XVI. b. 


Find the square root of each of the following expressions : 


1, x? +4ay+4y?. 2, 9a?+12ab +4b*. 

3, a? — 10wy + 257”. 4, 4x2- 12xy+9y?. 

5, Sla?+18xyt+y?. 6. 25a — 30ay + 9y?. 

7, wt—-Qa*y?+y'. 8. 1-2a*+a% 

9, at—2a*+3a*-2a+1._ 10, 4a — 122° + 292? - 30x +25. 
Li. . 9x4 — 1203 - 2? + 4e +1. 12, at—4a°+ 6x? ~4a 4-1. 
13. 4at+4a'- 7a? -4a+4. 14, 1-10e+4+27a*- 1027+ 2% 


15, 4a? +992 + 2527+ I2ay ~ 30y2— 20.2. 

16. 168+ 16x? — 43 -— 42° + a7), i 

17. v® — 22at+ 3405 + 12] a? — 3742 + 289. 

18. 25x! — 30aa* + 49a%x? — 24a*v + 16a‘. 

19, dart + daty? — 12x22? + 4 — 6y?2? + 924. 

20. Gab’ — 4a*be + ab? + 4a%c? + 9b%c? — 12abc?. 
91. — Gb%c? + 9c +b — 12c?a? + dat + 4a2b?. 

99, 4at+9y*+ 13a%y? - bay? — day. 

23, 67a? +49+ 9at - 70x — 302°. 

94, 1-—4a+10x? — 202% + 25x* - 2425 + 1625, 
25. Baca? + 4b%x4 + av! + Qe? — 12bex? — 4abx*. 


(If preferred, the remainder of this chapter may be postponed and 
taken after Chap. xxiv. ] 


¥{20, When the expression whose root is required contains 
fractional terms, we may proceed as before, the fractional part 
of the work being performed by the rules explained in Chap. X11. 


*{21, There is one important point to be observed when an 
expression contains powers of a certain letter and also powers of 
its reciprocal. Thus in the expression 


hed 
the order of descending powers is 


1 5 8 
Qn + = $44 a4 4720+ “39 


ROR Tre 
B+ Tax +2r+4+> +5 ; 
and the numerical quantity 4 stands between .r and 8 


The reason for this arrangement will appear in Chap. Xxx. 
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2 
Example. Find the square root of 24+ aoe oe — 


Arrange the expression in descending powers of y. 


2 2 or pe) . 
Be (8 
a y ¥\ x y 
16z" 
yee 
39 
awe BY 1 94 
we we 
138 016 
wv 
BY 94.2 Bhs 
x y ge 
Bayes 
Yall: 


Here i second term in the ues —4, arises from division of 


~ 2 by = oe and the third term, Fi arises from division of 8 by a 


oa y 
*EXAMPLES XVI. c. 


Find the square root of each of the following expressions : 


di = 80 +9. 9. oe 7 

3. ea 4, 2 es 

5 oat 6. e . 

1. a tt OMe es 

9. eae 10. A+ 208 — 47 

ik ~ 308 47? + a ba +P a 12: wt 204547 a8 ba 
13, ee ae 14 aoe e = 
15. 4 daty Oy oo S02 
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Find the square root of each of the following expressions : 
16 9a? 6a 101 4a 42° 


% Be’ 25 15a’ 9a" 


17. 16m*+ men + 8m? + anit ant iy 


9 
64 128 
4 D2 > afaicomena 
18, 4a4+3277+96+—+-— 5. 


*122. To find the cube root of a compound expression. 

Since the cube of a+b is a?+3a°b+3ab?+b%, we have to 
discover a process by which a and }, the terms of the root, can 
be found when a*+ 3a*b + 3ab? + 6? is given. 

The first term a@ is the cube root of a*. 

Arrange the terms epee, to powers of one letter a; then 
the first term is a’, and its cube root a. Set this down as the 
first term of the required root. Subtract a* from the given 
expression and the remainder is 

3a°b + 3ab?+b3 or (8a? +3ab +b?) x b. 

Thus b, the second term of the root, will be the quotient 
when the remainder is divided by 3a?+3ab+b*. 

This divisor consists of three terms : 

(1) Three times the square of a, the term of the root already 
found. 

(2) Three times the product of the first term a, and the new 
term b. 

(3) The square of 6. 

The work may be arranged as follows : 

a + 3a°b + 3ab?+B8( a+b 
ae 
3a” 3a*b + Bab? + b8 
+3ab 
+b 
3a?+3ab+b? | 3a*b +3ab*+ 03 


3(a)? 
38xaxb 


(6) 


Example 1. Find the cube root of 8a - 36a°y + 54ary? — 27y'. 
823 — 36.x°y + Shay? — 27y8( Qu - By 
A Ra I TG 
1222 ~ 36a*y + 5day*® - 27y' 
— 18xy 
ME 
12a? — 18xy+9y? | —36x°y + 54ary* — 27y' 


3 (Qar)? 
3 x Qu x ( - 3y) 
(~3y)? 


nou i 
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*EXAMPLES XVI. d. 


Find the cube root of each of the following expressions : 


1. @+3a?+3a+1. 2. 2 +627+12%+8. 
3. a®x? — 8a2x?y? + 8axyt — 2. 4, 8m*>-12m?+6m-1. 
5, 64a* — 1440) + 108ab? — 276°. 
6. 14+ 3a+ 6x? + 72° + Gat + 32° + 29, 
7, 1-—6x+2la®- 44a5 + 6324 — 542° + 2726, 
8. a+ 6a% —38a2e + 12ab? — 12abe + Bac? + 8b — 12b%c + 6be? - c8. 
9, 8a —- 36a°+ 66a4 — 63a + 33a? - 9a +1. 
10. y®- 37° +64 -7y' + 6y? - 3y +1. 
11, 8a*+ 125 - 30a:4 — 3523 + 4522 + 27a — 27. 
12. 27% — 54a5a + 11 7arta? — 116a%a? + 11 7x%as - 54ara® + 27a8, 
13. 2728 — 2725 — 1824+ 17a? + 6a? - 8x -1. 
14, 2darty? + 9622y! — Baby +29 — Gary? + 64y6 - 56x%y?. 
15, 216+ 342a2+ 171lat+ 27° — 272° — 10923 - 1082. 


*123. Weadd some examples of cube root where fractional 
terms occur in the given expressions. 


Example. Yind the eube root of 54 — 27a5 + 5, - -- 
Arrange the expression in ascending powers of x. 


8 36 5 7 a3 2 . 
~Bo +4 270°( Be 


vf 

8 

3 x 
3x(3) -4 — +04 ~ 2708 


TS es. 


: 6 
sp +08 |= 454-97 
 - ee ha .— ed A Ad Ay 
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EVOLUTION. Tikk 


* EXAMPLES XVI. e. 


Find the cube root of each of the following expressions : 


a 3a? 3x 


Qo? 


a8 


me See Su ose y 
iy aes I 2, apts + 0+ 
: 2 6 Diae® Bia? Ix 
. 8a — 4x42 4 Say -—+—-8. 
3 x vy gue oF 4 64y5 By? + i 8 
O77 oO oh 
5. gdm? ==7 6. 7 Ott + 12a%y? — By. 
x® Ga? 92 9y by? 4 
ee, 
y y 2G x 
aw? oe lS Ba 9K 
he aaa Lr 
Core A la 2 3 
9, eS gp Ei ree ee , 3a 
a a a x x x 
3 D2 < Dees 
10, Sia? _192a? | 2400 _ 69 , 60x _12u | a 
ae x a a 
6b 6a a 3a? 36? 6 
eg os et ae t ae 
4 3 2 6 
12. ae ae oe a LIE oi 
y y y 7] y y 


*1294,. Theordu 


nary rules for extracting square and cube roots 


in Arithmetic are based upon the algebraical methods explained 


in the present ch 


apter. The following example is given to 


illustrate the arithmetical process. 


Example. Find t 
Since 614125 lies 


he cube root of 614125. 
between 512000 and 729000, that is, between 


(80)® and (90)?, its cube root lies between 80 and 90 and therefore 


consists of two figur 


es. 
a+b 
614125 ( 80+ 5=85 
512000 


3a-=3< (80)? =19200 | 1OZI25 


3) 07 53 [=O (AU) eS 


= 


1200 


25 
290425 | 102125 


Io = 


In Arithmetic the ciphers are usually omitted, and there are 


other modifications 


of the algebraical rules. 


CHAPTER XVIL 
RESOLUTION INTO FACTORS. 


125. Derriition. When an algebraical expression is the 
product of two or more expressions each of these latter quan- 
tities is called a factor of it, and the determination of these 
quantities is called the resolution of the expression into its 
factors. 

In this chapter we shall explain the principal rules by which 
the resolution of expressions into their component factors may 
be effected. 


126. When each of the terms which compose an expression is 
divisible by a common factor, the expression may be simplified 
by dividing each term separately by this factor, and edo 
the quotient within brackets ; the common factor being ciscen 
outside as a coefficient. 

Hxample 1. The terms of the expression 3a? —6ab have a common 


factor 3a ; 
“. 8a? —6ab =3a(a — 2b). 


Example 2. 5a*ba> — ldaba® — 20b%a? = 5ba? (a2a - 8a — 4b?). 


EXAMPLES XVII. a. 


Resolve into factors : 


1. a®-az. 2, 23 — 23, 3, 2a -2a*. 
4, a*-ab?. 5, 7p? +p. 6. 8% — 2x2, 
7, 5ax — 5a3q:2, 8, 327+ 2:5, Q, x? +ary. 
10. x - xy. ll. 5x - 25z%y. 12, 154+ 252°, 
13, 16x+64a2y. 14, 15a? - 25a, 15, 54-81x. 
16, 10a°-25aty, 17, 3a3-a®+a, 18, 62° + Qart + 45, 
19, a -a°y+ry*, 20, 3a*- 3a%+6a%®, 21, Qa%y® - 6x%y? + Qary?, 
22, 6a? — 9x%y + 12x72, 93, 5a® - 10a%z8 — 15a5x’, 


94. Ta-Ta* + 14a‘, 25. 38a%x + 57ate?, 
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127. An expression may be resolved into factors ¢f the terms 
can be arranged in groups which have a compound factor common. 


Hxeample 1. Resolve into factors x? —ax+ bx - ab. 


Noticing that the first two terms contain a common factor a, and 
the last two terms a common factor 6, we enclose the first two terms 
in one bracket, and the last two in another. Thus 

x? — ax + be -ab=(x? — ax) + (ba -ab) 

=x(a-—a)+b(x-a) 
=(x-—a) taken a times plus (7 -a) taken b times 
=(x-—a) taken (w+6) times 
=(x# —a)(x+). 
Example 2. Resolve into factors 6x” — 9ax + 4ba — Bab. 
62? — Yaa + 4ba — Gab = (62? — 9aa) + (4ba - Gab) 
= 3x (2x — 3a) + 2b (2x — 3a), 
= (2x - 3a) (3x + 2b). 


Hxample 3. Resolve into factors 12a? — 4ab — 38ax? + bx. 

12a? — 4ab — 3aa:? + bu? = (12a? — 4ab) — (Bax? — ba?) 
=4a(3a — b) — x?(3a —b) 
= (8a -- b) (4a — x), 

Note. In the first line of work it is sufficient to see that each pair 
contains some common factor. Thus, in the last example, by a 
different arrangement, we have 

12a? — 4ab — 3aa? + ba? = (12a? — 3ax?) — (4ab — bx?) 
= 3a (4a — x?) — b(4a — x?) 
= (4a — x?) (3a —-), 
the same result as before, since it is immaterial in what order the 
factors of a product are written. 


EXAMPLES XVII. b. 


Resolve into factors : 


1, a?+ab+ac+be. 2. a?-ac+ab-—be. 

3, a?c?+acd+abe + bd. 4, a®+3a+ac+3c. 

5, 2e+cx+2ce+c?, 6. x?-ax+5x-5a- 

7. 5a+ab+5b+b?. 8. ab-—by-—ay+y". 

9, ax—bx—az+bz. 10. pr+qr-ps-—qs. 
Wl. mx-my-nx+ny. 12, ma—ma+nx-na. 
13. 2ax+ay+2bax + by. 14. 3ax-ba - 3ay+by, 
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Resolve into factors : 


15. 62? + 3ay —2ax - ay. 16, ma -2my — na + 2ny. 
17. ax? -3bay-—axy + 3by’. 18, x°+ may —4xy —4my?. 
19. ax? +ba?+ 2a +2b. 20. 2 -3x-axy+3y. 

21, 2at-a3+4a-2. 22, 3x3 +52°+3e4+5. 

23, vt+a3+4+2xr4+2. 24, y-y+y-1. 

25. axy+bexy —az—bez. 26. fra? + 9a? - ag? - af. 


27, 2ax®+8axy—2bey—Bby?. 28. ama?+bmay - anxy — bry’. 
29. ax-—ba+by+cy-cx-ay. 30. aetaba+ac+aby + by + be. 


Trinomial Expressions. 


128. Before proceeding to the next case of resolution into 
factors the student is advised to refer to Chap. v. Art. 44. 
Attention has there been drawn to the way in which, in forming 
the product of two binomials, the coefficients of the different 
terms combine so as to give a trinomial result. Thus, by Art. 44, 


(0 +-5)(@+-8) = a? + Bar 18. ssensresessssncvenens (1), 
(@— 5) (7 —8) =? — B24 lB icersedeoccesceccnececes (2), 
(a 4-5) (2 —B) =H 4-27 — 1B... ccereseesseesasenees (3), 
(@ — 5) (UAB) 8g WEB. ccs cee ee eee neeees (4). 


We now propose to consider the converse hp : namely, 
the resolution of a trinomial preety similar to those which 
occur on the right-hand side of the above identities, into its 
component binomial factors. 

By examining the above results, we notice that : 

1. The first term of both the factors is a. 

2. The product of the second terms of the two factors is 
equal to the third term of the trinomial ; e.g. in (2) above we see 
that 15 is the product of —5 and —3; while in (3) —15 is the 
product of +5 and —3, 

3. The algebraic sum of the second terms of the two factors is 
equal to the coefficient of x in the trinomial ; e.g. in (4) the sum 
of —5 and +3 gives —2, the coefficient of x in the trinomial, 

In applying these laws we will first consider a case where the 
third term of the trinomial is positive. 


Example 1. Resolve into factors a + 11a + 24. 

The second terms of the factors must be such that their product 
is +24, and their sum +11. It is clear that they must be +8 
and +3. 

* 22+ 1lla4+24=(x% +8) (2+). 
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Example 2. Resolve into factors 2? — 10x” +4 24. 

The second terms of the factors must be such that their product 
is +24, and their sum —10. Hence they must both be negatwe, and 
it is easy to see that they must be -6 and —4. 


* v—10e+24=(x—-6)(~-4). 
Example 3. x? — 18%+81=(x —-9)(x-9) 
= (ax — 9). 
Example 4. act + 10a? +- 25 = (a? + 5) (a? + 5) 
== (u2= ee 


Example 5. Resolve into factors 2? — lla +10a?. 

The second terms of the factors must be such that their product 
is +10a?, and their sum —lla. Hence they must be —10a and —a. 
* 2%—llax+10a?=(a —-10a)(x—-a). 

Note. In examples of this kind the student should always verify 
his results, by forming the product (mentally, as explained in Chap.v. ) 
of the factors he has chosen. 


EXAMPLES XVII. c. 


Resolve into factors : 


ee -3a 2. 2, at2a+1. 3. a?+7a+12. 
4, a*—Ta+12. 5. a? —11la+30. 6, a?= bu 56: 
7, w*—19x+-90. 8, 224132442. Q, x?—Qla+110. 
10, x«?—2la+ 108. WW, 2?—2lz+80. 12, 2?+2)a2+90. 
13. «w?-192+84. 14. 27-19% -+-78: 15, 27— 18x +45) 
16. «?+20x+ 96. 17, x?-26x+165. 18, 2?-2lz2+104. 
19. 2?+23x+ 102. 90. a?—24a+95. A. a®—32a+ 256. 
99. a?+30a+ 225. 93, a®+54a+729. 94, a*—38a+36l. 
95. a?—1dab+496". 26. a*+5ab-+4 6b2. 
27, m*—13mn+40n?. 28, m?—22mn+105n?. 
29, x? —-23xy + 1327. 30. x? — 26xy + 1697”. 
31. 24+ 82?+7. 82, att 9x2y? + 14y4. 
33.  x?y? — 16xy +39. 34, a? + 49xy + 600y?. 
35, 272+ 34ay + 289. 36. a4b*+ 37a7b? + 300. 
37. a? —20aba + 'T5b?x". 38. 77+ 43xry + 3907. 
89, a? —29ab +5467. 40. 2+ 1622+ 6561. 
41, 12-7xr+27. 42, 204+9x%+27. 
43, 1382-287+27. 44, 884+19x%+27. 
45. 130+3lay+a°y?. 46. 143 -247a+277a?. 


AT, 204 — 292%? + af. 48, 216+35¢+2% 
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129. Next consider a case where the third terin of the tri- 
nomial is negative. 


Example 1. Resolve into factors 2? + 2x -—35. 


The second terms of the factors must be such that their product 
is — 35, and their algebraical sum +2. Hence they must have opposite 
signs, and the greater of them must be positive in order to give its 
sign to their sum. 


The required terms are therefore +7 and —5. 
x2 + Qa — 35= (+7) (a —5). 


Hxample 2. Resolve into factors x® — 3x - 54. 


The second terms of the factors must be such that their product 
is — 54, and their algebraical sum —3. Hence they must have opposite 
signs, and the greater of them must be negative in order to give its 
sign to their sum. 


The required terms are therefore —9 and +6. 
*, a? - 3x -54=(x%-9)(v4+6). 
Remembering that in these cases the numerical quantities 


must have opposite signs, if preferred, the following method may 
be adopted. 


Example 3. Resolve into factors ay? + 23ay — 420. 


Find two numbers whose product is 420, and whose difference is 23. 
These are 35 and 12; hence inserting the signs so that the positive 
may predominate, we have 


x*y* + Wary — 420 = (ay + 35) (wy — 12). 


EXAMPLES XVII. d. 


Resolve into factors : 


1, 2-2-2. 2. x2+x%-2, 3. 2-2-6. 

4, w+2-6. 5, 2? - Qe -3. 6. 22+227-3, 

7, w+a-56. 8, 27+3x- 40. 9, w*-—4x-192, 
10. a?-a-20. ll, a*-4a-2). 12. a®+a-20. 

18, a®-4a-117. 14, 2? + 9x - 36. 15. 2?+a-156. 

16. «®+a-110. 17, x°-92-90. 18, 2?—a-240. 

19, a*-12a-85. 20. a?-lla-152. 21, a*y®-5ay-—24, 
22, x? + Tay - 6Oy*. 23, w*+an-420% 24, 2 32ay - 105y% 
25, a®-ay —210y*. 26. 2?+187-115. 27, a®-20xy - 96y*. 
28, w+ 16x — 260. 29, a®-lla-26. 30. a*y? + l4ay — 240. 
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31. at-a®?-5604", 32, w2t—14a?-51. 33. yi + Ga2y? — 27x48. 


34. ab? — 3abe — 10c?. 35. a? + 12aba: — 28b2x. 

36. a? — 18axy — 243.072/?. 37. 24+ 13a?2? — 300a4, 

88. xv — a2? — 132a4. 39. wt— aa? — 46204, 

40. x®+2%- 870. 41, 2+a-27. 42, 6+2-22. 

43. 110-2-27. 44, 380-2-2%. 45. 120-7ax—- ax? 
46. 65+8xy-27y?, 47, 98-Tx-27. 48, 204 —5a —- x, 


[For easy Miscellaneous Hxamuples see page 124,.] 


130. We proceed now to the resolution into factors of tri- 
nomial expressions when the coefficient of the highest power is not 
unity. 

Again, referring to Chap. v. Art. 44, we may write down the 
following results : 


(8x4 2)(~+4)=3a7? + 14¢ +8... eee @; 
(8a —2)(@—4)=827 — 1444-8... cc cece ees (2), 
(30+ 2)(a—4)=327?—10%—-8.............0000. (3), 
(3a —2)(@ +4) =3.0? + 10% — 8.0... cece scene (4), 


The converse problem presents more difficulty than the cases 
we have yet considered. 

Before endeavouring to give a general method of procedure, it 
will be worth while to examine in detail two of the identities 
given above. 

Consider the result 37? —-147+8=(3x7 —2)(x#—4). 

The first term 3z? is the product of 3x and «x. 

ibe phat: CEM = Sv. .c0 scons creo sies —2and —4. 

The middle term —147 is the result of adding together the 
two products 3v x —4 and «x —2. 

Again, consider the result 327-107 -—8=(8x%+2)(#—-4),. 

The first term 3z? is the product of 37 and wz. 

Pee CHING Tern = Siei. seniewosecoonceae +2and —4. 

The middle term —10z is the result of adding together the 
two products 37x —4and # x2; and its sign is negative because 
the greater of these two products is negative. 


131. The beginner will frequently find that it is not easy to 
select the proper factors at the first trial. Practice alone will 
enable him to detect at a glance whether any pair he has chosen 
will combine so as to give the correct coefficients of the expres- 
sion to be resolved. 
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Example. Resolve into factors 7x? — 19x —6. 

Write down (7x 3) (x 2) for a first trial, noticing that 3 and 2 
must have opposite signs. These factors give 7x and —6 for the 
first and third terms. But since 7 x2—3x1=11, the combination 
fails to give the correct coefficient of the middle term. 

Next try (7a 2)(x 3). 

Since 7x3—2x1=19, these factors will be correct if we insert 
the signs so that the negative shall predominate. 

Thus Ta? — 19% -6=(7x + 2)(x- 8). 

[Verify by mental multiplication. ] 


132. In actual work it will not be necessary to put down all 
these steps at length. The student will soon find that the 
different cases may be rapidly reviewed, and the unsuitable 
combinations rejected at once, 

It is especially important to pay attention to the two following 
hints : 

1. If the third term of the trinomial is positive, then the 
second terms of its factors have both the same sign, and this sign 
is the same as that of the middle term of the trinomial. 

2. If the third term of the trinomial is negative, then the 
second terms of its factors have opposite signs. 


Example 1. Resolve into factors 1422 +4294 -15 ..... eee (1), 
14ac® — 200 — WB vccescssevccseesns (2). 
In each case we may write down (7x 3)(2a 5) as a first trial, 


noticing that 3 and 5 must have opposite signs. 
And since 7 x 5-3 x 2=29, we have only now to insert the proper 


signs in each factor. 
Tn (1) the positive sign must predominate, 


Mel 2 OHS TEMAUIVG ycinevses asee ei cneem 44s ce weeks 
Therefore 14x? + 29a — 15 =(7x - 3) (2x +5). 
14a? — 29a: — 15 = (7x +38) (2a - 5). 
Kxample 2. Resolve into factors 5224-17246 wcccccccsceeeeeeees (2) 
BH UP GA seccsisivvr enact (2). 
In (1) we notice that the factors which give 6 are both positive, 
MHL.) be cdu¥ebaraned OVEPPRRE OPES NN 0 ur Cox ove es #16 su PEREDRRS Kin RYe negative. 
And therefore for (1) we may write (5+ — )(a+ ). 
(at cau bv haenevenes (5ba- )(@- ). 


And, since 5x 34+1x2=17, we see that 


Bact + 17a +- 6 = (Bax + 2) (ar + 38), 
Sa? — 17x 4-6 = (8a — 2)(a@ - 3), 
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Note. In each expression the third term 6 also admits of factors 
6 and 1; but this is one of the cases referred to above which the 
student would reject at once as unsuitable. 


Example 3. 9x" — 48xy + 64y? = (3x — 8y) (Bx - 8y) 


Example 4. 


= (3x — 8y)?. 


6+ 7x — 5a?=(3+5x) (2-2). 


EXAMPLES XVII. e. 


Resolve into factors : 


He 22 8a-F I. A Sheet ie Od 8, 22? + 5e+2:) 

4, 3x?+10x+38. 5, 2a?+9a4+4. 6. 327+ 8a+4. 

7. 227+ 7x+6. 8. 2x?+1la+5. 9, 32?+117+6. 
10, 5a?+lla+2. 1, 2a24- 32 — 2. 12 327-2 —2: 
ie, 427+ Ila —3. 14 32+ 4a 5. 15, ~ 2a? + 152—8. 
NOE 2a2—a — I. Wie Oe — 0: iS) Geese — OY 
19, 3x?+132% —-30. 20. 622+ 7x —-3. N 627=—Ta—3. 
92, 327+ 70-+4. 23, 3x?+28a+14. 24, 22?-w2-15. 
95. 3x?+19x—-14. 96. 327-19%-14. 27, 627-3la+35. 
98. 427+a-14. 29. 3x?-l132+14. 30, 32°+4la+26: 
SL, 4024 238a-+ 15. 32. 2x?2-dxey-—3y". 33. 8x?-38x+35. 
34, 12x2-8xy+10y2. 35, 1522+224e—15. 36, 15x2—77x+10. 
oie 12a 3la — 15. 88, 24a2+999-—91. 39, 72x2-1450+72. 
40, 24a? -29ay—4y?. 41, 2-30 —227, 42, 3+1lx-4a?, 

AB 64-52 — 622. da 4 — 5x - 62x". 45, 5+32x 21a. 
46. 7+102+32°. 47, 18—33a+52%, 48, 8+6a—5z2*. 
~ 20 — 9a - 2027. 50. 244-37a — 722. 
_ 


The Difference of Two Squares. 


133. By multiplying a+6 by a—6 we obtain the identity 
(a+ 6)(a—b)=a? — 6, 
a result which may be verbally expressed as follows : 

The product of the sum and the difference of any two quantities 
as equal to the difference of their squares. 

Conversely, the difference of the squares of any two quantities 
is equal to the product of the sum and the difference of the two 
quantities. 

Thus any expression which is the difference of two squares 
may at once be resolved into factors. 
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Example. Resolve into factors 25a? — 16y”. 
25x? — 16y? = (5a)? — (4y)?. 
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Therefore the first factor is the sum of 5x and 4y, 
and the second factor is the difference of 5a and 4y. 


’. 25x? - 16y? = (5x + 4y) (5a — 4y). 
The intermediate steps may usually be omitted. 


Example. 1 - 49c®=(1 + 7c*)(1 - 7c*). 


The difference of the squares of two numerical quantities 
may be found by the formula a?—b?=(a+6)(a—b). 


Example. (329)? — (171)?= (329 + 171) (329 - 171) 


= 500 x 158 


= 79000. 


EXAMPLES XVII. f. 


Resolve into factors : 


1, 2-4. 2. 

4, c®?-144., 5, 

7, 121—<x*. 8. 
10, y?-— 252%. 11. 
13. 36p?- 49q?. 14. 
16, 1-252°. aly 
19, pq? - 36. 20. 
99. 9a*-121. 93. 
25, 2°25. 26. 
28, 8la®—25a?. 29, 
31, ab? - 92%, 32. 
34, 4-27 35. 
37, a*- 16b?. 38. 
40. 25-642", 41, 
43, 64x? - 2525, 44, 
46, 16x'6 - 97, 47. 
49, 25x - 16a%. 50. 


Find by resolving into 
51. (575)? — (425)?. 52. 
54, (339)? — (319)? 55. 
57, (1728)?-(277)% 58, 
60. (2731)*- (269), 61, 


a?—8l. 
9-a’, 

400 — a®. 
3622 — 2562, 
4k? —1, 

a? — 462, 
ab? — 4c%d?, 
2527 — 64, 

1 - 36a%, 
ata? — 49, 
x®y8 — 4, 

9 - 4a?, 

x? - 25y?. 


121la? — 81x’, 


49:4 — 164. 


36.c%8 - 49a"4, 


a%hsc® — 316, 


3. y?-100. 

6. 49-c? 

9, 2x?-9a?, 
12. 9a?-1. 
15. 49-1002. 
18. 9x?-y?, 
21. x'-9. 

24, Sla*~ 4924, 
27, 9xt-a?, 

80. a?- 642%, 
83, 1-a%b?, 


36. 9a* — 2564. 


\8 1 - 10082, 

- | pq? - 64a‘. 
_/ 81 pte — 2502, 

rd 1 ~ 100a%*e2, 


factors the value of 
(121)? — (120)? 
(753)? — (253)?. 
(1639)? - (739)%. 
(8133)? ~ (8131)2, 


53. (750)? — (250)2, 
56. (101)? - (99)2, 
59. (1811)? — (689), 
62. (10001)? - 1. 
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134, When one or both of the squares is a compound quan- 
tity the same method is employed. 
Hxample 1. Resolve into factors (a + 2b)? — 16x?. 
The sum of a+ 26 and 4% is a+2b+4a2, 
and their difference is a+ 2b — 4a. 
. (a+2b)? — 16x? =(a+ 2b + 4x) (a+ 2b — 42). 
Example 2. Resolve into factors x? — (2b — 3c)?. 
The sum of w and 2b — 3c is x + 2b — 3c, 
and their difference is x — (2b — 3c) =x —2b+3c. 
2_ (2b — 3c)?=(w+2b — 8c) (aw —2b+ 3c). 
If the factors contain like terms they should be collected so as 
to give the result in its simplest form. 
Example 3. (3+ Ty)? — (2a —-3y)? 
= { (3x + Ty) + (2x — 3y) } { (8a + Ty) — (2% - 3y)} 
=(3a+ Ty + 2x - 3y)(8a+ Ty -2x+3y) 
= (5a +4y) (a+ 10y). 


EXAMPLES XVII. g. 


Resolve into factors: 


1. (a+b)?—c2. 2 ie 0" 3. (x+y)?-42%. 

4, (x+2y)?-a’. 5. tees + a — 16x. 6. (7+5a)?—9y?. 

7. (%+5c)?-1. 8, es 2a)? — b?. 9, (2a — 3a)? - 9c%. 
10, a?-(b-c)?. 101) —(y +z)". 12. 4a*-(y-2z)?. 
13. 92?-(2a-3b)?, 14. ‘ —(a—b)*. 15. c?-(5a—- 3b)”. 


16. (a+b)?-(c+d). 17, (a-b)?-(a+y) 18. (7a+y)- 
19, (a+b)?-(m-—n). 20. (a-n)?-(b+m)* 21, (b-c)?-(a-2)% 


22. (4a+2a)2-(b+y)?. 23 get ie (8x + 4y)?. 

94, 1-—(7a—3b)? 25, (270): = ie 

26. (a-— 3a)? — 16772. 97, (2a-—5x)?- 

28. (a+b—c)?-(w—-yt+z)*. 29, (3a+2b)?- puatee 
Resolve into factors and simplify : 

30. (w+y)?-2?. 81. 2?-(y—-«x)%. 32. (x+3y)?-4y?. 

33. (24a+ y)? — (23a - y)?. 34, (5x4 2y)? - (8x -y)*. 

35, 9u2— (8a — 5y)2. 36. (7x+3)?- (5x—-4)2, 

37, (8a +1)?- (20-1). 38, 16a?-(3a+1)%. 


89. (2a+b-c)?-(a-b+c)*. 40. (x-Ty+z)?-(7Ty-z). 
41, (x+y-8)?-(x-8)?. 42, (2x¢+a-3)?-(3- 22)? 
E.A. 
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135. By suitably grouping together the terms, compound 
expressions can often be expressed as the difference of two 
squares, and so be resolved into factors. 


Example 1. Resolve into factors a? —2aa +2? - 4b?. 
a* — Qax + 22 — 4b? = (a? — Zax + x?) — 4b? 
=(a - x)? — (2b)? 
=(a—a”+2b)(a-x%-2b). 
Example 2. Resolve into factors 9a? — c? + 4ca: — 42°, 
9a? — c? + 4c — 4x? = 9a? — (c? — 4ea + 4:7) 
= (3a)? — (c - 2x)? 
= (38a +c — 2a) (8a -—c+2z). 
Example 3. Resolve into factors 2bd - a? - c? + b? + d? + 2ac. 


Here the terms 2bd and 2ac suggest the proper preliminary 
arrangement of the expression. ‘Thus 
Qhd — a? — c? + b? +d? + 2ac =b? + 2bd + d? — a* + 2ac — c? 
= b? + 2bd + d? — (a? — 2ac + c*) 
=(b+d)?-—(a-c)? 
=(b+d+a-—c)(b+d-a+c). 
Example 4. Resolve into factors xt + ay" + y'4. 
I a2? 4 ah = (a8 + Qar2gy? + a8) — x24” 
=(x?+y?)? - (ay)? 
= (a? + y? + ary) (a? + 9? — vy) 
= (2? + xy + y?) (x? - ay +y?). 
This result is very important and will be referred to again in 
Chapter Xxvill. 


EXAMPLES XVII. h. 


Resolve into factors : 


‘1. x24+2ry+ 7? - a? 2, a®—Qab +b? - x. 

‘8, a? — Baa + 9a? - 165%. 4, 4da*+4dab+b®- 9°, 

5, 2*+a°+2ax - y?’. 6. 2ay+a®+y?- 2x. 

7, w-a*-Qab -—b? 8. y?-c?+2cx - 2°, 

9, 1l-a*-2xry-y'. 10. c?-a? -y?+2xry. 
ll, x? +y? + Qary — 4a%y® 12, a®-4ab+ 4b? - 9a%e?. 
13. 2?+2ary+y9-a?-2ab-b% 14, a?-2ab+b?-c? -2Qcd-d*. 
15, 2 -4axr+4a*-b?+2by-7*. 16, 


y? + 2Qby + b* - a? — 6aa - 9x. 
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17. x2*-2x+1-a?—4ab —4b?. 18. 9a?-6a+1-—-—2?-8dzx — 16d?. 
19, 2?-a?+y?-b?-Qey+2ab. 20. a®*+b?-2ab—-c?-d?—-2cd. 
D1, 4a? — 12ax — 0? — 2 — 2ck + 9a?. 

22. a®+6ba — 9b2x? — 10ab — 1 + 2502. 

93. at— 2525 + 8a2x? — 9+ 3023 + 1624. 

24, w«t—2?-9-2a%x? + at+ 62. 

25. at+a°b?+b4, 26. x*+4a°y?+16y4. 27, pt+9p%q?+ 81qt. 
28. ct+3c%d?+4d* 29, wt+yt-lla®y® 30, 4m*—5m2n?+n4. 


The Sum or Difference of Two Cubes. 


136. If we divide a°+b° by a+b the quotient is a2—ab+6?; 
and if we divide a*—b* by a—6 the quotient is a?+ab+b*. 
We have therefore the following identities : 
a3-\- 8 =(a+b) (a? —ab+ 0) ; 
— 8 =(a— b)(a?+ab+ 6). 
These results enable us to resolve into factors any expression 
which can be written as the sum or the difference of two cubes. 
Lxample 1. 8x3 — 27y? = (2x)8 — (By)8 
= (2x — 3y) (4a? + Bay + 97"). 
Note. The middle term 6xy is the product of 2% and 3y. 
Example 2. 64a3 + 1 = (4a)? + (1)? 
—(4a+1)(16a2- 4a+1). 


We may usually omit the intermediate step and write down 
the factors at once. 


Examples. 343a5—-27x° = at 7a? — 32) (49a4 + 21a2x + 92), 
by ee +9) (40° — 1823+ 81). 


EXAMPLES XVII. k. 


Resolve into factors : 


A) oF — 7°. De Ste egy? Oye ele 4, 1+a’ 
5, 82% — vy, 6, xv +8y?°. ee De, 8. 1-8y'. 
9, ab?—c® 10, 8a°+27y%. 11. 1-3482°. 12, 64+ y°%. 


1B, 125-+44a°. 14. 216-a%. 15, @°b3+512. 16. 1000y3-1. 
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Resolve into factors : 


17. 2° +64y*, 18. 27-10002°. 19. a*b?+216c%, 
20. 343 — 82%, 21. a®+27b%. 22, 27x? — 64y3. 
23, 1252-1. 24, 216p* - 343. 25. x yi+23, 

26. a®b%c3-1. 27. 348a°+10007°. 28, 729a%- 646°, 
29, 8a%b? + 1252°. 80. x®y? — 216z%. 31, 2° — 277°. 
82. 64% + 1257". 38, 825-25, 34, 21625 — b%. 
85. a®+343b°. 36. a® +7290". 37. 8x5 — 72978. 
88. pq? — 272°. 39. 2° - 64y". 40. «xy - 512. 


136,. In Arts. 128 to 132 we have discussed the factorisation 
of trinomials by trial. And in Arts. 133 to 135 we have shewn 
how any expression which is the difference of two squares can 
be written down as the product of two factors. We shall now 
explain a general method by which any expression of the form 
v'+pxe+q or ax*+bxe+e can be expressed as the difference of 
two squares. 


By Art. 112 we have the following identities : 

v?+2ar+a*=(a«+a)*, x -2ar+a?=(e-a)*. 

So that if a trinomial is a perfect square, and its highest power 
xv’ has unity for its coefficient, we must always have the term 
without # equal to the square of half the coefficient of w. If 
therefore the first two terms (containing #® and x) of such a 


trinomial are given, the square may be completed by adding the 
square of half the coefficient of 2. 
2 
Thus «?+6z is made a perfect square if we add to it (S$) ; 
or 9; and it then becomes x? +67 +9, or (v7 +3)". ” 
Similarly to make 2°—72 a perfect square we must add 
i 1\ 


(ay 49 8 49 (« 
(-2) »r 7, and we then have ? —7a+- Pres 


Note. The added term is always positive. 


BRxample 1. Find the factors of a? + 6+ 5, 
The expression may be written (a? 4-6a+9)+5-9; 
that is, x7 + 6a +6 = (%+3)?-4 
=(%+3+2)(2+38-2) 
= (a+ 5)(%-+-1), 
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Example 2. Find the factors of 2? — 7a — 228. 
49 * 49 
; \- 228 “9 


2 _ "To — 998 = G Sif fs 


Safe Beak T 3 

TNS aa oy, 
=(x%+12)(x%-19). 

Example 3. Find the factors of 3a? - 18a”+14. 


— 


#1904 146=0( 218,44) 

ox ele ze t 3 
alae 13 * 14 _ 169 
= 3 6 3 ala 


-+((--¥-3} 
=3(x- 3 +5) (w-F-§) 


= (3x —7)(%- 2). 


As the process of completing the square is:quite general and 
applicable to all cases, it may conveniently be used when factorisa- 
tion by trial would prove uncertain and tedious. For example, if 
the factors of 24x”?+ 118% -—247 were required, it would probably be 
best to apply the general method at once. 


136,. The following exercise contains easy miscellaneous 
examples of the different cases explained in this chapter. 


EXAMPLES XVII. 1. (Miscellaneous.) 
(On Aris. 128, 129.) 


Resolve into factors : 


i, 2—32+2. 2. a?+7a+10. 3. 0?+b-12. 
4, y—4y—21. 5, &+12e+11. 6. a2—4a—5. 
7. n?+12n+20. 8. ¥*+9y-10. 9, p?-—2Qpq-24q. 


10. #’+y-110. 11. 27-92-90. 12, -144+48, 
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Resolve into factors : 
13, a?+18a+81. - 414, b?-24b-81. 15. c?+30c+81. 
16. 22-140+49. 17, y?+10yz+212, 18, 2+22-68. 
19, n?+lln+24. 20. p?-5p-24. 21, 12+91- 36. 
99, a*b? -4ab+4. 23, a%b?+10ab+16. 24. v?-4b-45. 
95. m?+3m-88. 96. n?-12n-45. 27. p?+10p—39. 
98, 2°y?— ay —72. 29, 2?-z-20. 30. x?+ay - 567”. 
31, a?-llab-26)7. 32, a*b?-ab—56. 33. yi+y?- 156. 
34, 2-72?-78. 35. y'— 2y?- 35. 36. 2°+6ay-91y”. 
(On Arts. 125-132.) 
Resolve into two or more factors : 
mn? — 8m*n’, 38. 10x? + 25aty. 39. 4? -2y-15. 
(a+b)a+(a+b)y. 41, w-az+ay-y2. 
3c? + ¢ - 2. 43, 2b?+11b+5. 44, 2x? -6xry+9y*. 
32:2 — 10a +3. 46. c®d?-cd -2. 47, Gx? +7x-3. 
4(a—b)-c(a—b). 49, at+a3+2a+2. 
Bl. ay + 2a*y — 68xy. 


37 
40 
42 
45 
48 
50, 2c8d - 6c?d? + 2c7d*, 
52 
55 
58 
60 
63 


69. 
73. 


54, 3-5p—12p%. 


a’ +a? — 42a, 


a’ ~ 8a3 — a®) + 3a*b. 


Qm4 — 11m? - 21. 


9m? — 24m +- 16. 


1 — 64m. 

1 - 6422, 
729 +- c3d3, 

928 — dary?. 
apc? — 81d?. 
at — 289, 

a® + 10a — 299. 


6y? - Ty - 3. 58, 422-122+9. 
16+8pq+p'q% 56, 42°+52?-6z. 57. 
, 2@m4—mi+4m—-2. 59, 
14-5a- a. 61, 17-182+2% 62. 
5a? + Tay — 6y*. 64, 6m'+17m3-45. 66. 
(On Arts. 125-136.) 
66. 25-Sla%. 67, a‘b*-9. 68. 2742. 
70, #-257%. Tl. pege-l. 72, 82?+1. 
74, 250p*+ 2. 75. 100a*b4 — 4. 76. 
7], (at+x)j-1. 78, 16-(b—c)*. 79. 
80. p*®- pq - 20q*. 81, &-i- 42/. 82. 
83, 6405 — 277%. 84, a2+ 2a - 323. ° 85. 
86, 241-272. 87, 1000z° - 27. 88. 
89, a?—b?-Qbe-c*. 90. 1-—a®+6ary -9y*. 


Ql. xttyt—Txty® 92, at+3a%+4, 93. 


b? - 2b — 783. 
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137. Miscellaneous cases of resolution into factors. 


Example 1. Resolve into factors 16a‘ — 8167. 
16a4 — 8164 = (4a? + 9b?) (4a? — 9b?) 
= (4a? + 9b?) (2a + 3b) (2a — 3d). 
Example 2. Resolve into factors x§— y, 
a8 — yf = (a3 + 4?) (x? — y?) 
=(e+y)(2?—ay +") (2 — y) (2? + ay +y?). 


Note. When an expression can be arranged either as the dif- 
ference of two squares, or as the difference of two cubes, it will be 
found simplest to first use the rule for the difference of two squares. 


Example 3. Resolve into factors 28xty + 64x%y — 60x?y. 
2Q8axty + 64a%y — 602?y = 4ax?y (Tx? + 16x — 15) 
= 4a0*y (Ta — 5) (w+ 3). 
Example 4. Resolve into factors x%p? — 8y3p? — 4a%q? + 327%. 
The expression = p” (a? — 8z/°) — 49? (x3 — 8?) 
= (x? — 8") (p? — 49°) 
= (x — 2y) (x? + Qary + 4y”) (p + 2q)(p — 2q). 
Example 5. Resolve into factors 4a? — 25y? + 2a + 5y. 


doc? — 25y? + Qa + 5y = (Qa + By) (Qa — 5y) + Qa + 5y 
= (2a + dy) (2x — 5y +1). 


EXAMPLES XVII. 1. (Continued.) 


Resolve into two or more factors : 


94, x®-—64. 95. '729y8-642° 96, 28-1. 

97. 729a7b —ab’7. 98, a8x6-64a2y6 99, a2— 512. 
100. 24+ 4a2y222+4e424. 101. ab? +512. 102. 2a?+ 17a 4-35. 
103. 500x2z — 207°. 104. (a+b)4-1. 105. (c+d)?-1. 
106. 1-(x-y)°. 107. 2?-6x2-247. 108, a?-22a-279, 
109. 250(a —b)?+2. 110. (c+d)?+(c-—d)%. 
111, 8(x+y)>—(2a-y). 112, w?—4y?+a—2y. 
113. a*-b?+a-b. 114. (a+b)?+a+b. 
115. a+b? +a+b. 116, a?-9b?+a+3b. 
a7, 4 (a — y)3 —(%-y). 118. arty = azys . ay? it. ays, 


[Miscellaneous Examples IV., p. 174, and Chapter XXVIII. will 
furnish further practice m Resolution into Factors. ] 
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MISCELLANEOUS EXAMPLES III. 
1, Subtract 32°-7a+1 from 2a?-—52-—3, then subtract the 
difference from zero, and add this last result to 2x? —2a—4, 
2. Simplify 
2{3a - (4b — 5c)}+4{4a — (5b -2c)}+4{5a -3(b-c)}. 
3. Find the product of 
— 2a? + 2ac? - 3 


and a’ + Qa%c + Qac? + c3. 
4, Solve the equations : 
tex 2 (2) 9a+5y=75, 
O) greets "xe —4y=11. 


5. Find the square root of 84+ 16a? + 1 — 8a — 2a + a6, 


6. Find a number whose third, fourth, sixth, and eighth parts 
together make up 63. 


el A lh A 
b+ce  c+a' at+b- 
33 Se", 1 


16” ay by x +— Ga? 


9, Add 5x?-62x to the excess of 1 over 3x? ~ 5a +1. 
10. Find the factors of (1) a®a®-2ax-15; (2) 4m*—81p*q?. 
11. Solve the equations : 
(1) 18a+lly=18, (2) 57¢+52y=181, 
lla +13y=80. 76x — 39y=458. 
12. <A train which travels a miles in b hours is p times as fast as 


acoach. If the coach takes m hours to cover the distance between 
two places, how many miles are they apart ? 


7, Ifa=4, b=3, c=2, find the value of 


1 


8. Divide a*+ a4 e+ 


13, Find the continued product of 32° -2x 43, 4u+5, Ta —- 
14, Solve the equations : 


5a 4 3\ 2 7 he 
(1) 7 ale-a)-ai(sea) t= 


> (5a l4x\ Qu+7 
(2) 2(5 yn 1) +5 3(1+"35:)= 5 -1. 


15. Write down the square of 24 7a—-1)1. 
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. 
16. Resolve into factors : 
(1) 2?+42aa:— ba —2ab ; (2) at+10a°y — 56y?. 
17. Find the H.C.F. and L.C.M. of 49bc°, 21a%b?, 56ca?, 63abc?. 


-18. A has £50, and B has £6; after B has won from A a certain 
sum he then has five-ninths of what A has: how much did B win? 


ee l5atp® 49ak* | Ta®k? 
19. Simplify Bm * Lenk Conk 
20. Shew that a(a—1)(a-2)(a-3)=(a?-3a+1)2-1. 
21. Express by means of symbols: 
(1) The excess of m over n is greater than a by c; 


(2) Three times the square of ab together with the cube of 
c is equal to p times the sum of m and n. 


x SNe Oa he a 
22. Solve i(3-5)-g( 7-4) =15(5 2 


and shew that «=2 does not satisfy the equation. 
23. Divide the product of 3x? -2xy—-y? and 2a-y by x—-y. 


24, What is the price of apples per dozen, and of eggs per score, 
when 60 apples and 100 eggs together cost 8s. 4d., and 72 apples 
cost as much as 30 eggs ? 


25. Express the product (2x7-13x+ 15) (a? - 4a —5)(2x2—a - 3) 
in simple factors, and thence write down its square root as the 
product of three binomial factors. 


26, If«=6, y=7, z=8, find the value of 
2 —(y—2)—S[e+2-3(-2(y— ny+4| 5 - (3-3) | 
27. Divide 62° + 57xty + 128a3y? — 60x7y? — 130xy4 + 63° 
by 3x3 + 1l5a®y + Txy? — 9/*. 
28. Solve the equations : 
4e+2y+z=14, 38x-—y+2z2=3, 2+ 7Ty-—z=23. 
29, Resolve into two or more factors : 
(1) Py —4ay8 ; (2) 2m4+m?n? - 3n4. 
30. In how many days will a men do = th of a piece of work, the 


whole of which can be done by } men in c days? 


If m=4, a=24, b=14, c=18, what is the numerical value of the 
answer ? 


CHAPTER XVIII. 
Hicuest CoMMON FACTOR. 


138. Derinition. The highest common factor of two or 
more algebraical expressions is the expression of highest dimen- 
sions which divides each of them without remainder. 


Note. The term greatest common measure is sometimes used instead 
of highest common factor; but, strictly speaking, the term greatest 
common measure ought to be confined to arithmetical quantities ; 
for the highest common factor is not necessarily the greatest common 
measure in all cases, as will appear later. [Art. 145.] 


In Chap. x1. we have explained how to write down b 
inspection the highest common factor of two or more simple 
expressions. An analogous method will enable us finer to - 
find the highest common factor of compound expressions which 
are given as the product of factors, or which can be easily 
resolved into factors. 


Example 1. Find the highest common factor of 
4ca> and 2ca?+ 4c%x?. 


It will be easy to pick out the common factors if the expressions 
are arranged as follows : 


4ca* = 423, 
Qca + 4.c2a? = Qear? (ar 4- 2c) ; 
therefore the H.C.F. is 2ex?. 


Example 2. Find the highest common factor of 
3a2+9ab, a®—9ab?, a® + 6a®b +9ab*. 
Resolving each expression into its factors, we have 
8a? 4+ 9ab =3a(a-+ 3b), 
a3 —9al®=a(a+8b)(a— 3b), 
a + 6a%b + 9ab® = a (a+ 3b)(a+ 3b) ; 
therefore the H.C.F. is a(a + 3b). 
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139. When there are two or more expressions containing 
ditferent powers of the same compound factor, the student should 
be careful to notice that the highest common factor must contain 
the highest power of the compound factor which is common to 
all the given expressions. 


Example 1. The highest common factor of 
x(a—ax)?, a(a-—2)8, and 2ax(a—x)® is (a—x)%. 
Example 2. Find the highest common factor of 
ax? +2a?a+a°, 2a? —4a?x -6a3, 3(ax+a?)?. 


Resolving the expressions into factors, we have 
ax? + 2a?a + aF =a (x? + Qax +a?) 


= (07) (ys (0) ol ue ae adit act ade naS (1), 

Qax® — 40x — 6a? =2a (a? — 2ax — 3a?) 
= 20 (aa Cn) (= SO), perweseane scares (2), 
DUCA Oe oe OO (1B ON) ag dee ay eae aa cee OEE (3). 


Therefore from (1), (2), (3), by inspection, the highest common 
factor is a(w+qa). 


EXAMPLES XVIII. a. 


Find the highest common factor of 


1. a®+ab, a?-b*. 2. (wt+y)®, 2?-y* 

3) 2eP — Quy, aay. 4, 62?-9xry, 4x0?-Qy. 

5, af aty, 2+ 7°. 6. a®b —ab®, a®b? — a?b°. 

7, a@—ax, a®-ax’, at—az’. 8. a? —4a?,» a*+ 2am. 

9. abex+abx, a®b —b°. 10, 2x?y-6ay?, x? - Dy". 
11, @?=22, a®-—ax, ae—ax% 12, 407+2xy, 12aPy— 37% 
13. 20x-—4, 502?-2. 14, 6ba+4by, 9cx+6ey. 
5, ora, (ee-t-1)*, 1a -F 1. _ 1b BY So; Cy —2y: 

17. 2?-Qay+y?, (w-y)* 18, 2z?+a%, xt—at, 

19, 234827, w+ ay —2y’. 90, xz*—27a®x, (w- 3a)”. 

Ql, x24+3x42, x4, 22, x®-x2-20, 2?-9x+20. 
93, 2%-18%+45, 2?-9. 24, 2xu®-Tx+3, 32°-Tx-6. 


95, 120%+a—-1, 15a?+S8e+1. 26, 2x?-w-1, 3a?-x7-2., 
97, ca? d?, acx®-bex+adu — bd. 

98, ay, e+a%y+uyt+y*. 

99, a®x—a%bx—6ab2x, aba? — 4ab?x? + 3b%a*. 

30, 2u2+92+4, Qu®?+1lx+5, 2Qu?-3x-2. 

31, 3a4+8a3+4a7, 3x°+1lat+62%, 3x4 16x05 - 1227, 
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[If preferred, the remainder of this chapter may be taken after 
Chap. xxv. ] 


*140. The highest common factor should always be found by 
inspection if payne but it may happen that the expressions 
cannot be readily resolved into factors. In such cases we adopt 
a method analogous to that used in Arithmetic, for finding the 
greatest common measure of two or more numbers. 


*141. We shall now illustrate the algebraical process of 
finding the highest common factor by examples, postponing for 
the present the complete proof of the rules we use. But we 
shall enunciate two principles, which the student should bear in 
mind in reading the examples which follow. 


I. Lf an expression contains a certain factor, any multiple of 
the expression is divisible by that factor. 

II. Jf two expressions have a common factor, it will divide 
their sum and their difference ; and also the sum and the difference 
of any multiples of them. 

Example. Find the highest common factor of 

4x3 — 3a? - 242-9 and 823 - 22° - 53a - 39. 
x | 4a3 - 322 - 244-9 82:3 — 2a? — 53a — 39 | 2 


4x3 — 5a? -Qla 82° — 62? - 482 — 18 | 
2x Qu?—- 3x-9 4x?— 5x2-21)2 
Qx2-— 62 4a°-— 6x-18 
3 32-9 a- 3 
3x -9 


Phsrelore the WOT. a a—8. 


Explanation, First arrange the given expressions according to 
descending or ascending powers of x. The expressions so arranged 
having their first terms of the same order, we take for divisor that 
whose highest power has the smaller coefficient. Arrange the work 
in parallel columns as above. When the first remainder 4.2 -— 5a — 21 
is made the divisor we put the quotient 2 to the /e/t of the dividend. 
Again, when the second remainder 2x?-— 32-9 is in turn made the 
divisor, the quotient 2 is placed to the right; and so on. As in 
Arithmetic, the last divisor 2-3 is the highest common factor 
required, 


*142. This method is only useful to determine the compound 
factor of the highest common factor. Simple factors of the 
given expressions must be first removed from them, and the 
highest common factor of these, if any, must be observed and 
multiplied into the compound factor given by the rule. 
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Example. Find the highest common factor of 
2404 — 2x3 — 60x? — 32x and 18a4— 623 — 39x? - 182. 
We have 2424 — 22:3 — 60x? — 32a = 2a (1223 — a? — 30a - 16), 
and 1824 — 6a? — 39x? — 18a = 3.x (623 — 2a? — 13a - 6). 


Also 2.c and 3x have the common factor x. Removing the simple 
factors 2x and 3x, and reserving their common factor a, we continue 
as in Art. 141. 


Qe | 6a? — 2x? — 13a -6 12%°— 2? -30z-16|2 
623 — 8a?-— 8x 1223 — 4x? — 26x — 12 
De 6x?-— 5x-6 3u°— 4xa-— 4) a 
6a?-— 8x-8 3a Qe 
38x +2 — 6x- 4|-2 
— 6%- 4 


Therefore the H.C.F. is «(3x +2). 


*143. So far the process of Arithmetic has been found exactly 
applicable to the algebraical expressions we have considered. 
But in many cases certain modifications of the arithmetical 
method will be found necessary. These will be more clearly 
understood if it is remembered that, at every stage of the work, 
the remainder must contain as a factor of itself the highest 
common factor we are seeking. [See Art. 141, I. & IL] 


Example 1. Find the highest common factor of 
323 — 1822+ 23u-21 and 6x°+2?-44x%+421. 


83a? — 18224 232-21 | 6a? + v?-44~421/2 
623 — 2600? + 46a — 42 
Q7 x? — 90x + 63 


Here on making 27x?-90x+63 a divisor, we find that it is 
not contained in 32° -132?+23x-21 with an integral quotient. 
But noticing that 272°-902+63 may be written in the form 
9(3x2—10x+7), and also bearing in mind that every remainder in 
the course of the work contains the H.C.F., we conclude that the 
H.C.F. we are seeking is contained in 9(3x°-10x+7). But the 
two original expressions have no simple factors, therefore their 
H.C.F. can have none. We may therefore reject the factor 9 and 
go on with divisor 3x?- 10x +7. 
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Resuming the work, we have 
x | 325 — 1322+ 23a - 21 3x? -10x+7 |x 


325 —10u%+ Te 38a2- Tax 
-l — 32°+16a—-21 —- 3x+7)|-1 
— 32°+102-— 7 — 32+7 
2)6xa—-14 | 
3xe- 7 


Therefore the H.C.F. is 3x — 7. 


The factor 2 has been removed on the same grounds as the factor 
9 above. 


Example 2. Find the highest common factor of 
DIP Ae» GA a Oh Ie ass upeath vas oabg heh gasSe i (25 
and BE? = Dae Le err on ieeasatnacnnis asonyichine (2). 


As the expressions stand we cannot begin to divide one by the 
other without using a fractional quotient. The difficulty may be 
obviated by introducing a suitable factor, just as in the last case we 
found it useful to remove a factor when we could no longer proceed 
with the division in the ordinary way. The given expressions have 
no common simple factor, hence their H.C.F. cannot be affected if 
we multiply either of them by any simple factor. 


Multiply (2) by 2, and use (1) as a divisor : 
208+ a®@- 2-2 | GaP- dat+ Qe- 4/3 


7 | Gut+ 32%- 32- 6 

~2e| 14a? + Ta? Ta -14 | - Ta®+ 5u+ 2 

14x?-100%- 4 | 
17x 17a2— 30-14 — 1192? + 85a +34] -7 

V7a?-Ve - 11922 + 21a +98 

14 14x ~ 14 64 ) bdr — 64 

14x ~ 14 a | 


Therefore the H.C.F. is 2-1, 


After the first division the factor 7 is introduced because the first 
remainder — 7a* + 5a +2 will not divide 2x3 +a%-a—-2. At the next 
stage the factor 17 is introduced for a similar reason, and finally the 
factor 64 is removed as explained in Example 1. 


Note. Here the highest common factor might have been more 
easily obtained by arranging the expressions in ascending powers of x. 
In this case it will be found that there is no need to introduce a 
numerical faetor in the course of the work, Detached coefficients, 
as explained in Art. 45, may also be used with advantage here, and 
will often effect a considerable saving of labour. 
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*144, From the fast two examples it appears that we may 
multiply or divide either of the given expressions, or any of the 
remainders which occur in the course of the work, by any factor 
which does not divide both of the given expressions. 


*145. Let the two expressions in Example 2, Art. 143, be 

written in the form 
293 + 42 — 7 —-2=(4—1)(227+324 2), 
3x? — Qu? + 4 —2=(ex—1)(8x? +2742). 

Then their highest common factor is w—1, and therefore 
Qv?+3xr+2 and 327°+x24+2 have no algebraical common divisor. 
If, however, we put «=6, then 

2x3 + a? —% —-2=460, 
and du? — 2x? + 7 —2=580 ; 
and the greatest common measure of 460 and 580 is 20; whereas 
5 is the numerical value of #—1, the algebraical highest common 
factor. ‘Thus the numerical values of the algebraical highest 
common factor and of the arithmetical greatest common measure 
do not in this case agree. 

The reason may be explained as follows: when #=6, the 
expressions 277+37+2 and 327+7+2 become equal to 92 and 
116 respectively, and have a common arithmetical factor 4; 
whereas the expressions have no algebraical common factor. 

It will thus often happen that the highest common factor of 
two expressions, and their numerical greatest common measure, 
when the letters have particular values, are not the same; for 
this reason the term greatest common measure is inappropriate 
when applied to algebraical quantities. 


*EXAMPLES XVIII. b. 


Find the highest common factor of the following expressions : 


1, 2°+22?-13824+10, 2?+2?-102+8. 

9. 2 —5x?-—9974+40, x? — 6a? —86x+35. 
3, 2° +227-8a-—16, «3+ 327-82 — 24. 
4, 2? +40?- 52-20, 2°+ 62? - 5x — 30. 

5. xv?-x?-5a-38, a3 —422-llxe-6. 

6 2°+32?- 8x -—24, 2?+382?- 32-9. 

7, a —5a°x+ Jax? — 323, a® —3ax2 +223, 
8, 24-223 -—4e-7, x4+23- 322-2742. 
9, 2a? -5a2+1la+7, 403-1la?+25x+7. 
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Find the highest common factor of the following expressions : 
10. 2a°+4a?-—'Ja-—14, 623 -— 102? -— 21a +35. 
ll. 32° - 32° -2a?-a-1, 9xt- 323-2 -1. 
12. Qat-—2a34+27+ 327-6, 4at-22°+3x-9. 
13. 32° —3aa?+2a%a —2a3, 32° + 12a%®+ 2072 + 8a3. 
14, 2x3 -9ax?+9a2x-—7a, 42° -— 20a2? + 20a2x — 16a3. 
15. 1023+ 25ax?-5a8, 403+ 9a? — Qa%x - a. 
16. 6a°+ 13a2x -—9ax? -—10x3, 9a? + 12a2a - llaw? — 102°. 
17, 2darty + T2a%y? - 6a°y? — 90xy!, Gaty* + 1825 y3 — 4224 — L5ary?, 
18, 4a°a?+ 102ta? — 60x%at+ 54a%a, 24a5a? + 302%a5 — 1262205, 
19, 405+ 14ar4+ 2023 + 702%, 827+ 2828 — 825 — 1204+ 5623, 
90, 7223 — 12aa?+72a%x — 420a8, 1823 + 42ax? — 282a2a + 27003, 
21, 9at+2Qa%y? +44, 3x4 — Saty + 5x2y? - Qry3. 
92. x-a8-—x24+1, a7?+a%+a4-1, 
93, l+at+a%—25, 1 —at—aS4 a7, 
24, 6-8a-32a?-18a*, 20- 35a - 95a? - 40a. 
25. 9u®— 15a —45a4 — 1205, 422 — 49.v2 — 20323 -— 84ers, 
26. . 825-523 +2, Qa5— 522+3. 
27, 425-623 - 28x, 624+ 1023 - 17x? - 35a - 14. 


*146,. The statements of Art. 141 may be proved as follows. 
I. If F divides A it will also divide md. 

For suppose A =a/’, then mA =maF. 

Thus F' is a factor of mA. 


Il. If / divides A and B, then it will divide mA +nB. 
For suppose A=al’, B=bF, 
then mA +nB=maF+nbF 
= F'(ma + nb). 
Thus F divides mA +nB. 


*147,. We may now enunciate and prove the rule for findin 
the highest common factor of any two compound algebraica 
expressions. 

We suppose that any simple factors are first removed. [See 
Example, Art. 142.] 


Let A and B be the two expressions after the simple factors 
have been removed. Let them be arranged in descending or 
ascending powers of some common letter; also let the highest 
power of that letter in B be not less than the highest power in A. 
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Divide B by A; let p be the quotient, and C the remainder. 
Suppose C to have a sumple factor m. Remove this factor, and 
so obtain a new divisor D. Further, suppose that in order to 
make A divisible by D it is necessary to multiply A by a simple 
factor n. Let g be the next quotient and # the porannee 
Finally, divide D by #; let 7 be the quotient, and suppose that 
there is no remainder. Then Z will be the H.C.F. required. 


The work will stand thus: 
A)B(p 
pa 
m)C 
D)nA(q 
gD 
L)D(r 
ri 

First, to shew that # is a common factor of A and B. 

By examining the steps of the work, it is clear that £ divides. 
D, therefore also gD ; therefore gD+L, therefore nA ; therefore 
A, since n is a simple factor. 

Again, £ divides D, therefore mD, that is, C. And since 2 
divides A and C, it also divides pA+C, that is, B. Hence # 
divides both 4 and B. 

Secondly, to show that # is the Azghest common factor. 

If not, let there be a factor XY of higher dimensions than Z£. 

Then X divides A and B, therefore B—pA, that is, C; there- 
fore D (since m is a simple factor) ; therefore nA —qJD, that is, £. 

Thus Y divides #; which is impossible since by hypothesis, 
XX is of higher dimensions than £. 

Therefore # is the highest common factor. 


*148. The highest common factor of three expressions. 
A, B, C may be obtained as follows. 

First determine /’ the highest common factor of A and B; 
next find G the highest common factor of /' and C; then @ will 
be the required highest common factor of d, B, C. 

For F contains every factor which is common to A and B, 
and @ is the highest common factor of /’and C. Therefore G 
is the highest common factor of A, B, C. 


E.A. K 


CHAPTER XIX. 
FRACTIONS. 


[On first reading the subject, the student may omit the general 
proofs of the rules given in this chapter. 

The articles and examples marked with an asterisk must be 
omitted by those who adopt the suggestion printed at the top of 
page 130. 


149. In Chapter x1. we discussed the simpler kinds of 
fractions, using the ordinary arithmetical rules. We here propose 
to give proofs of those rules, and shew that they are applicable 
to algebraical fractions. 


Derrnition. If a quantity x be divided into } equal parts, 
and @ of these parts be taken, the result is called the fraction 
a 


b 
“the fraction %” ; so that the fraction ® represents a equal parts 
; i q pars, 


b of which make up the unit. 


of x. If # be the unit, the fraction ; of wv is called simply 


Note. This definition requires that a and b should be positive 
whole numbers. In Art. 155 we shall adopt a definition which will 
enable us to remove this restriction. 


150. To prove that tok where a, b, m are positive integers. 
i 
By we mean @ equal parts, 6 of which make up the unit... (1) ; 
DP Geen issih WE « sien tH wie RD in wiatavess wiiwiiiuniiin eitade vas elie 2). 
ry = a 7 (2) 
But b parts in (1)=mb parts in (2); 
os DL POPb wissusses ORIN asvvnswevsinwrevees 
*, @ parts......6+ INA vevvervssevecesees 
that i Ld 
? b mb 
Conversely, ne Se 
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Hence, the value of a fraction is not altered if we multiply or 
divide the numerator and denominator by the same quantity. 


Reduction to Lowest Terms. 


151. 


An algebraical fraction may be changed into an 


equivalent fraction by dividing numerator and denominator 


by any common factor ;’ 


if this factor be the highest 


common factor the resulting fraction is said to be reduced to 
its lowest terms. 


Example 1. 


| Example 2. Reduce to lowest terms 


The expression= 


The expression = 


Note. 


Reduce to lowest terms 


24 a3c2x2 


24.07 02x02 


6x? — 8xy 
Qay — 12y?" 
2a (3x —-—4y)_ 2a 

By (Ba—4y) By” 


18a%x? — 12a2x" 
24a = 4ac? 
6a2x?(3a-—22) 3a—2a- 


The beginner should be careful not to begin cancelling 


_ until he has expressed both numerator and denominator in the most 
convenient form, by resolution into factors where necessary. 


Reduce to lowest terms: 


2. 


Pal 3a? — 6ab 
‘ 2a7b — 4ab? 
) 4 15a7b?c 
*  100(a? — ab)’ 
| 7 x (2a? — 3ax) 
* @(4a%x — 92:3)" 
| x? — 5a 
| 10. vw? —4e-5 
xy + Qx?y + dary. 
13. ae 
a4 — 144? — 51 
oasis 
18 ax? — 16a? 
*  ax®+ 9ax+20a° 


EXAMPLES XIX. a. 


16. 


19. 


aba + bx? 3 
ace + cx 
4a? — yz? 
42? + bay 
x3 — Qay 
3x? + 6x 
xv? +-4a0+4 


12. 


ax 
ax — axe 
20 (2° — y?) 

5x?+ Savy + by?” 
(xy 3y")" 
xy? — 274° 
5a°b + 10a°b? 

3a7b? + Gab? * 


14 3a3+ 9ab + 6a2b? 
at+a®b —2a2h? * 


a? + ay ~ 2y? 17 
x i= y 

Be? + D300 14 20 

3x" + 41x +26 F 


Oe ia O1 
3a2 + 260 +35 
27a+at 


18a — 6a2 + 2a>" 
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*152. When the factors of the numerator and denominator 
cannot be determined by inspection, the fraction may be reduced 
to its lowest terms by dividing both numerator and denominator 
by the highest common factor, which may be found by the rules 
given in Chap. xvu1. 

323 — 1322+ 23a - 21 
1523 — 3822-22+21 

First Method. The H.C.F. of numerator and denominator is 
3-7. 

Dividing numerator and denominator by 3x-7, we obtain as 
respective quotients 2? -2a+3 and 52? - 2-3. 


Thus 323 — 1827+ 23a -21_ (8u—7) (x?-2v+3)_a*-2e+3 


Example. Reduce to lowest terms 


This is the simplest solution for the beginner ; but in this 
and similar cases we may often effect the reduction without 
actually going through the process of finding the highest 
common factor. 


Second Method. By Art. 141, the H.C.F. of numerator and 
denominator must be a factor of their sum 182° —5la®+2la, that is, 
of 3x(32-7)(2a-1). If there be a common divisor it must clearly 
be 3a—-7; hence arranging numerator and denominator so as to 
shew 3x-7 as a factor, 

. (3x — 7) — 2a (3x — 7) +3(82 -7) 
the fraction = 5a3(3x - 7) -2 (9a —7)-3(3e—7) 7)-3(32~7) 
_ (3x — 7) (x? — 2x +38) 
~ (8a — 7) (5a* - 2-3) 
_ 2 -224+3 
~ Sata -3° 


*163. If either numerator or denominator can readily be 
resolved into factors we may use the following method. 


Example. Reduce to lowest terms oe 5° 
The numerator = a (a* + 3a — 4) =a(a+4)(a-1). 
Of these factors the only one which can be a common divisor is 
wx-1. Hence, arranging the denominator, 
, x (a+ 4)(a-1) 
the fraction = Tat(a—-1)-1 Tax (x —1)-5(@-1) 
w(@+4)(e—1) — w(e+4) 


~(@—1)(722-lle-5)  7x®-lla-5° 
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*EXAMPLES XIX. b. 


Reduce to lowest terms: 
a? — a®b — ab? — 2b x? — 5a? +7 —3 
a + 3a%b + 3ab? + 203° e—8x+2 ~ 
3 a? + 2a? —-13a+10 Qa? + 5a?y — 80xy? + 27y8 
*  @+a?-10a+8 © : 4a3 + 5ay®—Qlys 
5 4a° + 12a?b — ab? — 1563 1 + Qa? + a3 + Dirt y 


6a? + 13a7b — 4ab? — 155?” 6. 14+ 3a? + 2x3 + 327% 
7 a? — 2+] 8 3a? — 3a*b + ab? — 63 
* 3a3+72-10° : 4a2—5ab+b2 
9 42° + 8ax?+ a3 10 4x3 — 10x? + 4a +2 
* g+art+ax+at * Bat — 223 — 32+2° 
11 16x41 — 72x?a? + 81la4 12 6a? +- 2? — 5a — 2 
. 4u? + 12ax+9a? ° * 6x3 + 5a? — 8a — 2° 
13 52? 4+- Qu? — 152 —6 14 4oc4 + 11a? +25 


7x3 — 42 -Q1a+12° 4c04 — Oa? + 30x — 25° 
15 323 — QTax?® + 78a2x — 72a* 16 ax — 5a2x? — 99a%x + 40a4 
223 + 10ax? — 4a2x — 4803 * wt Gav — 86a2x? + 35a3x 
Multiplication and Division of Fractions. 


154. Rule I. To multiply a fraction by an integer: 
multiply the numerator by that integer ; or, if the denominator be 
divisible by the integer, divide the denominator by it. 


The rule may be proved as follows : 


(1) ' represents @ equal parts, b of which make up the unit ; 


ac 
b 


and the number of parts taken in the second fraction is ¢ times 
the number taken in the first ; 


represents ac equal parts, b of which make up the unit ; 


: a ac 
that is Bxo= 5" 
(2) me d = by the preceding case, 


e [Art. 151.] 
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155. By the preceding article 
ab 


a 
3x oqz Has 


that is, the fraction ; is that which must be multiplied by 6 in 


order to obtain a But, by Art. 46, the quantity which must 
be multiplied by } in order to obtain @ is the quotient resulting 
from the division of a by b; we may therefore define a fraction 
thus : 


the fraction r is the quotient of a divided by b. 


156. Rule II. To divide a fraction by an integer: divide 
the numerator, if it be divisible, by the integer ; or if the numerator 
be not divisible, multiply the denominator by that integer. 


The rule may be proved as follows : 


(1) om represents ac equal parts, b of which make up the unit ; 


; represents a equal parts, b of which make up the unit. 


The number of parts taken in the first fraction is ¢ times the 
number taken in the second. Therefore the second fraction is 
the quotient of the first fraction divided by c ; 


that is FreHy: 
(2) But if the numerator be not divisible by c, we have 
a ac, 
bbe’ 
a, ac , a 
Bro F? 


=5, by the preceding case. 


157. Rule ITI. To multiply together two or more 
fractions : wp together all the numerators to form a new 
numerator, and all the denominators to form a new denominator. 


To find the value of ; ¥%, 
bh a 


a ¢ 
Let a a 
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Multiplying each side by b xd, we have 


exbxd=ex~exbxd 


bv d 
=7xdxGxd [Art. 29.] 
SOOKE [Art. 154.] 
& x bad—=ae. 
Dividing each side by bd, we have 
ac 
r= ba ’ 
GG de 
bd bd 
Similarly ; x = xo balj ; 


and so for any number of fractions. 

158. Rule IV. To divide one fraction by another : invert 
the divisor, and proceed as in multiplication. 

Since division is the inverse of multiplication, we may define 


the quotient «, when “ is divided by re to be such that 


b 
d b 
ea ad (EOD or se hee 
Multiplying by ~ we have EX=X 
aad 
=F," 
a,c ad aid fh as 
Hence Bop be Be. [Art. 157. 


_ which proves the rule. 
Dry2 2 
Example 1. Simplify pe Ta x os 
9a2+3a 4a2-6a a(2a+3) 2a(2a-3) 
da? *12a+18  +4a® ~*~ 6(2a+3) 
2a-3 
= ioe” 
by cancelling those factors which are common to both numerator 
and denominator. 
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Z .-. 6x? — ax — 2a? x-a Qu+a 
Heomple2. Singity re. Oda ee 
; 0c? — ax - 2a? x-a 8ax +2a? 
The expression = wc Eee ee 
_ (8x — 2a)(2e +a) w-a x, U (8x + 2a) 
- a(x—a) (8a +2a)(8a-2a)" 2wet+a 
=1, 
since all the factors cancel each other. / 
EXAMPLES XIX. c. 
Simplify 
4 Mctate,, 90-1 Lx a*h?+3ab ,ab+3 
Y 207 + 240? * 2422" * (48-1 * 2a+1 
ay Laie 4a? 2Qa (a1 ati 
ax +20) * @—2a' a—-4 ° a+2 
5 16x? - 9a? 2-2 6 -b? , 2 (8a +2) 
* gad 4 — 3a’ * Qata®- 4a?" 5ath * 
7 ioe ae 8 a+ 3e+2 a+ Tx +12 
rs | 2-9 * 32492420" 2°+52+6° 
9 2x? + 5a+2 a+ 4a 10 2a? +180+15 , Qx?+1le+5 
J x - 2x2 4-90 +4" 5 4x2 —9 427-1] 
i! Lae 14a—15 , x?- 12-45 12 Qx?-~a-1 , Aer +e — 14 
* “g-4a-45 * 2?9-62-27° ~" Qa2®4+5n42° 1622-49 © 
* Ob? +456 © 2b? -11b +15" . ry a yg 
15 64p7q E~ + (a = 2)? x a2 as 4 
© gt =4  8pg +2? * (+2)? 
16 8 - 20. w-2-2 «+1 
. we 25 * 24x -8 8° ar 5x 
17 a? — 18x +80 _a— 2° — 62-7  2t+5 
‘ 3 bxe—50 “a®-l6x+56 2-1 
18 a? -8x-9 <= = w+ de-§ 
" M—lix+]2” aol “a -0n48" 


SOnN,, | 


FRACTIONS. ’ 
4a?+a—-14 4a” ° aoe. Qu" + 4a 
Gay —ldy “a?-4° 4u—7* 8x?-x2-14 
+a -2 tO +E | 24+ 3a4+2 x24?) 
x? — a — 20 w—ae ° \ et = Oa 15 x? 
4a? — 16%+15 x? —62 —7 > 4a? — ] 
292 + B3a+1 © Qn? -17e+2)] 4a? - 202+25° 
x4 — 8x 5 024+ 20 +1 Pia aka 
w?—4e—5° a8—a2-2e° oe -5 


(a+b)?—c? a (a —b)?-¢? 
a?+ab—ac (a+c)?—b2° ab—b?-be’ 


a+ 2ab-+b?—c? | a®— 2ac+ ob? 
a? —b? — c? —2Qbe © b? — 2be +c? — a? 

x? — 64 y Ut le — 64 , x? - 16+ 64 
x? 4-24 +128 w-—64 ° o+47+16~ 


(a2+ax)? (a-—x)? a? — a+? 
a —a? ~ a+ a2? a? + Qara + an® 


m3 + 4m2n + 4mn? m*—4n? | (m+2n)3 


3men — bmn2 — 2n8 © 9m? —3mn+r2” Vinb+n® 


1+ 8x? da —a? | (1-20)? +2x 

(2—m)?" 1 —4a2° 2-—5x+22? - 
ar(a-4)? | 64-28, (x?- 4a)8 

(w+4)?-4a 16-2?" (2+4)? © 

(ptgP-7? p+pgytpr , p-pgtpr 

(Begerl Waere=¢ * (pHq)?-" 
On ee (a5 teers] 


TSS SS ee 
Q? — Qax + x? a—3  a®’a —ax?+23 


a? +8ab + 15ab? “ 16a4 — 17a?b? + oe a?+2ab — 3b? 
(64a? — 6) (a2 +63) ~ 4a2+2lab+5b? * a?—a®b+ab2 
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CHAPTER XX. 


Lowest ComMMON MULTIPLE. 


[The articles and examples marked with an asterisk must be omitted 
by those who adopt the suggestion printed at the top of page 130.) 


159. Derinition. The lowest common multiple of two or 
more algebraical expressions is the expression of lowest dimen- 
sions, which is divisible by each of them without remainder. 


In Chapter x1. we have explained how to write down by 
inspection the lowest common multiple of two or more simple 
expressions ; the lowest common multiple of compound expres- 
sions which are given as the product of factors, or which can be 
easily resolved into factors, can be readily found by a similar 
method. 

Example \. The lowest common multiple of 62°(a — x)*, 8a (a — a) 
and 1l2az(a—«x)° is 24a%x?(a — 2x). 

For it consists of the product of 

(1) the L.C.M. of the numerical coefficients ; 


(2) the lowest power of each factor which is divisible by every 
power of that factor occurring in the given expressions. 


Example 2. Find the lowest common multiple of 
3a?+9ab, 2a°-18ab*, a® + 6a%b +9ab?. 
3a? + 9ab = 3a(a+3h), 
2a3 — 18ab?=2a(a + 3b)(a— 3b), 
a + 6a7b + 9ab® =a (a + 3h) (a+ 3b) 
=a(a+3b)*. 
Therefore the L.C.M. is 6a(a+3b)?(a — 3b). 


EXAMPLES XX. a. 


Find the lowest common multiple of 


1. 2, x+2. 9, x, 2-32. 8, 322, 422+ 82, 
4, Qla®, 7a2(a+1). §, w?-1, a®+a. 6. a®+ab, ab+b% 
7. 4a°y-y, 2a®+a, 8. 6x2-2x, 9a*- 3. 

9, w24+2x, 2743742. 10, v?-324+2, w®-1. 

1], w?+4a4+4, 2°+52+6. 12, w-5a+4, 2-627+8, 
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13.. 227-a2-6, w?+x-2, 2®-4243. 

14, w?+2%-20, w-10%+24, x?-x2-30. 

15. 2?+2-42, 2?-1la+30, x?+22- 35. 

16. Qa?+8a+1, Qx?+5xe+2, 2243742. 

17. .3v?+11l2+6, 3274+82+4, 2?+524+6. 

18. 5a?+1llv+2, 5x2?+16%+3, a2?+52+6. 

19, 2a?+3a2-2, Qu?+15e—-8, 2?+102+16. 

20. 3x2-a-14, 32?-1387414, x?-4. 

Qi. 12a?+3x-42, 12x%°+302°+12x, 32ax?- 402-28. 

22. 31+ 2603+ 35x27, 6x?+ 382-28, 2743+ 272? — 30x. 

23. 60x4+5x3- 527, 60x2y+ 32ay+4y, 40a%y —2Qa%y — ay. 

24. S8x?-38xy+35y?, 4a?-ay-5y?, 2a? -5xy -Ty?. 

25. 12x7-23xy+10y?, 4a?-Q9xy+ 5y?, 32? - 5xy+ 2y?. 

26. 6ax?+ Tax? -3a%x, 3a72?+14a*x—-5at, 627+ 39axr+ 4502. 

27. 4aa*y?+llaxy*—3ay*, 323y°+'7xy —6xy?, 24ax?—22a04 4a. 
(98. (8”—52?)?, 6-Ta-—5a, 4a+42°4 23. 

29. l4at(a?-b’), 21la2b?(a—b)*, 6a*b(a—b) (a? —b?). 

80. mt+m2n2+n4, m?n+nt, (m?%— mn), 

31. (2c?-3cd)?, (4c-6d)®, 8c? -—27d%. 


*160. When the given expressions are such that their factors 
cannot be determined by inspection, they must be resolved by 
finding the highest common factor. 


Example. Find the lowest common multiple of 
Qee4 + x? — 20x? - Ta +24. and 2a4+3a3 - 132?- 7x +15. 
The highest common factor is x?+ 2a — 3. 
By division, we obtain 
Qaet + a3 — 20a? — "Fa + 24= (x? + Qu - 8) (Qu? - 3x - 8). 
Qat + 3x3 — 13a? —'"Tax + 15 = (x? + Qa — 3) (Qu? -— x — 5). 
Therefore the L.C.M. is («?+2a — 8) (2a? — 3x — 8) (Qu? - a — 5). 


*161. We may now give the proof of the rule for finding 
the lowest common multiple of two compound algebraical ex- 
pressions. 

Let A and B be the two expressions, and F their highest 
common factor. Also suppose that a and 6 are the respective 
quotients when A and B are divided by /’; then A=aF, B=DbF. 
Therefore, since a and 6 have no common factor, the lowest 
common multiple of A and B is ab/’, by inspection. 
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*162. There is an important relation between the highest 
common factor and the lowest common multiple of two ex- 
pressions which it is desirable to notice. 


Let F' be the al common factor, and XY the lowest common 
multiple of A and B. Then, as in the preceding article, 


A=aF, B=bF, 
and X=abF. 
Therefore the product AB=aF.bF 
=F.abF 
ee LAN: ichwng.n CEs shisas Sil nan es haves Na (1) 


Hence the product of two expressions is equal to the product of 
their highest common factor and lowest common multiple. 

AB_A B 

Fr = F x B= FP x A ; 

hence the lowest common multiple of two expressions may be 
found by dividing their product by their highest common factor ; 
or by dividing either of them by their highest common factor, and 
multiplying the quotient by the other. 


Again, from (1) X= 


*163. The lowest common multiple of three expressions 
A, B, C may be obtained as follows. 


First, find XY the L.C.M. of A and B. Next find F the 
L.C.M. of X and C; then Y will be the required L.C.M. of 
mm BD, UV. 

For ¥ is the expression of lowest dimensions which is divisible 
by X and C, and YX is the expression of lowest dimensions 
divisible by A and B. Therefore Y is the expression of lowest 
dimensions divisible by all three. 


EXAMPLES XX. b. 


1, Find the highest common factor and the lowest common 
multiple of x*-5x”+6, 2°-4, a*- 8a -2. 
2, Find the lowest common multiple of 
ah (a® +1) 4+ a(a?4+-b*) and ab(a®—1)+a(a? — B®), 
3, Find the lowest common multiple of 
xy-bae, xy-ay, y®-3by+2b?, xy -2Qhx -ay+2ab, 
xy - bx -ay+ab. 
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4, Find the highest common factor and the lowest common 
multiple of a2°+22x?- 3x, 23+ 5x? - 3x. 
5. Find the lowest common multiple of 
l—a, (1-22), (1+), 


6, Find the lowest common multiple of 
x? — 100424, 2?-8274+12, 2?-6xr+8. 
7. Find the highest common factor and the lowest common 
multiple of 629+ a?-5a-2, 6x3 +52? -3x-2. 
8, Find the lowest common multiple of 
(bc? — abc), b?(ac?-—a3), a®c?+2ack+ ct. 
9, Find the lowest common multiple of 
e-, xvy—yi, yay), w+ayt+y 
Also find the highest common factor of the first three expressions. 
10, Find the highest common factor of 
6x? —132@+6, 2u?+5a—12, 6a?-x-12. 


Also shew that the lowest common multiple is the product of.the 
three quantities divided by the square of the highest common factor. 


11. Find the lowest common multiple of 
zi+ax+a°x+at, 24+a72?+ aA, 
*12. Find the highest common factor and the lowest common 
multiple of 32° — 7x?y +5xy? — y?, «y+ 38xy? — 323 - 43, 
3x? + 5a?y + xy? - y?. 
*13, Find the highest common factor of 
4a3 — 10a? +4042, 3x4 - 223-3242. 


14, Find the lowest common multiple of 
a?—h?, a®— b3, a? — a®b — ab? — 20%, 
15, Find the highest common factor and the lowest common 
multiple of (2a? — 3a")y + (2a? - 3y?)x, (2a?+ 3y?)a + (2x? + 3a?)y. 
*16, Find the highest common factor and the lowest common 
multiple of x3 - 9x?+ 26x” -24, v3 —12x?+ 47x - 60. 


*17, Find the highest common factor of 
2 — l5aa®+ 48a2x+ 6403, x2? -10ax+16a2. 


18. Find the lowest common multiple of 
Qla (ay —y*)?, 35 (aty? — ays), 15y (a? + vy)? 


CHAPTER XXI. me 
ADDITION AND SUBTRACTION OF FRACTIONS. 


164. Havine explained the rules: for finding the lowest 
common multiple of any given expressions, we now proceed to 
shew how the addition and subtraction of fractions may be 
effected. 


oa ae _ad+be 
165. To prove ator bel 
We have ¢=74, and sai. [Art. 150.] 


Thus in each case we divide the unit into bd equal parts, and 
we take first ad of these parts, and then be of them ; that is, we 
take ad+be of the bd parts of the unit ; and this is expressed 


; d+be 
by the fraction 22+2¢, 
by the fraction bal 
B ina ete 
bid bd 
Ln. : a e ad—be 
Similarly, 6a ba 


166. Here the fractions have been both expressed with a 
common denominator bd. But if b and d have a common factor, 
the product bd is not the lowest common denominator, and the 


fraction satis will not be in its lowest terms. To avoid work- 


ing with fractions which are not in their lowest terms, some 
modification of the above will be necessary. In practice it will 
be found advisable to take the /owest common denominator, 


which is the lowest common multiple of the denominators of the 
given fractions. 
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Rule I. To reduce fractions. to their lowest common 
denominator: find the L.C.M. of the given denominators, and 
take it for the common denominator ; divide it by the denominator 
of the first fraction, and multiply the numerator of this fraction by 
the quotient so obtained ; and do the same with all the other given 
Fractions. 


Example. Express with lowest common denominator 
SEERA a tet 
Qa (a — a) 320 (x? — a). 


The lowest common denominator is 6ax(x—-a)(x+a). 


We must therefore multiply the numerators by 3x(x+a) and 2a 
respectively. 


Hence the equivalent fractions are 
15x? (a@ +a) eo 8a? 
6aa (x — a) (x +a) 6aa (x — a) (a +a) 


167. We may now enunciate the rule for the addition or 
subtraction of fractions. 


Rule II. To add or subtract fractions: reduce them to the 
lowest common denominator; find the algebraical sum of the 
numerators, and retain the common denominator. 

AG - 
+a, 5x 4a. 
3a 


Example 1. Find the value of 5 
a 


The lowest common denominator is 9a. 


3(2 = 
Therefore the expression = 3 (2% +a) + 5a — 4a 


9a 
_6x+3a+5x—4a llxe-a 
_ 9a rae O14 


Example 2. Find the value of a 2y eu 3y-a_ 3x - 20 
xy ay ax 
The lowest common denominator is axy. 
axy 
_ aw — 2ay + 3xy — ax - duy+2ay 
oo 


Thus the expression= 


=0, 
since the terms in the numerator destroy each other. 


Note. To ensure accuracy the beginner is recommended to use 
brackets as in the first line of work above. 
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: EXAMPLES XXI. a. 
Find the value of 


w-l w#+3 2+7 Qx-1 x-5 w-4 
og oie he tga. GO 
5a-1 3”2-2 w-5 Qx-3 w+2 5x+8 
Sp ae ee a: ae 
xc-7 w2x-9 x+3 Q22+5 w2+3 27 
Oh ag ae ae her > a oe 
7 a-b b-c c-a 8 a-2b a-5b a+7b 
era be ca eae 4a 8a ° 
b+e ct+ta a-b a-x% a+ax a®-2x? 
9. Qa * 4b Bal 10. Ef) - a ax 
v+2 2-5 xw+2 Qa2-h2 b®-c2 ¢?-a? 
LL Tie” Sie * Bla aS So a ge 
x-3 27-9 8-23 2 B8y-a? wy+y 
18. 6c + 10x? 15a" 18. xy ay xy? * 
2u-3y, 3u-2z 5 a®—-be ac-b? ab-c? 
15. “a hee he 16. be pe 
2a-3a Qe-a 


Example 3. Simplify = 


-2a “-a- 

The lowest common denominator is (# — 2a) (# —- a). 

Hence, multiplying the numerators by « - a and x — 2a respectively, 
we have 
(2a: — 3a) (a# — a) - (2a: — a) (a - 2a) 

(a — 2m) (x - a) 

_ 2x? — Sax + 3a? — (2x? — Sax + 2a*) 
7 (2 —2a) (a - a) 
_ 2x? - Sax + 8a? — 2a? + Sax — 2a® 
a (x - 2a) (x - a) 


the expression = 


a2 
~ (@ = 2a) (x - a)’ 

Note. In finding the value of such an expression as , 

~ (2x - a) (x - 2a), | 

the beginner should first express the product in brackets, and then ) 
remove the brackets, as we have done, After a little practice he — 
will be able to take both steps together. | 
The work will sometimes be shortened by first reducing the 
fractions to their lowest terms. ; 


Sex. | 


Example 4. 


ADDITION 


Simplify 


wx? + Say — 47/7 
x* — 162/” 


a? + Bay — 4y? 


AND SUBTRACTION 


OF FRACTIONS. 


Quy 
Qu + Say” 


y 


The expression = 


x? — 16y? 


xa+dy 


_ wv? + Bay ~ 4y? —y (x - 4y) 
~ x? — 16? 


_ 2? + Say — 4y?- wy +4y? 
= x? — 16y? 


ae aay 


0) 


~ 2-169? 2—4y" 


EXAMPLES XXI. b. 


Find the value of 


ere 7 eee Le a lea 
6+2° "+3 * @4+3 x2+4° eae 
3 1 a b a b 
2-6 2+2° 5. eta x+b 6. Soe eae 
e+3 «+1 8 a+% a-% 9 e+2 «2-2 
+4 042° “ a-x at+2 * @-2 w4+2 
w-4 2-7 a a” 3 Peta 
2 H=—d> it. 2—a ~%?- a? 12, 2-3 @—9° 
ees ite 4, =e _ a+ 2a? 
Qa —3y 4a? — Oy?” ° @-2a 2-4a? 
da®+b2_ 2a—b 16, 20. _ 22” 
4a2—b? Qa+b * gay eP+ay 
Ae 2 1 1 
e— a +o? ae z(@—y) ylaty) 
xy 22°y 0, a ot eae a 
252 — ay" 10x2y + Quy? ) e(@=77) yey) 
x? —4a? 2+ 2ax— 8a? 99 we +ey try, w—ayt+y 
x* — Qaax at — 4a? i x+y Z-y 
1 (a +2a)? 94 Oe) ee 
a-2¢ a—823" * a@®—ab+0? a®+ab+b 
3 1 1 1 
a F 2. —~— - = —: 
41 @—2p a(x®-a*) x(x+a)® 
E.A. L 
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168. Some modification of the foregoing general methods 
may sometimes be used with advantage. The most useful 
artifices are explained in the examples which follow, but no 
general rules can be given which will apply to all cases, 


Example 1. Simplify 


Taking the first two fractions together, we have 
a? —9 - (a? — 16) 8 
(a-4)(a-3) a?-16 

Hf 8 
(a—4)(a—3) (a+4)(a—4) 
_ T(a+4)-8(a-3) 
~ (a+4)(a—-4)(a—3) 
a 52-a 
~ (a@+4)(a-4)(a-3)° 


the expression = 


1 

+4041 
1 1 

Qe-1)(@+1) * Bx+rl)@+l) 
ad 3a +1+2a-1 
~ (2a = 1)(a%+1) (8x +1) 

o 5a 
(2a — 1) (a +1)(8a@41)° 


7 : ; 1 1 2x 428 
Gromoes: Shoplifys—.. -o aa, oe 
P P .a=2 a+x a®+a® at+at 
Here it should be evident that the first two denominators give 
L.C.M. a?—«?, which readily combines with a?+ 2" to give L.C.M. 
a‘-—x', which again combines with a‘+a to give L.C.M. a’— 2, 
Hence it will be convenient to proceed as follows : 


. a+2x-(a- ix) 
The expression = ——.—__.——- -. ers eae 
Pp aa . 


Example 2. Simplify osttectt an 


‘The expression = 


xxr.] . ADDITION 


AND SUBTRACTION 


OF FRACTIONS. 


EXAMPLES XXII. c. 


Find the value of 


| Se eee pn. fee se a Spe, 
“ ety w-y 2-# * Qet+y QLe-y 42-4 
3 5 se 4—13x 4 20 ieee a 3b 8b? 
1422 1-22 1-422 2a+3b° 2a—3b 4a2— 9b?" 
oe M82 a. MRE a Eee he 
* 9-a@ 34+a 3-a 6(2?-1) 2(~%-1)° 3(a@41) 
ea ee ea Le 
* Q(a—b) 2(a+b) a0? 2a-3 6a+9 3(4a?—9) 
C ae” 5a at HI) xy + ay? 
= e—-2' 3246 a4 el ety ix" 26-76 
1 il 1 IL 
11. 92420 2—-lle+30 12, 272412 2-5x+6 
1 ] 1 3 
13, 22-42 —1] Qe +e—-3 if. ox2—-x2-1 622-2 -2 
4 3 5 2 
1. 4—Ta—2a02 3—a—10a2 16. 5ta—18a2 24524222 
1 1! ] 
¥ ; 
DF rr @rl@e) GED eTs) 
18 5x Pe Lol by 9 (x +3) ; 
" D@+1)(@—3) 16(@—3)(w@—2) 16(@+1)(a—2) 
19 pe CoE 8 a+2b § a+b Z 
"  4(a+b)(a+2b)  (a+b)(a+3b) 4(a+2b)(a+d) 
| 2 2 1 
20. Spo oo PHL 
9h x : 15 12 
* 2245046 22498414 22+10e4+21 
3 4 -4¢%+4+2 
22. ee Des 1 9424 3x +1 
93 5 (2a — 3) Tz «18 (Be+1) 
"11 (6a? + 2-1) 62?+7x-3 11(40?+8x+4+3) 
ey 2-8 2-2 1 w-3 mt4 5 
24. 242 “243 ' x-1 . 25. xw-4 x+3 x?-16 
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Find the value of 


og, Lt2a_l-2a 8a Ct Oe 8 Oe 
* J1-2a 14+2a (i-2a)? 9—1297+4a2 3-2x 3+22r 


1 1] Qu 1 1 4a 
28. 3-2 34a 9+2? 29. 5a4+3' 20-3 40249 
1 1 1 3 1 a-x 
30. Tita) qa) t20+e) 2h 8(a—a) B(a+2) 4(a?+2%) 
Qe 1 1 5 5 x 
32. 4+! ° 3-2 Ste 33. 3-62 3462 2+827 


Fig ARENAS eee 
* Qa-S8x 3a2+482?  2a+8x 


pe Cry, ee A ee 
* 607+54° 3a-9 3a°-27 
l 1 Zz w 

8. san o48e apa Doe 

1 1 1 18 
Ol. G18 Gale aso ae 
38. c+ oe as | Boke a ae 

" Dy8— dat t Opty age at 
a ae ee 8 


3° —4ay +o? a —4ay+3y? 3x?- Oxy +3y 
] 2 3x —2 1 
40. ga1t eel” ati wep 
gj, 108-52e 4 12 (pes) 
a(3-a)? 38-2 & 3-«x 
42 (a+b)? Ut +e (a+b)a +5" 
" e-a)(a+a+b) Q(e-a) | @+be—-a®—al 
43, i - 3(2°-a-2) Sa 


ee w+ e-2 a4 


169. We have thus far assumed both numerator and deno- 
minator to be positive integers, and have shewn in Art. 155 
that a fraction itself is the quotient resulting from the division 
of the numerator by denominator. But in algebra division is a 
process not restricted to positive integers, and we shall extend 
this definition as follows : 


The algebraic fraction . is the quotient resulting from the 


division of a by b, where a and b may have any values whatever. 


- 
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170. By the preceding article = is the quotient ‘resulting 


from the division of —a by —6; and this is obtained by dividing 
a by 6, and, by the rule of signs, prefixing +. 


. —@. . . ates 
Again, —— is the quotient resulting from the division of —a@ 


b 
by 6; and this is obtained by dividing a by 6, and, by the rule 
of signs, prefixing —. 


Therefore NOR yc. pee nah Os hard (2). 


: : a . : : ober ye 
Likewise — is the quotient resulting from the division of 


a by —b; and this is obtained by dividing a by 6, and, by the 
rule of signs, prefixing —. 


Therefore Ce oS RC Re oo (3). 


These results may be enunciated as follows : 


1. Jf the signs of BoTH numerator and denominator of a 
fraction be changed, the sign of the whole fraction will be un- 
changed. 


2. If the sign of EITHER numerator or denominator alone be 
changed, the sign of the whole fraction will be changed. 


The principles here involved are so useful in certain cases of 
reduction of fractions that we quote them in another form, 
which will sometimes be found more easy of application. 


1. We may change the sign of every term in the numerator and 
denominator of a fraction without altering its value. 


2. We may change the sign of a fraction by simply changing 
the sign of every term in EITHER the numerator or denominator. 


b-a_ -b+a a- b 


Hxample 1. = 
Y-G -Y+u v-y 


. 2 . 2 2 
. / DA y zi e — — ee Nae! a + % — os a as 
Example Dy By oy 
Bw, 3% Owe 
Hcomple 3. (ee eee ed 


The intermediate step may usually be omitted. 
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3a —- a) 
Example 4. Simplify —— + —— au ( 
P P I Stee “3 aa 

Here it is evident a pa lowest common denominator of the 
first two fractions is x*-—a?, therefore it will be convenient to alter 
the sign of the denominator in the third fraction. 


Thus the expression =“ —- si = 


__ a(x —a) + 2a(% +a) —a(3x—-a) 


x*- a? 
ax — a? + 2a? + Qax - 3ax +a? 
ee ee 
oe 
~ aa? 
Example 5. Simplify a x aca ae oa" 
The expressi ws sepa ee oad 
The expression SasT)> wo 1+3@4) 
_ 10(@+1) - 6(38%—1)+3(v—-1) 
6 (x? — 1) 
_ 10a +10 - 18a +6 +32 -3 
6 (a? -—1) 
_ 13-52 
~ 6 (2? - 


EXAMPLES XXI. d. 


Simplify 
l 1 1 3 2 5a 
Gand Wad ino wine ieee 
3 w-2a 2(a*-4dax) 3a 4, *-4 a® + 8ax eta 
'" a+a @-a!? x-a * gta @-a® “a2-a 
: l 1 4x 8a 2 2 
8 Srl ol fa ® ‘tact aan’ 


q, 2-5e_34%2e(Qe-11) 9 3-2e e438, 12 
' e438 3-2" a8 " Oe4+3~ 3-2e "4-9 


9 a ee i, (a-ha 
: ob 42 45-4 6-65" * 6a+6°6-6a 38a®-3 
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y? ay? ay ay—y? 
ll. yt yb 28 12. xy 8y— a 
ete. 2 gis w+2e+4 x -W+4 
13, aay ety y—m 14. x+2 Palin we 
1 8a 1 2b-a 8x(a—b) b-2a 
15. Deeb 260? — 4a? Og — Bb 16. x—b 62-2 Ura 
ax?+b Qbxe+ax") ax®-b a+c b+e 


1. Qxe-1 1-42? Qa+1 18. (a@—b)(w-a) (b—a)(@—b) 
a-c y b-c 


19. (a—b)(a-a) (6-a)(b—2) 
Qa+y atb+y x+y-—a 


eaten Masi an Goan) 
Ae eee Hevotete. Julene=s 
21. GP @+h) | (Pa) (a 4a) (a +02) (a+ b%) 
1 4a 1 2a 
2. ta Be ae Te 
3 1 3 1 
23. eta «43a a—-x x30 
1 1 i as 
24, i@(ata) 403(a—a)' W(@@+a) ae 
Hi ants it EY xy ; 
25. xy Pip ya (ety)(a ty) 
b a at+ bt as 
6. (eB) e+ R) aha) Bo 
a? — Qax + x? 2Qax (a+ 2x) x? — a? 


27. 2 (a? — 22) ~ (d—a) (a? +2aa+a2) 2(x—a)® 


2 ] 3b ab 
28. Geb dubu Poe Le 


80. x Cel eel Toe eee 
a-+ac a2 —c? 20 3 


= oo 5 r; ah a 
31. ae-c a’c+2ac24-c? c2-a? ate 


4a+6b Ga-—4) 4a7+6b2 4b?- 6a? be 20h4 . 
32, a+b a—b 6? — a? az+b2 64-a4 
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*171. Consider the expression 
1 1 1 
(a—b)(a—c) " ©—e)(b—a) * (@—a)(e—b) 
Here in finding the L.C.M. of the denominators it must be 
observed that there are not sex different compound factors to be 


considered ; for three of them differ from the other three only 
in sign. 


Thus (a—c)=—(c-a), 
(b—a)=—-(a—6), 
(c—b)=—(b-c). 


Hence, replacing the second factor in each denominator by its 
equivalent, we may write the expression in the form 


1 l 1 


Now the L.C.M. is (b—c)(e—a)(a—b) ; 
=(b-0)-(@-a)~(a—b) 
(b-c)(c—a)(a— 6) 
_ —b+c-—c+a-at+b 
~ (b=e)(e—a)(a—6) 

=(, 


*172. There is a peculiarity in the arrangement of this ex- 
ample which it is desirable to notice. In the expression (1) the 
letters occur in what is known as Cyclic Order; that is, 0 
follows a, a follows c, c follows 6. Thus if a, b,c are arranged 
round the circumference of a circle, as in the 
annexed diagram, if we start from any letter a 
and move round in the direction of the arrows, ; 
the other letters followin eyclicorder, namely, \\ 
abe, bea, cab. 

The observance of this principle is espe- 
cially important in a large class of examples ) 
in which the differences of three letters are ——— 
involved. Thus we are observing cyclic order 
when we write b—c,c-—a, a—b; whereas we are violating cyclic 
order by the use of arrangements such as b—c, a—ec, a—b, or 
a-—c, b—a, b-c. It will always be found that the work is 
rendered shorter and easier by following cyclic order from the 
beginning, and adhering to it throughout the question. 


In the present chapter we shall confine our attention to a 
few of the simpler cases, resuming the subject in Chapter xx1x. 


and the expression 


XXI.]_ ADDITION AND SUBTRACTION OF FRACTIONS. 


*EXAMPLES XXI. e. 


Find the value of 


ee ee a eee ees 
* (@—b)(a—c) (be) (b—a) * (¢—a)(c-b) 


(ene TE ee oe Se en, 
" (a—b)(a—c) ‘ (b—c)(b-a) | (c—a)(c—b) 
z uw y . 
e (e-y)(@—2)  (Y-A(y-2) a) (e-y) 
Le ess Oe a eae) 
5 b—c % c-a £ a-—b 
" (a-b)(a=c) ° (b=c)(b-a) * (c—a)(c—6) 
B72 Zu Pay ; 
? (e—y)(@—2) (y-2)(y-2) | (2-2) (2-9) 
l+a 1+) l+c 
7. (a—b)(a—c) ‘ (6—c)(b—a) ' (c—aj(e—b)" 
p-a q-a r—a ; 
° (P-Q(p-") (@-")(G-P) FD) r-D 
9 pt+tq-r Oa 9) 4 Ap) } 
' (p=qp—r) (q=r)\(q-p) (r=p)(r=q) 
a? b c 
0. GB @-5'* FOG 8 HEH 
Bhs ety Cry F 
wh (p-q(p-7) (G-")(G—-P) | (F—-pP\ir- 
12 q+r r+p p+4q 


(w—y)(e-2)  (y-2) (ya) @—a)(2-y)" 


li 
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CHAPTER XXII. 
MISCELLANEOUS FRACTIONS. 


[Zxamples marked with an asterisk may be taken at a later stage.] 
173. We now propose to consider some miscellaneous ques- 


tions involving fractions of a more complicated kind than those 
already discussed. 


In the previous chapters on Fractions, the numerator and 
denominator have been regarded as integers; but cases fre- 


quently occur in which the numerator or denominator of a 
fraction is itself fractional. 


174. Definition. A fraction of which the numerator or 
denominator is itself a fraction is called a Complex Fraction. 


a a 

Thus * =, 2 are Complex Fractions. 
D> & Cc 
¢ d 


In the last of these types, the outside quantities, a and d, are 
sometimes referred to as the extremes, while the two middle 
quantities, b and ¢, are called the means. 


175. Instead of using the horizontal line to separate 
numerator and denominator, it is sometimes convenient to 
write complex fractions in the forms 


af 5 $e 


a 
b 
176. By definition (Art. 169) = is the quotient resulting 
from the division of % by ©; and & by Art. 158 is ad . 
b y d , - Mg fe . be : 
a 
b ad 
¢ be 
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Simplification of Complex Fractions. 
177. From the preceding article we deduce an easy method 
of writing down the simplified form of a complex fraction. 


Multiply the extremes for a new numerator, and the means for a 
new denominator. 


a+ 
ron b ab(a+%) a 
Example. toh ea de 
ab 


by cancelling common factors in numerator and denominator. 


178. The student should especially notice the following 
cases, and should be able to write down the results readily. 


1 EUnet. Oc a0 
ae ee ne 
b 

a By -_ 
To oN 
b 

i 

gle ee 
ee exe ly a 
b 


179. The following examples illustrate the simplification of 
complex fractions. 


aC 
bid (%,¢\.(@_¢\_ad+tbe ad—be 
Example 1. ge Apa i ae ae 


_ad+ be bd _ad+be 
bd ~ad—be ad—be’ 
Or more simply thus: 


Multiply the fractions above and below by bd which is the L.C.M. 
of their denominators. 


Then the fraction becomes 


ad +be 


, as before. 
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Example 2. Simplify 
ve 
Here by multiplying above and below by *, we have 


xt+a%x® 2? (x?+ a*) 
the fraction = a a ie a = a 


Example 3. Simplify rae es 

6°24 

18 +-2a? - 12a 

a? +3a—-18 
_2(a?-6a+9) 2(a-3) 
~ (a+6)(a-3) a+6 


Here the expression = 


a+b? aisj? 
ee py 
Example 4. Simplify ——— 
a-b- a+b 
_ (a? + 62)? — (a? — B94)? 
The numerator = Tal) (a? —b4) 
~ 4a)? 
© (a* +8?) (a? = Bb)’ 
4ab 
(a+b) (a —b) 
4a2h2 dab 
= (G40) (ab) * (a+b) (a—) 
7 4a°h? (at! b) (a —b) 
= (a? +02) (a?) * dab 
_ ab 
~ al OF 


Similarly the denominator = 


Hence the fraction 


Note. To ensure accuracy and neatness, when the numerator 
and denominator are somewhat complicated, the beginner is advised 
to simplify each separately as in the above example. 
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180. In the case of fractions like the following, called 
Continued Fractions, we begin from the lowest fraction and 
sunplify step by step. 


Cary 
Example. Simplify 9x a 
w-l- = 
faa 
The expression =—_27_—64___ 9x? — 64 
Se eae 
‘ 4+xu-a 4 
4+2 


_ 9a2-64 —_ 9a®- 64 
~“4n—4—(4+a) 30-8 


+ 4 
_ 4(9au? — 64) 


EXAMPLES XXII. a. 


Vind the value of 


LL at; ats jee 
n m Q 
l mw Ob 2 Le. b 3 y 4 b 
———. == e-< —~—] 
m Tn te) ad 
3a 7b y? 
2+— 3a +—- Sten 
5 = 6 =; q a 8 “a 
a+ 3e+ 5° l+ 3 a+— 
Guac 1 
a x ba YS 
9 10 11. 1s eee 
Ll m k 12 
wig daar ap 
548 12.3 
13 Oy ae 4. 2 x a 5 Du? — 2 —6 
yee eS 5: ee 
bit ane 4é x 
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Find the value of 


My eae | 1 a®—b? a®+b3\ | 4ab 
16. eateries tv. (S5- Stace 
18 ae ee a3 
: a—-2x a+x "ata 
zy \(,_ 2 \ p- 
(vege) ly ety) pa 
v L=eN\e fo l-« 
20. (+*+*)+(-)- 
a ta ce 
91 a-b a+b 99 x a® F 
; ba : 1 22 
(a+b)? @ ax 2 
ee 
a ae x 
lean 1+a+ 
mae 1-2 
20? 
] 26 1 
eae . 4a 
a~ 42 4- 
a 1 2ety) 
. a-1l 6-x 
a 98 1 
27, — Le 
e+ — i-—= 
4 re | 
Yrs x 
2-2 1 l 
*29, aera *30, a ge ee 
a a a+ 
gets += o=Z 
ea x %—— 
a-b | b-c 142-2 pee 
1+ab" 1+be a+b a? +h? 
* “ * se 5 
si (a —b)(b—c) 32, a-0 re 


1 (Lab) (Tbe) arb | @ae 
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%33. a-x ¥34. Pee. ot ke 1s 
= (a—x)? 2g 3 x 3 
a? — ax — _ =’ 
a @ 2 G 4 
freee Sal a | 
ie w—2 xw-4 
—4da r 2 2 —-2 
¥35, 2 -4ex 3 436. it ee: 
ae dar Te 1 1 | 
1 iy il 
1+ ee 02 + paakis 1 gas’ i 
hae 4 —1 os x a 
181. Sometimes it is convenient to express a single fraction 


as a group of fractions. 


Example. 


182. 


Say —lOay?+15y? 5x®y = 10ay?  1dy3 


10x*y? ~ 10a? 10a:2y? * 10a2y? 
eo 
Bap) ae” Ba 


Since a fraction represents the quotient of the numerator 


by the denominator, we may often express a fraction in an equi- 
valent form, partly integral and partly fractional. 


- : 9 = Ix 
aero, eh ONO Se 
eae x+2 x+2 Ley eD 
rete Py tee A ey 
Example 2. 3x ~2_3(e+5)— 16-2 _3(e+5)—17_ 9 7 : 
w2+o v+O e“+o v+5 
, Ju some cases actual division may be advisable. 
Dns ins 
Haample 3. Shew that ey, =e bees 
x-—3 x-3 
By division, x-—3) 2a?-—Te-1(2e-1 
Qa? — 6.0 
—- wx-] e 
— £4+3 
-4 
Thus the quotient is 27-1, and the remainder — 4. 
a; 
Therefore SY al ee 


«w-3 eee. 
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183. If the numerator be of lower dimensions than the 
denominator, we may still perform the division, and express the 
result in a form which is ‘as integral and partly fractional. 


Example. Prove that i — 5 = 2av — 623 + 1825 - im : 
By division 1432?) 2x ( 2x - 623 +1825 
Qa + 623 
- 623 
=e et 
182° 
18x + 5427 
— 5Aa7 


whence the result follows. 


Here the division may be carried on to any number of terms in 
the quotient, and we can stop at any term we please by taking for 
our remainder the fraction whose numerator is the remainder last 
found, and whose denominator is the divisor. 


Thus, if we carried on the quotient to four terms, we should have 


a a — 7, 162x° 
a3 6.03 + 18225 — 54ar +i 3 


The terms in the quotient may be fractional; thus if a® 
is oe ae by «—a, the first four terms of the quotient are 
1 Caan 12 


-+— 
x ar a 


a a 
ven 710 and the remainder is —; 710 


184. Miscellaneous examples in multiplication and division 
occur which can be dealt with by the preceding rules for the 
reduction of fractions. 


Example. Multiply a+ 2a - 


by Sea . 
aa pa bY 2-0 


fae a? a 2a? 
The product = (w+ oe oa) x (20 soiree =) 


__ 2a? + Tax + 6a2-a? Qa? + ax -a*® - 2a? 


2x +- 3a eta 
_ 2x? + Tax + ba? 22:2 4. ar — 8a® 
~ Be+Ba u+a 
(Qa: +5a)(e+a) (2a: +- 3a) (a - a) 
~ 2a + 3a L+e 


= (2x + 5a) (a - a), 
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EXAMPLES XXII. b. 


Express each of the following fractions as a group of simple 
fractions in lowest terms : 


1 3a7y + cy? — y? 9 Bata — 4a%a? + bax 
; Ixy . 12aa 
3 a? — 3a7b + 8ab? +b? 4 atb+e 
. 2ab ‘ abe 
5 be+ca+ab } 6 a®be — 8ab e+ 2abe_ 
abe : 6abe 


Perform the following divisions, giving the remainder after 
four terms in the quotient : 


7 #+(1+2). 8. a+(a—-b). 9, (1+2)+(1-2). 
10. 1+(l-#+a*), 11, 2?+(x+8). 12. 1+(1—2). 
13, Shew that ae a0+ 2542 
Dyyh ap eig 8 
14. Shew that a?-ay+y’ a era 
6023 — 17a? -40e4+1 49 
15. Shew that BP 0n 8 = 12a — 25 Se sere 
a?+b?—c? (at+b+c)(a+b-c) 
16. Shew that Liga wa ORG 
ire WARES 27 3 
17. Divide e+ 6 A 
162° 6a(a+4dar) 


+2e °F oe oan Fae 


on 4 12 2b? 
19. Divide b°+ 3b - 2-7 by 3b+6—7—3 


18. Multiply a?-2aa+42?- 


vag 6554 1362 
90. Divide a? + 9b? + —_, 2 Op by a+3b se Soy 
98x — 21 1 3x +29 


2 2 10,210, 1.97 
21, Multiply 4a! +l4e+—5 1 by goat Sep OT 


E.A. M 
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185. The following exercise contains miscellaneous examples 
which illustrate most of the processes connected with fractions. 


*EXAMPLES XXII. c. 


Simplify the following fractions : 


1. 


iL 


12. 


13. 


15. 


16. 


4a (a?— <a") | a —ax  a®+2ax+ x 

3b (c? — a?) “ Lbe+ ba c?-Qca+a2 

a(xta)(v+2a) x(xt+a)(2e+a) 
8a 6a 


( ! a 
b\a-b a+2b/ a®+ab—2b? 


(Zee) (2 at). 5 2 2 4a: 
copa ee ee 
u-y u+y w-1 x2+1 2-241 
(+) oe )- yo hee a 
l—-ai Tad)" \ a ‘ @ (@+lP x+l1 ides 
_1+% 9 220? — Ga? +27 
1 + Qa: +- 2a? + 23 * 323 -8la + 162 
a (a (a2 — Bx, a(at — = Bb) a? 
b- b? b?(b +aa) 
| joe shal tax ya ae (2-2). 
\a®-Qax+a®” x-a JS” P+ "\a 2 
»\38 3 
i ats 
in : 1 
a* + ax + a2" a} — 23 
acd — Qa? + J ; 14 eraleaety. 
32° — 1023 + lba -—8 ‘ -y 
4 
1 2. 3 __a@ 
a a+l a+2 144 
a 
2+3 Pa aes | 
2a°+9r+9 2 IWw-3 win 
“da 
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2 2 
1. e+etetrl: w—a+a—] 
1-a? = 1 if ) 
18. (l+ax)?—(a+a)?*2 [oo bee 
5 6 «BQ " 493 — Dla? +150 +20 
2a x-a 2 
al. = : 
(2 — 2a)? a — baa +602 | @ —3a 
99 sag a a y 
* O\a2-2?/ 2 a-xw \ata 
23 a a > anes Ae 
* Dae-y aty/” xyt+auy?" vty 
re 
24. a 
etry L2\e+y xv—-y/ x*y+ xy" 


l+ab l-ay 


Ds 
| 25. (32-5 -=)(3x+5-2)=(w-4). 
G z % 
26. Ge 2 <t : 1 ea eee 
Ce Gite O66 a-2% atu 
] 
Qa - —— 
| 1 Qa: ab ab 
aes 28. (0 Ni Bec dy 
“| Qe—-1 4a?— 1] FAG : a+b 
( _ — 
Hee b a—-b 
99 l+ab 4 l1—ab Ze 4) 
‘ _(a—b)b , a(a—b){°\b a ; 
l+ab l—ab 
x+y? ( 1) 
ca 2| 2? — — 
y ye Aj 
0. TT ate ys oe oper Ss 
Wee 
pe: BY atb a-b 
2 a Lead l-ay 4 33 a—bh a+b ab? — a% 
32. 1% =@) 1 Ylety) * a-6 @tb  a?+-6? 


Grp "e=0 


b2 — a? 
b? +a? 
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Simplify the following fractions : 


| ee) Se 


34, Sa Ei ee 
x(1+a)(1—- 2x) pie ay 
H 6) 
{Eick ¢ (: -1)}e( -1) 
35 \e- 3 8(a x 
2 L ey y x 
36 Vn SR ae 37 ys at Fonts 
A apie eae ig. ew eae 
yoy y @ 


kar 9 33-2 


38 1+ 32x? , BBs 
"  Bae=1 7 B_2(a?+3) 
x3 — 3x x (a — a)? 
] p's 2 i 
38, a®—-2~a@®-1* a+] a+2 
ee: a 
* 6m —2n ont 38m+2n 6m-+-2n 
3 3 1 «2-1 
41. fa-aptsd-a)tiee) ata) 
eee 6 4 1 
i. t E ee (aaah 
9 (a — 2) +9@4+)) 3(x%+1) ae 
_ 


errcwas 
43. 9 y? — x e+ray* xy—y2 


44, P-(y-2P yea) | 2- (wy)? 
* (etext (@ryP-2* yee a 


45, ta (y= 22)? yP—(22—a)? | 429 (a—y)? 
* Qepay— yp wry) 4 (y+ 22 — a 


46 (w~y)(y — 2) +(y —2)(2- 2) + (2-2) (ey) 
: a(z—@)+y(a—y) +2(y—2) 


Sx10.] MISCELLANEOUS FRACTIONS. 17 
a-—b-c b-ec- c-a-—b 
(a—6)(a—e) " (6—«)(b—a) * (e—a)(e-b) 
c+a ath b+e 
48. (@=bMe=6) Hobe) leah 28) 
49 x2 — (Qy — 32)? _ 49% — (32 See — (% — 2y)? 
"(Bat aP— dy?" (w+ 2yP— 92" (2y + Bz) =a?" 
50 97? — (42 2a)? 1622 - (2a -—3y)? 4a? — (By — 42)? 
"(2a +3y)?— 1622 (By +42)? — 4a? * (42+ 2a)? — 9y?" 
1 «wta Il w-a 
2 e+e a x+a2 
51, t G+ le a—x 
G& peta apa 
52 (w+a)(w+b)—-(yta)(yt+b) (wa) (y—b)—(@—b)(y—a) 
F e—Y a-—b 
53 @t+e-  a-2% ie arta at — 
= a—anta ataxta)]  \ab=xv +a) 
e@-1 e@-1 #243 «+38 6 x+3 «w+3 
: =—- x — 2+ - 
54. 3 e—-2 7 we 55 w+3 4 w+l 
" +2 etl e-2 «-2 ‘ ot IZ 2=3 3 
ie cues Sy ae menos ye ree 
G(w+2) | fy __d(@+))_ 
56. (w+2f 143 v2 — 2-6f ie eat 
57, (1+a)2+ Blk aaa } 
Pee CE? 
58 {aa?+(b—c)a —f}? —{ax? + | ee \e= iy" 
* faa®+ (b+ e)a—f}?— faa + (b—e)a—f}™ 
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MISCELLANEOUS EXAMPLES IV. 


[The any Examples for revision are arranged in growps 
under different headings ; each group illustrates one or more of the 
principal rules and processes already discussed, and for the most 
part the Examples present more variety and difficulty than those 
of the same type which have appeared in previous exercises. | 


Substitutions and Brackets. 


1. Find the value of atNar +b when a= —4, b= -3. 


a’ — 2b (a? — b?) 
2, When a=1, b= —-1, c=2 evaluate the expression 
\/3a5(b — c) + 305(¢ - a) + 83 (a — b). 
3. Simplify 
a(b —c)® — a(b ~ c) (2b? — be + 2c?) + (ab + ac) (b? = ¢2) ; 
and find its value when a=1, b=2, c=3. 
A, Find the value of 
8/45 (b? - c8) —a®} + X/8{a (a®— 2) = 1} 
when a=4, 6=5, c=3, 
5. Find the value of 
V(x? + +2) (a - y — 82) + Vary? 


when «= -1, y= -3, z=1. 


6. oo a=0, b=2, x=1, y= -3, z=, find the numerical value 
o 


(1) (w-y)?- 3a (x - y)? + 3b (a> — y’) ; 
(2) (wa) Be y-+2) +a) (ba®— any +9 +29), 
7, If«=6, y=7, z=8, find the value of 
{5-3 (4 )}- 2 f te 1) 42g Oy) 221. 
(1) at) 3 atl fr yy +1) bg (x 2y) 4 j : 


. 


0 fol ))-¥e-a(i-=)}-20f-(t4gh)} 
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7 2a-b{c—a(b-—c)} Ae 
'° Eval at . 
8 hens eieniy a*(b+c) tere b?+4ac’ 


when a@=2, 6=—-1, c=1. 
9, Find the value of 


a—[b—-{a-(b-c)}- N20? + 0F+ 7) 
Net + ab? +2aie 


when @=—I, (=, cS3: 
10. Whena=4, b=-2, c=3, d=-1, find the value of 
d2 
(1) a —b—(a—b)>— 11(8) + 2c) (Ze-9) ; 
(2) 8/4? —a(a—2b-d) — Voie + 1108a?. 
11. Find the value of 


7—m— 3[ {¢-m-tim(5+5))- 42] 


: EEO eed 
when /=3, m= -— z. 


12. Whena=1, b=-4, c=0, evaluate 
a —[b—c-{2a-2b-1(3¢-b)}] 


13. Simplify 


wo By -2(«-3y)}- 56> (3a —2y) - s(32- y)}s 


and find its value when w=4%, y= —32. 


14, Ifz=6, y=7, z=8 find the value of 


a) 2{y—(2-2)) 2/2 -3f14 2 bag 


(2) 3y {742 (4-1) 4 [3- 2410-5 ( ne 
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Resolution into Factors. 
(On Arts. 128-132.) 
Resolve into two or more factors : 
15. 224+217+108. 16, a®?+6a-91. 17: 


18, a%-ldab-51. 19, c+c?-156c. 20, 
21, pt-p'q?-56q4. 22. d4—4d*c?-45ct. 23, 
24, m2+28m+195. 25, 210-a-a2. 26 
Of, w«4+27x7+176. 98, at+7a2-98. 29 


80. 72+xy-a7y?, 381. at+9a%x?+14a4, 32. 
83. 2a8+2a°-264. $34, a*-2a°-6327. 35, 
86. 22+ 34z+ 289. 37. a?-22ac+57c%. 38. 
89. 2+2°- 32%, 40. 2a°b?+ab-15. 41, 
42. 354+12mn+m?n®. 48, 119-—10c -—c?. 44, 
45, 6m?+7m-3. 46. 4a®-S8ab-—5b%. 47, 
48, 20x? -9az-202%. 49, 8a4+2x2-15. 50, 


[cHAP. 


x? — 20xy + 96y?. 
mn — 6mn? + 9n8, 
xty — a®y? — 42ry, 
57 + 16pq — p*q*. 
c?+54c¢ +729. 

p? — 3pq — 1089”. 
b®c? + 5be — 84. 
yz + By?z — B1yz. 
9p? — 24 + 16. 
625 — 5ar4 4-25, 
6p* - 13pq + 2q?. 
12y? — 30y + 12. 


51. 12(a%b? -1)+ 7ab. 52. 2(a4b? +5) -—9a%b. 
53, 2la?+2y (5a -8y). 54, 3(6m?—-5n?)+17mn. 


(On Arts. 133-1387.) 


Resolve into two or more factors : 


55. c?—a® —b?+42ab. 66, a?4+2be —b? -c?, 

57. 12503 + 27y'. 68. a®b3 4-343. 59. 512 - a’, 
60. a®-4(x—-y)’. 61. 2mn+m?-1+4n2. 

62. 8ct—2c2(d +c)? 63, (a°b? = 1)? - a? + Qary - y?, 
64, 1-64m®. 65. p+ 1000p%q°. 66. 6561-a‘, 


67, x4 — Qa® - y? — 224 Qyz+1. 68, a®—16(b-c)*. 
69, c-d-4(c-d), 70. p?-169°+p —4q. 
71. 2+128(a+b)3, 72, w+3y+2°427y', 
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Resolve into two or more factors : 
73. 
75. 
78. 
80. 
82. 
84, 
86. 


87. 


(Miscellaneous Factors.) 


x3 + ay + cy? + y3. 74, acu? +bea -adx — bd. 
14-5a-a?. 76. 98at—'7a2y? — x4, 77. 51-l4a-c% 
1 — (m? + p?) —2mp. 79, ab(az2+1)—a(a?+ 62). 

9b? — Gbe - 16 + c?. 81. xc? -—cF + 42-1. 

32? — 2ab — a(b — 6a). 83. m>—n®—(x?-mn)(m—n). 


a(b?+c?—a?)+b(a?+c?—6?). 85, aw? —a?+8at-8. 
Express in factors the square root of 
(a2? + Sa +7) (2a? — a — 3) (Qu? 4+ 11a —-21). 


Find the expression whose square is 
(Qu? — xy — 15y?) (407 — Q5y?) (Qa? — llay + 15y?). 


Highest Common Factor and Lowest Common Multiple. 


88. 


89. 


90. 


pl. 


92. 


93. 


Find the lowest common multiple of 
13ab?(a — 3a2a +2a), 65a°b (x? +ax—2a?), 25b°(x? — a?)2, 
Find the highest common factor of 
2 (a! +9)-—5a2(v+1), 2u3(Qv -9)+81(~-1). 
Find the expression of lowest dimensions which is divisible by 
each of the following expressions : 
(Qa4 + 4203) (224+ 2-8), (Qu? — 4a?) (a? — Qa — 8), 
(a? — 4.x) (x? + Qa — 8). 
Find the H.C.F. and the L.C.M. of the three expressions 
a(a+ce)—b(b+ec), b(b+a)—c(c+a), c(e+b)-a(at+b). 
Find the divisor of highest dimensions of the expressions 
(a+b)(a—b)+c(c-—2a), (a+c)(a-—c)+b(b+2a). 
Find the expression of lowest dimensions such that the L.C.M. 
of it and 2a?- 3ab +0? is 
2a4 — 3a°b — a*b? + 3ab? — bi. 
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94, Shew that x? - 47? is the H.C.F. of the expressions 
xt - Buy? -4y3, 25 -— 64y5, 
and x? + 32y* — 8ar52/? + Qarty + l6xy4 — 162%y?. 
95. Find the lowest common multiple of 
(a—c)*-(b—c)?, a?+l?-2Qac—2bce+2ab, at—b4. 


96. Shew that the lowest common multiple of 
a(a—b)?-ac?, a®b—b(b-c)?, (a+c)*c— bc 
is abe (a4 + b4 + ct — 2b%c? — 2c?a? — 2a°b?). 
97. Prove that af — 152° + 752" — 1452 4+ 84 
and at — 1723 + 1012? - 24°72 4-210 
have the same H.C.F. and L.C.M. as 
at — 132° 4+- 582? — 83x + 42 
and at — 1923 + 131a? — 3892 + 420. 


Simplification of Fractions. 


Simplify 


l+a+a2? w-—2? Qx-7 2(%+2) 
98. l-2 "(1-2 99. . (w-3)? 2-9" 
1 1 (ae +1)8 — (a -1)8 
100. 1 + @eyiP" Wl. wae 
2x? — 5 
l 2 I (az? — Qar)9 — (a: - 2)2 
102. (l= zt 1 eT +a)?" 108. (a — 1) (a+1) (a? — 2)" 
1 1 1 PD i a 
104. eB 5 y-i-sx (18. §+9+2-8-35° 
o|c—-F% ae 
3 : @ 


106. = — a =f 


107. (« -y- ir ) (« += <) + {air+y) > ov} : 
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108 at +b4+ ab (a? + b?) _ at +bt—ab(a? +b?) 12a?b? 
; (a+b)? (a —b)2 (a+b)?—(a—b)? 


(ac + ba)® — (ad +be)3 _ (ac+bd)? + (ad + be) 
(a —b)(e—d) (a+b) (c+d) 


mo. | (5) (5°) |} laee See Cae) | 


=(e—I} etal)? ote aa)e= 
(a? +1)?—a@? § w?(at+1)?-1° xt—(x+1)?° 


109. 


il. 


l+2 4a 8x l-2 
l=a2 l+22"l-a l+e i g 1 
. ——, = x <a « 
112. l+a 4a 1-2 118. te ff oa 2-8 


l—-a? I+a4 1+a? i et Ga 
] ite x 
ee os eee 
x Q+— 2u- 
eee w+1 
iB, 
u , l+a+2? 
115. x "14 8a + 3x? + 203" 
1+ ae | 
asaya 


ab ; rp) b? 9 2) b \3 
116. alte +3) eee ae 2a( 5) 


(a+b)2+(a—b)? 


b=a TOTO) gadis bay? 
117. lew Gl “(a +b) (ab)? 
ba a+b 
c—b c-a 
118. (a—b)(@—c) (b—c)(b=a) *( (c-—a ecanccnf 


ee SS a ‘@) 
(a — b)(b-¢)(¢—a) 


CHAPTER XXIII. 
HARDER EQUATIONS. 


186. Iw this chapter we pipes to give a miscellaneous col- 
lection of equations. Some of these will serve as a useful exercise 
for revision of the methods already explained in previous chap- 
ters; but we also add others presenting more difficulty, the 
solution of which will often be facilitated by some special artifice. 
The following examples worked in full will sufficiently illus- 

trate the most useful methods. 
6x-3_ 3x-2 
Qe+7  «t+5° 
Multiplying up, we have 

(6a — 3)(% +5) =(8x—2)(2x+77), 

62? + 27a —15=622 +172 - 14; 


Example 1. Solve 


10z=1; 
=. 9 
ey, 


Note. By a simple reduction many equations can be brought to 
the form in which the above equation is given. When this is the 
case, the necessary simplification i is readily completed by multiplying 
up, or ‘‘ multiplying across,” as it is sometimes called. 

8x+23 5r+2 24+3 


Example 2. Solve “ea g—- 1 


Multiply by 20, and we have 
ae +2) 


8a +23 - 324 Oe t+ 12-20. 
ne 20 (5a +2) 
By transposition, 3l= a aa 
Multiplying across, 93a +124=20(5x +2), 
84=7x; 


, wml 
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When two or more fractions have the same denominator 
they should be taken together and simplified. 
i 
1-20 230-4 9i, Oe 


Example 3. Solve rate a aa SEE ie 


By transposition, we have 


16a ete 19h One 


23x +82 nl 4 
ea x+3 , 
ie ed Tee 
Fite 3 84+ 


aero £+3" 
Multiplying across, we have 


7a 228 4 21, = 12a + Ta + 15 + 202. 
13Tx _ B 
Sg os 
__ 600 
ey 
x-8 pale AES nos 7 


Example 4. Solve Pea re oe eau 


This equation might be solved by Mara ing of fractions, but the 
work would be very laborious. The solution will be much simplified 
by proceeding as follows : 

BS Oa) ae 
x-10 wx-7 «-9 x-6 
Simplifying each side separately, we have 
(a —8)(x-—7)-—(w-—5)(w@-10) (x-7)(@—6) —(x-4)(x-9), 


Transposing, 


(a —10)(2—7) x (2 — 9) (a —6) ‘ 
x? — 15a +56 —(w?-15x%+50) x? -134%+42 — (x? -13%+4 36). 
(a — 10) (2-7) = (a — 9) (a —6) “ 
6 6 


(«—10)(@—7) (~—9)(~—6) 


Hence, since the numerators are equal, the denominators must be 
equal ; 


that is, (a — 10) (a« —'7)=(x — 9) (a -6), 
—172+'70=2? —-157+54; 
NOE 2k 


w=S: 
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The above equation may also be solved very neatly by the follow- 
ing artifice. 
The equation may be written in the form 
(w@-10)+2 | (w-6)+2_(x- D+2, (x- 9)+2, 
«—-10 z—-6 7-7 x—-9 


whence we have 4 


lesion *ece tect ee 
which gives —s z ee eee 
x-10 2-6 2-7 2x-9 
’ ‘ 1 1 1 io 
Transposing, a aS a 
3 3 


(w—10)(a@—7)  (w-9)(x -6)’ 
and the solution may be completed as before. 


5’a-64 2v—-l1ll_ 4¢%-55 xw-6 


e-1s  ¢-6 o-1t gaz 


1 1 
We have 5+" - (2+ 5)= att ia -(1+524)3 
J eae hs: eee 
“ r=138 2-6. 0= 125 oe 


The solution may now be completed as before, and we obtain 
v=10. 


Example 5. Solve 


EXAMPLES XXIII. a. 


1 e+4 2+5 9 3x +1 = 2 
* 82-8 82-7 : 3(@-2)— 2-1" 

3 7-5x _ll- 15a 4 3(7 +62) 35+ 4a 
“J+u 14-82 ° 249" ~ 9422 
5 6r+13 3xr+5 _ wr 6 Gx+8_ 20+38_) 

15 5c-25 56 ” Q3e] gt18 
7 82 - ] _4e-2_1 8 w+ 25 Qa 4-7 15 
* Qu-] Be-1 6 * @=6 Bo-16 
os 4 10. 6x+7 1, Su- 


ile aoa wie. an te cae 
z+2'2+0 Oz+6 12° 19x48 
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11. 24-5, x-3 4x-38 1 


oh Spy. 1) 
12 4(v+3) Sv+37 Ta-29 
r Gy = a Ss 0 Gian 1S. 
(2a -1)(8%+8) | _ 264-9 2e- 1 
oe 6c (wv +4) aa i. 5at8 5e-2° 
4 2 5 Ql 
15. — =5-——a-5— 5° 
Gees ee 2y-86 Bae 
16 / te OS 8 
" 2-4 52-30 32-12 x-6 
3 30 3 5 
17. fon" S(k2n) 2-2 Fao 
95 a 
““~ 3 16n-+4h 23 30+6a 60+82 48 
18. een geo =O te 19. ee Be Sry = Fanos 


90, x w+l1 289 a9 91. e+5 2-6 2-4 wm-15 


we? gl £26 27 wt+4 2-7 «2-5 2-16 


99 a—-T «@-9 “w-13 #15 
Peo pe lie aslo. mp 
243 ¢+6 @2+2 “+5 L+2 x-7 x+3 2-6 
23, 2+6 x+9 x2+5 «+8 24. Be We ele ae 
4v-17 102-13 8x-30 Sat — 4 
25. 4. e S33 Fe —-7 - pel 
6 be—8 6x44 10n-8 2-8 
ae Fe a oy 22 V2 6 
Qe -3 "da — ‘6 e-2 «w+-4 
4 A roy aa So 28. oF 060s 


99, -083 (a — °625) = 09 (x — 593875). 
30, (Qe+1°5) (Ba = 2-25) = (Qe — 1-125) (3a + 1-25). 


3 + el a 1-14 “7 (@=1) 
fy By Oe Ls oo eee ee 
(oe 22a elite oes cis 
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Literal Equations. 


187. In the equations we have discussed hitherto the co- 
efficients have been numerical quantities, but equations often 
involve literal coefficients. [Art. 6.] These are supposed to be 
known, and will appear in the solution. 


Example 1. Solve (7+a)(~+b)-—c(a+c)=(%-c)(w+ce)+ab. 
Multiplying out, we have 
x? +aa%+ba+ab-ac—-CP=22-c*+ab: 


whence ax+bx=ac, 
(a+b)a=ac; 
_ a 
~ a+b 
Puample2. Solve | —%._6. _2=%. 
x-a x-b x-c 


Simplifying the left side, we have 
a(v—b)-b(w-a)_a-—b 
(w-a)(w-b) ~ a-c 
(a-b)x _a-b, 
(x-a)(x-b) x—c’ 
; oe soe 
" (w-a)(e-b) ae 
Multiplying across, x* - cx =x? -ax-ba+ab, 
ax+hxe-cx=ah, 
(a+b—c)x=ab ; 
_ ab 
he 


a 


EXAMPLES XXIII. b. 


Solve the equations : 


1. axv-2b=5be - 3a. 2. a®(a—a)+b?(a-—b)=aba. 

3, 2®+a®%=(b -x)*, 4, (w-a)(~+b)=(x-a+by. 
5. a(a-2)+27=6+4+4. 6. n®(m— a) — maw =n? (n+). 
7. (a+x)(b+x)=a(x -Cc). 8. (a—b)(a-a)=(a—c)(a@—b). 
9, 2Qv+ 3a 2(3a + 2a) 10 2(a—h)  Qe+b 


“e2@+a sr+a- * “Bx-c 3(e=c) 
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Le ell iii Bee 

a Saas. 12. (+1) =3(5 a 
a b 9a 3x 4b Qx 

138. Be OES: 14, By he ae ee 
z-a@_x—h x—-a (x—b)? 

- -X£ a-e 2 Qe a 


19 b(a-t 2) — (a+2)(b-m)=aP +, 
20. b(a-—2x) ~F(b+0)?+ab(F +1) =0. 


99, (2x-a) (« + 3) —AG (§ - x) F(a — 4) (2a + 32). 


M—O-p) G0 x xr-a 


23. 2—a x-2b x-b' x-a—b 


b(c+a)  2u+3b-—a_ 2(x?+ba - b*) 


ac? — b? +b  —-P 
Example 3. Solve OEE UU AC pe deen ae nan oSectaay Ge anereuee (1), 
CEU GC ws. sesle doris Ee ae ee (2). 


The notation here first used is one that the student will frequently 
meet with in the course of his reading. In the first equation we 
choose certain letters as the coefficients of a and y, and we choose 
corresponding letters with accents to denote corresponding quantities 
in the second equation. There is no necessary connection between 
the value of a and a’, and they are as different as a and ); but it is 
often convenient to use the same letter thus slightly varied to mark 
some common meaning of such letters, and thereby assist the 
memory. Thus a, a’ have a common property as being coefficients 
of a; b, b’ as being coefficients of y. 


Sometimes instead of accents letters are used with a suffix, such as 
My Mt, Ag; 0, Dg, bg, ete. 
EA. N 
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To return to the equations aart-DY=C ...,...sccersccnnrenrenecosvesses (1) 
UPB O GO sven cres. acencedssavees seeteeeent (2). 
Multiply (1) by 0’ and (2) by b. Thus 
ab’x + bb’'y=D’'e, 
a'bx+bb'y=be' ; 


by subtraction, (ab’ —a'b)x=b'c — be' ; 
a b’c — be’ 
a da er (3). 


As previously ee ees in Art. 104, we might obtain y by substi- 
tuting this value of a in evther of the equations (1) or (2); but y is 
more conveniently found by eliminating x, as follows : 
Multiplying (1) by a’ and (2) by a, we have 
aa'«+-a'by=a'e, 
aa'x + ab'y=ac' ; 


by subtraction, (ab -— ab')y=a'e-ac’'; 
yt oi 
Y= a'b-ab”’ 


or, changing signs in the terms of the denominator so as to have the 
same denominator as in (3), 


Example 4. Solve 


pa PN eal ee AG ee eee (2). 


c a-bec 


From (1) by clearing of fractions, we have 
x(c—b)-a(e-b)+y(c-a)-—b(e-a)=(c-a)(c-b), 
a(c-b)+y(ce-a)=ac - ab+be-ab +c? -ac—be+ab, 

(6 — B) YC — A) 207 — WD in cassesrserveessanensennaes (3). 


Again, from (2), we have 
a(a—b)+a(a—b)+cy -ca=a(a-—b) 
(A=) + CY Gs cis ican aewaxiasye tnnpentven (4). 
Multiply (3) by ¢ and (4) by ¢-a and subtract, 
a{e(c—b)-(c-a)(a—b)}=c* - abe -ac(e-a), 
u(c?-ac+a*-ab)=c(c?-ab-ac+a*); 
wet} 
and therefore from (4) y=b. 


SOLU, |} 
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EXAMPLES XXIII. c. 


Solve the equations : 


1. axv+by=l, OF 
be+ay=m. 


4. ax+by=e’, 5. 
b+ ay =b?. 
oy) 

i. a’ bab? 8. 
a 
ae e ob 

10. qu-rb=p(a-y), 11. 
Be Y 
a +r=p(1+?), 

13. (a—b)x=(a+b)y, 

ery=ce. 

cy Ree ee 16. 
a b 
ey 2 
3a 6b 3" 


m 
iS, <2 


_le+my=n, Spe Meho= iy 
pxet+qy=r. ba+ay=c. 
x+ay=a', 6. px-qy=r, 
ax+ay=l1. re — py =q. 
Boy 6 St es 
ape 9. 2: aed 
bx +ay=4ab. 9x by 3 
Oh Mobeni 
a+ =1, 12, pergy=0, 
m mM 
ey la+my=n. 
a 
14. (a-b)w+(a+6)y=2u? — 2b. 
(a+ b)x-(a-b)y=4ab. 
Da Us 
ria aed Le = pals 
Eee 2 ee 
av bt ad 


(a+ y) (m? +0?) =2(m? +08) + ml (v+y). 


19. be+cy=a+b, 


1 ] 


20, 


ab 


21. 


\ 1 1 
al emrares tACera re) era 


(a—b)x+ (a+b)y=2(a2-P), 


- _ ab 
w(a-b+))=y (a+b am 


2a 


az — by =a? + b?, 


i, a+ y=2a?. 


CHAPTER XXIV. 
HARDER PROBLEMS. 


188. In previous chapters we have given collections of 
problems which lead to simple equations. We add here a few 
examples of somewhat greater difficulty. 


Example 1. A grocer buys 15 lbs. of figs and 28 lbs. of currants 
for £1. ls. 8d. ; by selling the figs at a loss of 10 per cent., and the 
currants at a gain of 30 per cent., he clears 2s. 6d. on his outlay ; 
how much per pound did he pay for each ? 


Let a, y denote the number of pence in the price of a pound of 
figs and currants respectively ; then the outlay is 


15x +287 pence. 
Therefore Do PSY ZOO ies ccsscuesyaarenacavensqsbeeyer (1). 


] 
The loss upon the figs is Jo * 15x pence, and the gain upon the 
et es 
currants is i0* 28y pence ; therefore the total gain is 


42y 3x 


“RB ~ Pence 5 
Oe Sl i sites sts Gotoh (2 


From (1) and (2) we find that a=8, and y=5; that is the figs 
cost 8d. a pound, and the currants cost 5d. a pound, 


Example 2. At what time between 4 and 5 o'clock will the 
minute-hand of a watch be 13 minutes in advance of the hour-hand? 


Let 2 denote the required number of minutes after 4 o'clock ; 
then, as the minute-hand travels twelve times as fast as the hour- 


. vg . + 6 8 . . 
hand, the hour-hand will move over 3 minute divisions in a minutes. 


At 4 o’clock the minute-hand is 20 divisions behind the hour-hand, 
and finally the minute-hand is 18 divisions in advance; therefore 


the minute-hand moves over 20418, or 33 divisions more than the 
hour-hand. 
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x 
Hence T= 15 +33, 
a =3)5 
Fe = 3}0). 


Thus the time is 36 minutes past 4. 


If the question be asked as follows: ‘‘ At what times between 4 
and 5 o’clock will there be 13 minutes between the two hands?” we 
must also take into consideration the case when the minute-hand is 
13 divisions behind the hour-hand. In this case the minute-hand 
gains 20-13, or 7 divisions. 


© 
Hence w=79 +7; “ 
7 
which gives w=T 77° 


Therefore the times are im past 4, and 36’ past 4. 


Example 3. Two persons A and B start simultaneously from 
two places, ¢ miles apart, and walk in the same direction. A travels 
at the rate of p miles an hour, and & at the rate of g miles ; how far 
will A have walked before he overtakes B? 


Suppose A has walked x miles, then B has walked a -c miles. 
A walking at therate of » miles an hour will travel w miles in = 
Oy RS NG fae 
hours ; and B will travel 2-—c miles in ~—— hours: these two times 
being equal, we have q 
x “-c 
een , 
aie | 
Qe=px— pe ; 
c 
4 — HE 
D=¥. 


whence 


Therefore A has travelled =n miles. 


Example 4. A train travelled a certain distance at a uniform rate. 
Had the speed been 6 miles an hour more, the journey would have 
occupied 4 hours less ; and had the speed been 6 miles an hour less, 
the journey would have occupied 6 hours more. Find the distance. 


Let the speed of the train be x miles per hour, and let the time 
occupied be y hours ; then the distance traversed will be represented 


by xy miles, 
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On the first supposition the speed per hour is x +6 miles, and the 
time taken is y—4 hours. In this case the distance traversed will 
be represented by (w+6)(y — 4) miles. 

On the second supposition the distance traversed will be repre- 
sented by (x — 6)(y +6) miles. 

All these expressions for the distance must be equal ; 


xy =(x +6)(y— 4)=(% - 6)(y +6). 
From these equations we have 
xy = xy + by — 4x — 24, 


or By SACS BEA pisnrte esis as vio eis ean: (L)3 
and . wey=xy—by+ 6x —- 36, 
or Gb GSO ated ccs stsaers estas vee (2). 


From (1) and (2) we obtain 2=30, y=24. 
Hence the distance is 720 miles. 


Example 5. A person invests £3770, partly in 3 per cent. Stock 
at £102, and par ne in Railway Stock at £84 which pays a dividend 
of 44 per cent. his income from these investments is £136. 5s. 
per annum, wae sum does he invest in each ? 


Let x denote the number of pounds invested in 3 per cent.. y the 
number of pounds invested in Railway Stock ; then 


AAT CTBT) Marte caver oth isan sang eee (1). 
The income from 3 per cent. hia is a or £3 and - 
that from Railway Stock is et or x 
watieyen ee "By. 1 
Therefore 34° 56 Se DBOE sks cs diywevavande souves, N¥oes (2). 
From (2) n+ Say = 46323 ; 
therefore by subtracting (1) 
23 
whence y = 28 x 374 = 1050 ; 
and from (1) w=2720. 


Therefore he invests £2720 in 3 per cent. Stock, and £1050 in 
Railway Stock. 


EXAMPLES XXIV. 


1, A sum of £10 is divided among a number of persons ; if the 
number had been inereased by one-fourth each would have received 
a shilling less: find the number of persons. 
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2. I bought a certain number of eggs at four a penny; I kept 
one-fifth of them, and sold the rest at three a penny, and gained a 
penny : how many did I buy? 


3, I bought a certain number of articles at five for sixpence ; if 
they had been eleven for one shilling, I should have spent sixpence 
less: how many did I buy? 


4, A man at whist wins twice as much as he had to begin with, 
and then loses 16s. ; he then loses four-fifths of what remained, and 
afterwards wins as much as he had at first: how much had he 
originally, if he leaves off with £4? 


5, Ispend £14. 5s. in buying 20 yards of calico and 30 yards of 
silk ; the silk costs as many shillings per yard as the calico costs 
pence per yard: find the price of each. 


6. A number of two digits exceeds five times the sum of its 
digits by 9, and its ten-digit exceeds its unit-digit by 1: find the 
number. 


7. The sum of the digits of a number less than 100 is 6; if the 
digits be reversed the resulting number will be less by 18 than the 
original number : find it. 


8. A man being asked his age replied, ‘‘ If you take 2 years from 
my present age the result will be double my wife’s age, and 3 years 
ago her age was one-third of what mine will be in 12 years.” What 
were their ages? 


9, At what time between one and two o’clock are the hands of a 
watch first at right angles ? 


10. At what time between 3 and 4 o’clock is the minute-hand 
one minute ahead of the hour-hand ? 


11. When are the hands of a clock together between the hours 
of 6 and 7? 


12. Itis between 2 and 3 o’clock, and in 10 minutes the minute- 
hand will be as much before the hour-hand as it is now behind it: 
what is the time? 


13. At an election the majority was 162, which was three- 
elevenths of the whole number of voters: what was the number of 
the votes on each side? 


14, A certain number of persons paid a bill; if there had been 
ten more each would have paid 2s. less; if there had been 5 less 
each would have paid 2s. 6d. more: find the number of persons, and 
what each had to pay. 


15. A man spends £5 in buying two kinds of silk at 4s. 6d. and 
4s, a yard; by selling it all at 4s. 3d. per yard he gains 2 per cent. : 
how much of each did he buy ? 


190 ALGEBRA. (CHAP. 


16. Ten years ago the sum of the ages of two sons was one-third 
of their father’s age: one is two years older than the other, and the 
present sum of their ages is fourteen years less than their father’s 
age: how old are they ? 

17. A and B start from the same place walking at different 
rates ; when A has walked 15 miles B doubles his pace, and 6 hours 
later passes A: if A walks at the rate of 5 miles an hour, what is 
B's rate at first ? 


18. A basket of oranges is emptied by one person taking half of 
them and one more, a second person taking half of the remainder 
and one more, and a third person taking half of the remainder and 
six more. How many did the basket contain at first? 


19, A person swimming in a stream which runs 1} miles per 
hour, finds that it takes him four times as long to swim a mile up 
the stream as it does to swim the same distance down; at what rate 
does he swim ? 

¥ 


20. At what times between 7 and 8 o’clock will the hands of a 
watch be at right angles to each other? When will they be in the 
same straight line? 


21. The denominator of a fraction exceeds the numerator by 4; 
and if 5 is taken from each, the sum of the reciprocal of the new 
fraction and four times the original fraction is 5: find the original 
fraction. 


22. ‘Two persons start at noon from towns 60 miles apart. One 
walks at the rate of four miles an hour, but stops 21 hours on the 
way ; the other walks at the rate of 3 miles an hour without stop- 
ping: when and where will they meet ? 


93. A, B, and C travel from the same place at the rates of 4, 5, 
and 6 miles an hour respectively ; and B starts 2 hours after A. 
How long after B must CU start in order that they may overtake A 
at the same instant ? 


24, A dealer bought a horse, expecting to sell it again at a price 
that would have given him 10 per cent. profit on his purchase ; but 
he had to sell it for £50 less than he expected, and he then found 
that he had lost 15 per cent. on what it cost him: what did he pay 
for the horse ? 


25. A man walking from a town, A, to another, 2, at the rate of 
4 miles an hour, starts one hour before a coach travelling 12 miles an 
hour, and is picked up by the coach, On arriving at B, he finds 
that his coach journey has lasted 2 hours: find the distance between 
A and B. 

26. What is the property of a person whose income is £1140, 
when one-twelfth of it is invested at 2 per cent., one-half at 3 per 
cent., one third at 4 per cent., and the remainder pays him no 
dividend ? ; 
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27, A person spends one-third of his income, saves one: -fourth, 
and pays away 5 per cent. on the whole as interest at 74 per cent. 
on debts previously incurred, and then has £110 remaining : what 
was the amount of his debts? 

28. ‘Two vessels contain mixtures of wine and water; in one 
there is three times as much wine as water, in the other, five times 
as much water as wine. Find how much must be drawn off from 
each to fill a third vessel which holds seven gallons, in order that its 
contents may be half wine and half water. 

99, There are two mixtures of wine and water, one of which con- 
tains twice as much water as wine, and the other three times as 
much wine as water. How much must there be taken from each 
to fill a pint cup, in which the water and the wine shall be equally 
mixed ? 

80. Two men set out at the same time to walk, one from 4 to 
B, and the other from B to A, a distance of a miles. The former 
walks at the rate of p miles, and the latter at the rate of q miles an 
hour : ‘at what distance from A will they meet ? 


31. A train on the North Western line passes from London to 
Birmingham in 3 hours ; a train on the Great Western line which is 
15 miles longer, travelling at a speed which is less by 1 mile per 
hour, passes from one place to the other in 33 hours: find the length 
of each line. 

32. Coffee is bought at 1s. and chicory at 3d. per lb. ; in what 
proportion must they be mixed that 10 per cent. may be gained by 
selling the mixture at lld. per Ib. ? 

33. A man has one kind of coffee at a pence per pound, and 
another at b pence per pound. How much of each must he take to 
form a mixture of a—b lbs., which he can sell at c pence a pound 
without loss ? 

34. A man spends c half-crowns in buying two kinds of silk at a 
shillings and 0 shillings a yard respectively ; he could have bought 
3 times as much of the first and half as mich of the second for the 
same money : how many yards of each did he buy ? 


35. Aman rides one-third of the distance from A to B at the rate 
of a miles an hour, and the remainder at the rate of 2b miles an hour. 
Tf he had travelled at a uniform rate of 3c miles an hour, he could 
have ridden from A to & and back again in the same time. Prove 


on {0 


36. A, B, C are three towns forming a triangle. A man has to 
walk from one to the next, ride thence to the next, and drive thence 
to his starting point. He can walk, ride, and drive a mile in a, b, ¢ 
minutes respectively. If he starts from B he takes a+¢-—b hours, if 
he starts from C he takes b+a-—c hours, and if he starts from A he 
takes c+b-—a hours. Find the length of the circuit. 


CHAPTER XXV. 
QUADRATIC EQUATIONS. 


189. Surrose the following problem were proposed for solu- 
tion : 

A dealer bought a number of horses for £280. If he had 
bought four less each would have cost £8 more: how many did 
he buy ? 


We should proceed thus : 


280 


Let «=the number of horses; then ——-=the number of 
pounds each cost. “ 
If he had bought 4 less he would have had #—4 horses, and 


» 
each would have cost = pounds. 


9 4.280 _ 280 
vw «#—4? 
whence u(e@—4)4+35(¢—4)=352 ; 
2 4r+350-140=852 ; 
a? —4¢%=140, 


Here we have an equation which involves the square of the 
unknown quantity; and in order to complete the solution 
of the problem we must discover a method of solving such 
equations. 


190. Derinition. An equation which contains the square 
of the unknown quantity, but no higher power, is called a quad- 
ratic equation, or an equation of the second degree. 

If the equation contains both the square and the first power 
of the unknown it is called an adfected uadratie ; if it contains 
only the square of the unknown it is said to be a pure quadratic. 

Thus 22’—52=3 is an adfected quadratic,” 


and 5a* = 20 is a pure quadratic. 
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191. A pure quadratic may be considered as a simple equa- 
tion in which the square of the unknown quantity is to be found. 


Example. Solve ES ie 


Multiplying up, 9a? — 99 = 25x? — 675 ; 
I6a"=b7/63 
T= 30): 
and taking the square root of these equals, we have 
G6; 
Note. We prefix the double sign to the number on the right-hand 
side for the reason given in Art. 117. 


192. In extracting the square root of the two sides of the 
equation #?=36, it might seem that we ought to prefix the 
double sign to the quantities on both sides, and write +7= +6. 
But an examination of the various cases shews this to be un- 
necessary. For +7=+6 gives the four cases : 

+r=+6, +7=-6, —v=+6, —7=—-6, 
and these are all included in the two already given, namely, 
v=+6, v=-—6. Hence, when we extract the square root of 
the two sides of an equation, it is sufficient to. put the double 
sign before the square root of one side. 


193. The equation #?=36 is an instance of the simplest 
form of quadratic equations. The equation (#—3)?=25 may be 
solved in a similar way; for taking the square root of both 
sides, we have two s¢mple equations, 


e2—-3= +5. 
Taking the upper sign, %—3= +65, whence 7=8 ; 
taking the lower sign, #—3=—5, whence r= — 2. 
the solution is v=8, or —2. 

Now the given equation, (a —3)?=25 
may be written u* — 6x +-(3)?=25, 
or x*—6xr=16. 
Hence, by retracing our steps, we learn that the equation 

a’ —6xr=16 


can be solved by first adding (3)? or 9 to each side, and then 
extracting the square root; and the reason why we add 9 to 
each side is that this quantity added to the left side makes it a 
perfect square. 
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Now whatever the quantity @ may be, 

uv +2axr+a?=(«+a)?, 
and x —-2ax+a2=(x-a)*; 
so that if a trinomial is a perfect square, and zs highest power, 
x*, has wnity for its coefficient, we must always have the term 
without « equal to the square of half the coefficient of «. If, 
therefore, the terms in 2? and w are given, the square may be 
completed by adding the square of half the coefficient of «. 


Note. When an expression is a perfect square, the square terms 
arealways positive. [Art. 114, Note.] Hence, if necessary, the coeffi- 
cient of a? must be made equal to +1 before completing the square. 


Example 1. Solve x? + 14a= 32. 
The square of half 14 is (7). 
x? + 14+ (7)? =32+49; 


that is, (7+7)?=81 ; 
e+7=+9; 
x=-7+9, or -7-9; 
w=e, or — 16. 
Example 2. Solve (2=2=8, 


Transpose so as to have the terms involving 2 on one side, and 
the square term positive. 


Thus ce —Te=8, 
: 2 7\2 49 
Completing the square, « — 7a + 9 =8+73 
7\?_ 81 
that is, (« - 3) 1 
9 
c— =+ 5 ; 
pm | 9 H 
3*9 
v=8, or <1. 


1\" : 
5) on the left-hand side, 


= 


Note. We do not work out ( 


EXAMPLES XXV. a. 


1, 5 (a? +5)=62". 2. 3a?=4 (a? - 4), 3, «°+2207= 765. 
4, af4+24e=25., 6, a%=10a-21. 6. (9+a)(9-2)=17. 
7, a+ 3a=18. 8, a2+5a=14, 9, x?-5a-36=0. 
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10. 22=x+'72. Mi ei = 841 = 202) 2° 19, Om aF 22050, 
18, 68—2?= 8a. 14.) 2+156=27. 15. 187=2?+ 62. 
16. 237=120+ 27. 7, 42--277=13m. 18, 227423 —2?=0. 
1 eto’ 20. Weer te a vA poe ee ee 

3 1s a5 y Gir ee 
2. Passo 8. 5 (w-+6)(v~2)=5(62y15+ +3"). 


194. We have shewn that the square may readily be com- 
pleted when the coefficient of 2 is unity. All cases nay be 
reduced to this by dividing the equation throughout by the 
coefficient of «”. 


Example 1. Solve oo = 3a = 10z; 
Transposing, 32? + 10a: = 32. 


Divide throughout by 3, so as to make the coefficient of a? unity. 


10'. 32 
Thus e+ w= = 
: mg) 5\2 32 25 
completing the square, x +aet (3) =at53 
: wee patel, 
that is, (« +3) 5 ; 
eres ee 
3 oe 
Ee Le 


Note. We do not add Ay, but ‘39 to the left-hand side. 


Example 2. Solve Saale 12. 
ET i ce alo ie 
Dividing by 5, ae al 
ql 1] 12 (121, 
- iowa 
completing the square, x*+ 5 ut (35) =3 i090? 
ime ta, 
lat 1s, x io) ~100° 
bv 
G5 “10. 
Eine oa oe 
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195. We see then that the following are the steps required 
for solving an adfected quadratic equation : 


(1) If necessary, simplify the equation so that the terms in 
«and w are on one side of the equation, and the term without 
xz on the other. 

(2) Make the coefficient of « unity and positive by dividing 
throughout by the coefficient of x. 

(3) Add to each side of the equation the square of half the 
coefficient of «x. 

(4) Take the square root of each side. 

(5) Solve the resulting simple equations. 


196. In the examples which follow some preliminary reduc- 
‘tion and simplification may be necessary. 


i» Su-2 5x 
Example 1. Solve a Tr 2. 
ee tentis 30-2 3-8, 
Simplifying, nen eee 
multiplying across, 3.x°+10a- 8 = 62x - 252 +24 ; 
that is, — 3a? + 35a = 32. 
aay 35 32. 
Dividing by -3, a gt=—a5 
leti th 2 Par (Pane 3, 
completing the square, 2*~— 5) os 
; 35\%_ 841, 
that is, (« ~ 3) =36 ° 
35 29, 
¢%->= ; . 


6 
2=10%, or 1. 
Example 2. Solve 7(a+2a)*+4-3a?=5a (7a + 28a). 
Simplifying, 7a*+ 28a + 28a" + 3a? = 35ax + 115a’, 
that is, 7a? — Jax = 84a. 
Whence x? -ax=12a*; 


2 2 
completing the square, 2? — aa + o \ 2 120% 4-3 
i g 1 5) 4 


P a\? 49a? 
that is, (« - 4 = ; 
u 7a , 


#-5=+t5 ’ 


~ ~ 


zx=4a, or -—8a. 
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197. Sometimes there is only one solution. Thus it 
v?—2¢+1=0, then (r—1)?=0, 
whence #=1 is the only solution. Nevertheless, in this and 
similar cases we find it convenient to say that the quadratic has 
two equal roots. 


EXAMPLES XXvV. b. 


i Da? -- 455. 2 3? + 12) =44en, 3}, SaaS SAL 
4. 8a"--a—30! BL on 3b— 22a. 6, 2b 22 =622=0: 
7. 1s=ljxa+4e2, 8, 21+2=222. 9, 9x?-143-6r=0. 
WO. We2=990r—14. 11, 20e7=12—-2. 12, _ 19%=15 = 8x2. 
io. Pile?--927 = 50: 14. 50a?-15.=27. 
1, W8n?=2ie—25=0. 16. 52?=8x +21. 
17. 15x? -2ax=a?. 18. 21a%?=2ax + 3a2. 
AG) 62-=1W ha Tie. 90, 12224 23/;e+10k2=0. 
Ab ba ce — 2067 =0: 22. 2(%¢-3)=3(%+2)(x —- 3). 
23. (x+1)(2x4+3)=4a? - 22, 24, (3x --5)(2Qe —5)=27 + 2x -3. 
5a 7 5e—1 3m ao — 8 bv 2 
Sa. D I =—_—., es = 5 
25. Wy Bete. 26. T= 5 alk Oe gery: 
3x —1 6 5x-—T  «w-5 
28. Lee aT = hes) Wee 
+3 Br—1 ] II 6 
30. Sy ae 31. l+az 3-2 35 
wt-4t w-2 24 * 1 4 1 
32. Wed gan Oe 33, 3-2 6 9-22 
4 5 3 5 4 3 
34. x-l w+2 a 35. c=2 « @+6 
a-2 3a-11_ 42413 l 5 Oo 
36. pan Cea EL 37. Seno Ubon a 
y Jad arb UN ag a2 
38. 3u 90’ Oe — Be 26° 39. sot (1+z)a=2+5 


198. From the preceding examples it appears that after 
suitable reduction and transposition every quadratic equation 
can be written in the form 

av? +ba+c=0, 
where a, 6, c may have any numerical values whatever. If 
therefore we can solve this quadratic we can solve any. 
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Transposing, au? +be=—e; 
es = 
dividing by a, e+ oo -<. 


2 
Completing the square by adding to each side (=) ; 


2 2 
+ Pot x) 2 PEAS, 


2a 4da> a 
. b\2 b-4 
that is, (w+) _ a ; 


extracting the square root, 
b  +,/(b?—4ac), 
2a 2a y 
_ —b+,/(b? - 4ac) 
a 


199. Instead of going through the process of completing the 
square in each particular example, we may now make use of this 
general formula, ada 2 heme J it to the case in question by sub- 
stituting the values of a, , ¢. 


Example. Solve 5a? + 1lw-—12=0. 
Here a=6, b=11, c==12. 


_ -1ll+M(11P-4. 5(-12) 
ee | | 
~114,/361_ -11419 4 


— anes, | yor — o. 68° or - 3, 


which agrees with the solution of Example 2, Art. 194. 


b+ (2 —4Aac ie) 
Qa 


it must be remembered that the expression ./(b?—4ac) is the 
square root of the compound quantity b?—4ac, taken as a whole. 
We cannot simplify the solution unless we know the numerical 
values of a, b,c. It may sometimes happen that these values 
do not make 4?—4ae a perfect square. In such a case the exact 
numerical solution of the equation cannot be detefmined. 


200. In the result r= 
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Example \. Solve. 5x2?-15x2+11=0. 


Nita 
We have ope EN = 15) 4,5. 11 (= 15) = 4,5. 11 
PANT 
= ee BP ed See Ona. es (1) 
Now /5=2°236 approximately. 
i es, or 12764. 


These solutions are correct only to four places of decimals, and 
neither of them will be found to ewactly satisfy the equation. 

Unless the numerical values of the unknown quantity are required 
it is usual to leave the roots in the form (1). 


Example 2. Solve ia oe Oh 
We have p=8ANCSP=E 
_3+n'9— 20 
a 2 
_384V—I1, 
= 


Now there is no quantity, positive or negative, whose square is 
negative (Art. 110). Therefore it is impossible to find any quantity 
exactly or approximately to represent the square root of —11. Thus 
there is no real value of x which satisfies the equation. In sucha 
ease the roots are said to be «mayinary or impossible. A reference to 
the general formula of Art. 198 will shew that the roots of .a 
quadratic az*+bx+c=0 are always imaginary when b?-4ac is 
negative. ; 

Note. If the equation x?-3x+5=0 is treated graphically, as 
explained in Art. 427, it will be found that the graph never meets 
the axis of x In other words there is no numerical value of x 
which makes the expression x? — 3x +5 equal to zero. 


[Chap. xuiv., Arts. 425-427 may be read here.) 
201. Solution by Factors. The following method of 


solution will sometimes be found shorter than either of the 
methods given. 


Consider the equation a2 + ee =o) 


Clesringiot fractions, Ba '720 = 60 scsduinnv tea tasyensytare’s (5 
by resolving the left-hand side into factors we have 
(3.2 —2)(v+3)=0. 
E.A. 0 
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Now if either of the factors 32-2, +3 is zero their product is 
zero. Hence the quadratic equation is satisfied by either of the 
suppositions 
32—2=0, or ++3=0. 
2 
3 
It appears from this that when a quadratic equation has been 
simplified and brought to the form of equation (1), its solution 
can always be readily obtained if the expression on the left-hand 
side can be resolved into factors. Each of these factors equated 


to zero gives a simple equation, and a corresponding root of the 
quadratic. 


Thus the roots are —3. 


Example 1. Solve 2x?-ax+2bxe=ab. 
Transposing, 8o as to have all the terms on one side of the equation, 
we have 
2x? —- ax+2ha-ab=0. 


Now Qu? — ax + 2ha — ab=a (2x -a)+b(2x-a) 
= (2x -—a)(v+b). 
Therefore (2x -a)(~+b)=0; 
whence 2a-a=0, or ++b=0. 


a 
L=5, Or -b. 


Example 2. Solve 2(x®-6)=3(x#-4). 


We have Qn" -12=32 -12; 
that is, SEP Bye Nes dan aiaackekis tare isbn eee (YT). 
Transposing, Qa? -3x=0, 
x (2x - 3)=0. 


v=0, or 22-820, 


Thus the roots are 0, 4 


Note. In equation (1) above we might have divided both sides 
by wand obtained the simple equation 2x=3, whence x= 5, which is 


one of the solutions of the given equation. But the student must be 
particularly careful to notice that whenever an 2, or a factor contain- 
ing x, is removed by division from every term of an equation it must 
not be neglected, since the equation is satisfied by «=0, which is 
therefore one of the roots. 
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202. There are some equations which are not really quad- 
ratics, but which may be solved by the methods explained in 
this chapter. 

Example 1. Solve x*— 13x?+36=0. 

By resolution into factors, (#?-—9)(x2—4)=0; 

x? —9=0, or 227-—4=0; 


that is, ee 0). Cope ak 
and C=O, OL a2: 
Example 2. Solve x«?+3a—-- oes 8 
24 Ba 
Write y for «7+3x, then we have 
_ 209 
y a 
or y* — 8y —20=0. 
From this quadratic Y=N0, Ce =e 


x*+32=10, or —2. 
Thus we have ¢wo quadratics to solve, and finally we cbtain 
“w= —9, 2; or -1, —2. 


EXAMPLES XXV. c. 
Solve by Art. 200, and verify graphically by Art. 427: 


i oe lon. 2, Qe" Te=15. UB 22° +7 -90=0. 
AS 22 =3x4+5. 5, 5a2+442)le=-0. 6 22+11=7x. 
Th, Bare eose re 8 52?=17 2-10. 9, 35+9x —22?=0. 
HON awe —w le 1. 3a? -+-57=2. 19. 2x?+ 5a -—33=0) 
Solve by resolution into factors : 
ie, 62S T-Fae 14, 21+82?=262. 
15. 262-21+112?=0. 16. 52?+267+24=0. 
17.' 4x°= =e +3. TG, ets = X. 
19. 7x?=28 - 962. 20. 96x2=4a+15. 
OY 25a2=5e +6. DO 3) —A0— 40", 
93. 122? — llax=36a?. 94, 1227+ 36a7=438ax. 
95, 35b?=92?+ 6bx. 96, 36x? — 35b2=12be. 
OF. «x7 —2ax+4ab=2be. 98, x? -2ax+Sx=16a. 


99, 3n7?—2ax—bx2=0. 380. az?+2xu=bz. 
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Solve as explained in Art. 202: 


St. 4257" = 2. 82. 24+36=1322. 

33. 29+ 7a? =8. 34, 2-192? =216. 

35. 16( 22+ 4.) =257. 36. a Oat D2 

87. 23(19+25)=216. 38, (a? +2)2+ 198 =29 (x? +2). 
i 5... 8a" 

89. 2?-a+ ica 18. 40. x(a- 2a) = 53 Saw t 10: 


202,. The method of solution by factors is applicable to 
equations of higher degree than the second. 

For example, if 

(7 —2)(a@+1)(v+2)=0, 
the equation must be satisfied by each of the values which 
satisfy the equations 
x—-2=0, ++1=0, #7+2=0. 
Thus the roots are r=2, -—1, —2. 


Example. Solve the equation 32° + 52?=32 + 5. 


Putting the equation in the form 
323 + 5? - 38x -5=0, 


we have x? (3a +5) -—(38x+5)=0,* 
or (a? —1)(3a+5)=0; 
that is, (x+1)(@—1)(82+4+5)=0; 
whence *x+1=0, or x-1=0, or 32+5=0. 


Thus the roots are - 1, 1, - 4. 


Note. At the stage marked with an asterisk we might have 
divided throughout by 32+5, but in so doing the factor must be 
equated to zero to furnish one root of the equation. 


202,,. If one root of an equation is known, or can be obtained 
by trial, a corresponding factor of the first degree can be re- 
moved, When this is done we have left an equation of lower 
degree than the original equation, 


Yxrample. Solve the equation 


x — 32° - 6x 4+-16=0. 


By trial it will be found that the left-hand side vanishes when 
w=, 
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Hence x=2 is one root of the equation and corresponding to this 
root we have a factor x-2; the equation may now be written 


x(a — 2) — a(” - 2) -8(x-2)=0; 
or (a? — a —8)(a-2)=0. 


Removing the factor 2-2, we have 


e x*-x-8=0; 
whence ie Uae N33. 
2 
Thus the three roots are 2, 1+N33 1- 33, 


Dee Pa 


EXAMPLES XXvV. d. 


Solve the following equations by the method of factors. 


1, 2°+22—2=1=0. Oe a — oe 0) 
8. 22 —4r=a7-4. 4, x4 7a?-+ Te —lo=0. 
5 2-30 —2=0. 6, 2 2r—3x", 7, 2+ 30=19%. 


Solve the following equations having given one root in each 
case. 


8. «-39x+70=0. [x=5.] 9. 2°-387r-84=0. [w= -3.] 
10) af —l2e-m—l6as. [w=4a.] Il, w2*-+-482a°7=108a*e*. [z=6a.| 


Solve the following equations by the method of Art. 200, 
giving the roots to two places of decimals. 


12. 2-2 =3"2. 13, 2?-3x2-3°51=0. 
14. «?+2=1:0956. 15, 2? -36x%+323°7=0. 
16, x? -7x+6:035=0. 17, 2w*—6°5e-+7'3776=0. 


18. Find two values of x which will make «(3x — 1) equal to °362, 
giving each value to the nearest hundredth. 


19. Find to the nearest tenth the values of « which will make 
2a (2-2) equal to 1°73. 

90. Solve the equation x?+ax-a?=0. If a=12, give the 
numerical values of the roots to three decimal places. 


21. Solve the equation «(a—x)=c*®. Give the numerical values 
of the roots to three decimal places, when a=16, c=6. 


CHAPTER XXVI. 
SIMULTANEOUS QUADRATIC EQUATIONS. 


203. We shall now consider some of the most useful methods 
of solving simultaneous equations, one or more of which may be 
of a degree higher than the first ; but no fixed rules can be laid 
down which are applicable to all cases. 


Example 1. Solve Poke Saal et ahr OE RE Eee ee (1), 
CD) pases ved cee coi as cores eee (2). 
From (1) by squaring, 2° + 2ay + y?=225 ; 
from (2) 4ey=144; 
by subtraction, 4 x? —-Qey+y?=81 ; 
by taking the square root, e-y=+9. 


Combining this with (1) we have to consider the two cases, 


x+y=15,) w+y= 15, 
a-y=9.J w-y=-9. 


from which we find ”~ er cdg | 
y= 3. y=12. J 
Example 2. Solve Se) SRE ecrecenna shy sexu Shn a aeeT IES (1), 
MRIS was Bde 0 6 81S KK u CTA LPO ENE (2) 
From (1) x? — Qary +y?=144; 
from (2) dary = 340 ; 
by addition, axe? + Qary + 9? = 484 ; 
by taking the square root, e+y= +22. 


Combining this with (1) we have the two cases, 
parser 3 de 
z-y=12. e-y= 12, 


WI eeite} w=— 5,\  TSe0 Art. 441. 
rence a hi aes [Seo Art. 441.] 
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204. These are the simplest cases that arise, but they are 
specially important since the solution in a large number of 
other cases is dependent upon them. 

As a rule our object is to solve the proposed equations syim- 
metrically, by finding the values of v+y and x—y. From the 
foregoing examples it will be seen that we can always do this as 
soon as we have obtained the product of the unknowns, and 
either their sum or their difference. 


BHxample 1. Solve De OPPe= As oa. cic bt, oe eae cece ems eee (1), 


Multiply (2) by 2; then by addition and subtraction we have 
x? + Quy + y?= 144, 
v*—-Qey+y2= 4; 
Whence Gey 12, 
cy 2. 
We have now four cases to consider ; namely, 
e+y=12, e+y= a Be u+y= —12; 


Ey 2. Ty — 2. e-y= 2, Cy — 2, 
From which the values of x are 7, 5, —5, -7; [Compare 
and the corresponding values of y are 5, 7, —7, —5. Art. 441.] 
Example 2. Solve EAE PEG ey Ara ddera oe dios chan en dedh RBM (1), 

Tae cael ly ne a a pha ee ae (2) 
By subtracting (1) from the square of (2) we have 
Ze IGE ; 
BT ea OO Hrtsrcls mninaniartoucionteep eaceren (3) 


Equations (1) and (3) can now be solved by the method of 
Example 1; and the solution is 


alle Or a 
y= 4, or 13. 


EXAMPLES XXVI. a. 
= the following equations : 


x+y=28, ‘e+y=5), 3. e+y=74, 

ey — 1S. xy =518. ay = IS. 

4, Ne y=, 5) Co, 6. BA fi 1075, 
vy = 126. Ly=ols. t-—Y=ls. 

7. = xy=928, 8, x-y=—-8, 9, «-y=-22, 


x+y=84. xy = 1353. xy = 3848. 
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Solve the following equations : 


10. xy =-—21938, 11, #2 =y ==I18) 12; wy = —1914, 
x+y =-8. xy =1363. x +y = — 65. 
13, 2? +y?=89, 14, x?+y?=170, 15. 2°+?=65, 
xy =40. ~ wy =18. xy =28. 
HG tees y hy (ares ee Fe U5 8 18, o.—7 =4, 
x+y =16. 22+ y= 125, x? +4?= 106. 
19. 2?+y?=180, 20. x°?+7?=185, A, x+y. =18) 
x -y =6. e-y =3._ x + y?= 97. 
2 w+y =9, 23. «2 —y =3, 24. x? -axy+y?=76, 
xv? +ay+y?=61. x?-3ey+y’= -19. x+y =14, 
i at led Oe: 
25. Jo *-W=1, 26. ae. 27. aty 12 
xu? — dary + y? =52. x+y=2. xy = 12. 
28, axv+hy=2, 29, x?+pry+y?=p+2, 
abay=1, qu? + xy +qy?=2¢ +1. 
205. Any pair of equations of the form 
DP ke DIY EOP Piss annatisvenansvoyeaseshvuebes (1), 
Ok OED: Ss et Ras as dudes Vivaah sven (2), 


where p is any numerical quantity, can be reduced to one of 
the cases already considered ; for by squaring (2) and combining 
with (1), an equation to find wy is obtained; the solution can 
then be completed by the aid of equation (2). 


Example 1. Solve ALA OG nc teavh Yuhadee cask teieanen ees me gS 
“0 — Li) On eee Re (2). 
By division, Re tay 2a BNO ws Oincd ies .<5 craved eee (3); 
from (2) x?—-Qry+y2= 9; 
by subtraction, Bay = 324, 
OY POU eis +s rosat env vida in cancaseees (4). 
v=)]2; or = 9, 
From (2) and (4) ’ \ 
y= 9, or -12. 
Example 2. Solve OP Pa te DOS civecWunnseds sesciscvansik (ls 
PO Op oa a OT on ssn ddecarcecaigavevaxtnr (2). 
Dividing (1) by (2) OP = FF gen: BD ccsccicisccssizacvetnenssns (3). 
From (2) and (8) by addition, 2®2+y°= 58; 
by subtraction, wy= 14; 


w= +7 4 
whence me dol, | 


Art. \ reds 
ga BS ad [Art. 204, Ix. 1.] 


XXVI. } 


SIMULTANEOUS QUADRATIC EQUATIONS. 


Q el 
Hxeample 3. Solve Perma Rati ae a ea ays 
He Pak SS) 
Poy) Geet sehinonraeassgnr nena enass (2). 
2 Wey ee! 
From (1) by squaring, RTT aC ; 
by subtraction, eee 
xy 9 
adding to (2), Be a 1; 
we ayy 
1 ok 
—+--= +]. 
ay 
4, ae : 2 1 
Combining with (1), =) OF —a> 
Lo ee 
3” oo 
by aad es a = 3 
: ast a —3, and y=3, or mo! 
EXAMPLES XXVI. b. 
Solve the equations : 
1, 2+7°=407, 2, w+y=637, 3. © +y =23; 
a fy 2 -+-y =18. C= 3473, 
4, 2-7=218, 5, « -y =4, 6. | wg =2107, 
oy =2. x? — y= 988, x —y =13. 


7, t+ a2y2+741=2128, 
e+ xy + y?=76. 


OF aay 7 = 9211, 
a —xy+y*=61. 


1 Gea 


ills abs Sao 12. 


14, 22 =o0s 15. 


17, 4(2°+y*)=lixy, 
x-y=6. 


8. att a?y?+ yt = 2923, 
xv? -ay+y?=37. 


10, way? e787, 


x? -ayt+y?=63. 

b glee OE eo 
age on 0 ogee 
xy =30. x+y=6 

ix 

oe ee 
cl ak x reese 
es. w+ ey +y?=2 


1S; f= 126, 
v-aey+y?=21. 
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19, £+h=1h> 20, 4-4=91, 
ee ae “ey 


206. The following method of solution may always be used 


when the equations are of the same degree and homogeneous. 
iSes Art. 24.] 


Beample. Solve Peg 1 Ek)? f: RoR Re) SERS, cf (1), 
DE DY 7S va speryessasnsdiegasacstnains (2). 

Put y=mz, and substitute in both equations. Thus 
(LA it QRS vss decocsewsaseupscpesn en (3), 
and PB Dire ant) aS es vx cede sans abaneeverese (4). 


l+m+2m? 74, 
24+2m+m? 73’ 
*, 73473m + 146m?= 148 + 148m +74? ; 
*, 72m*-—75m -—75=0, 


By division, 


or 24m? — 25m -25=0; 
(8m + 5)(8m —5)=0; 
«eat eee 
- M=-%, Or 5 
(i) Take m= - a and substitute in either (3) or (4). 
5 50 
oo) i eam esto |S . 
From (8) (1 3+ gi)= 745 
: 64x74 .,. 
. == 74 = Gay 
v= +8; 


. y=mz= - 5a +5. 


(ii) Take m=; then from (3) 


5 
, y=ma= v= +5, 


| 
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207. When one of the equations is of the first degree and 
the other of a higher degree, we may from the simple equation 
find the value of one of the unknowns in terms of the other, and 
substitute in the second equation. 


Example. Solve DO SAGL=AON creo ca cermeitetceoatenne nem sich (GU), 
DH SE) Oa matevtiien ci tevacane pone sete ns (2). 
From (1) we have C= Doae ; 


3 
5 2 
ee ee ~ 372=21; 
75 + 120y + 48y? — l5y — 12y? — 27y?=189 ; 
9y? + 105y —114=0, 
By? + 85y — 88=0; 
(y —1)(8y + 38)=0; 


and substituting in (2), 


= Me Ore = 
amet Vere 137 
and by substituting in (1), DSS) SOW ee 


208. The examples we have given will be sufficient as a 
general explanation of the methods to be employed ; but in some 
cases special artifices are necessary. 


Example 1. Solve x?+ 4ay + 3x =40—6y—4Yy? voces (1), 
Pei caf TRO TSS OF TT EEE PTT ee, (2). 
From (1) we have x?+ 4ay+4y?+ 3x + 6y=40; 
that is, (w+ 2y)*+3(x”%+2y) -40=0, 
or (w+ 2y+8)(~+2y -—5)=0; 
whence x+2y=-—8, or 5. 


(i) Combining «+2y=5 with (2) we obtain 
2u?-5xa+38=0; 


whence ws il, re 


wT NW! Ww 


and by substituting inw+2y=5, y=2, or -- 


(ii) Combining «+2y= -8 with (2) we obtain 
2x? +82+38=0; 


-44,/10 ~12¥,/10 
eens and Us ee : 


whence C= 


[cHaP. XXVI. 
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Day = CSB — BY, siesays ih oeaet tose scenatan XL); 
Bry ty =2(9 + 2) 


Example 2. Solve 


From (1) xy? — 6a + 3y=34 ; 
from (2) 9xy — 6a +3y=54 ; 


xy? — Ixy + 20=0, 
(xy — 5) (vy -4)=0; 


by subtraction, 


~ vy=6, or 4. 
(i) Substituting zy=5 in (2) gives y-2u=3. 
From these equations we obtain x=1, or — | 
y=5, or -2. 
(ii) Substituting vy=4 in (2) gives y-27=6. 
From these equations we obtain «= =Ssil 


and 


EXAMPLES XXVI. c. 


Solve the equations : 


x-y=10, 


1. 5a -y=17, 2, w¢+ay=16, a; 
cy = 12. y? + xy =10. x? - Qay — 3y?= 84. 
4, 3x+2y=16, 5, 38¢-y=11, 6. «-3y=1, 
xy =10. 3a? — 7? =47, x? — Qary 4-94? = 17. 
7. w«+2y=9. 8, w+7=5, 9. Sa+y=3, 
3y? - 5a® = 43. Qry -y?=3. Qu? - 3ay-y°=1. 
10. 3x2-5y’=28, 11, 3a%-y2=23, 12, a®4ayty%=3h, 
3xy -4y?=8. Qa? - ay =12. Qa? — Bry + 2y2=27. 
13, 2*-3ay+y7?+1=0, 14, Txy —8a2=10, 
3a? - ary + 3y*= 13. 8y? - Dey = 18, 
15, 2°-2xy=21, 16, v?+3ay=54, 17, x + 4 = 162, 
xy += 18. xy + 4y?= 115. xv®y + ay? = 120, 
18, 2°-7°=127, 19, 2-y'=208, 20, xy? 4. Bay = 84, 
xy — ry* = 42, ry (2 —y)=48. r+y=8, 


Q1, x? +4y"+80=1da 4 30y, 


vy =6. 


22. 9x + 9? - 68a -2ly +128 =0, 


wy=4, 


CHAPTER XXVII. 
PROBLEMS LEADING TO QUADRATIC EQUATIONS. 


209. We shall now discuss some problems which give rise 
to quadratic equations. 

Example 1. <A train travels 300 miles at a uniform rate; if the 
rate had been 5 miles an hour more, the journey would have taken 
two hours less: find the rate of the train. 

Suppose the train travels at the rate of x miles per hour, then the 


; oe GU) 
time occupied is a hours. 


On the other supposition the time is ie hours ; 
300 300 
2+5 = ae TLL se deevectnccccsceessneeeensnes (1) > 
whence x?+ dx —750=0, 
or (2 + 30) (a — 25) =0, 
. t=25, or-—30. 


Hence the train travels 25 miles per hour, the negative value 
being inadmissible. 

It will frequently happen that the algebraical statement of the 
question leads to a result which does not apply to the actual problem 
we are discussing. But such results can sometimes be explained by 
a suitable modification of the conditions of the question. In the 
present case we may explain the negative solution as follows. 

Since the values x=25 and -—30 satisfy the equation (1), if we 
write —x for x the resulting equation, 


SE OE LUA a = Aare (2) 
-x+5 -2 ? 
will be satisfied by the values «= —25 and 30. Now, by changing 
: P 300 = 300 
signs throughout, equation (2) becomes rae 2; 


and this is the algebraical statement of the following question : 

A train travels 300 miles at a uniform rate ; if the rate had been 
5 miles an hour /ess, the journey would have taken two hours more : 
find the rate of the train. The rate is 30 miles an hour. 
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Example 2. A person selling a horse for £72 finds that his loss 
per cent. is one-eighth of the number of pounds that he paid for the 
horse: what was the cost price ? 


Suppose that the cost price of the horse is x pounds; then the 
loss on £100 is fe. 


2 
F x x 

Hence the loss on £x is # x —.,, or = pounds; 

800’ 800 P 5 


; Ree igs 
the selling price is # -— 300 pounds. 


a 


Hence %— 500= 12; 
or a? — 8002 + 57600=0 ; 
that is, (a — 80) (2-720) =0; 


a=80, or 720; 


and each of these values will be found to satisfy the conditions of 
the problem. Thus the cost is either £80, or £720. 


Example 3. A cistern can be filled by two pipes in 33} minutes ; 
if the larger pipe takes 15 minutes less than the smaller to fill the 
cistern, find in what time it will be filled by each pipe singly. 

Suppose that the two pipes running singly would fill the cistern 
in « and 2-15 minutes. When running together they will fill 
fl 1 ‘ ; ; 1 3 

i a a As tern. ir te. But they fill _—, or —. 
tats 7g) of the cistern in one minute ut they 3a)" or 550 
of the cistern in one minute. 

a BA 
x” a-15 100’ 
100 (2a — 15) = 3a (a - 165), 
3x? — 245 + 1500=0, 
(a — 75)(3a: — 20)=0; 


c= 75, or 65. 


Hence 


Thus the smaller pipe takes 75 minutes, the larger 60 minutes. 
The other solution 65 is inadmissible. 


Kxample 4. By rowing half the distance and walking the other 
half, a man can travel 24 miles on a river in 5 hours with the stream, 
and in 7 hours against the stream. If there were no current, the 
journey would take 55 hours: find the rate of his walking, and 
rowing, and the rate of the stream, 
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Suppose that the man walks x miles per hour, rows y miles per 
hour, and that the stream flows at the rate of z miles per hour. 


With the current the man rows y+z miles, and against the 
current y—z miles per hour. 
Hence we have the following equations : 


2 9) 
eee SS Deceit ty seen atc ag se sacee hoe Gy 
UEP e 
12 2 
LE LES REE RT: (2), 
; vw Y¥-z 
ee A, 
“0 os cece eee r cee rece sere tere ersees (3). 
From (1) and (3) by subtraction, 4+-—1_=4 (4) 
rom (1) and (3) by subtrac OL yee en rg ne ce: ‘ 
Similarly, from (2) and (3) oe oe (5) 
y> fear ae ae ye : 
From (4) DS 2 Git) 7S) soca aire ttre tea (6) ; 
and from (5) OG= YG) AS) ix eaten dvanwecer ay Made ies (7). 
From (6) and (7) by division, 2-0 
whence =e. 5 


from (4) z<=14; and hence y=43, x=4. 


Thus the rates of walking and rowing are 4 miles and 42 miles 


per hour respectively ; and the stream flows at the rate of 15 miles 
per hour. 


EXAMPLES XXVII. 


1, Find a number whose square diminished by 119 is equal to 
ten times the excess of the number over 8. 


, man is five times as old as his ; s 1e 
Oty aks five t Id as his son, and the sum of tl 
squares of their ages is equal to 2106: find their ages. 


15, find them. 
56 


4, Vind a number which when increased by 17 is equal to 60 
times the reciprocal of the number. 


38. The sum of the reciprocals of two consecutive numbers is 
1 
= 


5, Find two numbers whose sum is 9 times their difference, and 
the difference of whose squares is 81. 
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6. The sum of a number and its square is nine times the next 
highest number : find it. 


7, Ifa train travelled 5 miles an hour faster it would take one 
hour less to travel 210 miles: what time does it take ? 


8. Find two numbers the sum of whose squares is 74, and whose 
sum is 12. 

9, The perimeter of a rectangular field is 500 yards, and its 
area is 14400 square yards: find the length of the sides. 


10, The perimeter of one square exceeds that of another by 100 
feet ; and the area of the larger square exceeds three times the area 
of the smaller by 325 square feet : find the length of their sides. 


11. A cistern can be filled by two pipes running together in 
22} minutes; the larger pipe would fill the cistern in 24 minutes 
less than the smaller one: find the time taken by each. 


12. A man travels 108 miles, and finds that he could have made 
the journey in 44 hours less had he travelled 2 miles an hour faster : 
at what rate did he travel? 


13. I buy a number of cricket balls for £5; had they cost a 
shilling apiece less, I should have had five more for the money: find 
the cost of each. 


14. A boy was sent out for a shilling’s worth of eggs. He broke 
3 on his way home, and his master therefore had to pay at the rate 
of a penny more than the market price for 5. How many did the 
master get for a shilling ? 

15. What are eggs a dozen when two more in a shilling’s worth 
lowers the price a penny per dozen? 

16. A lawn 50 feet long and 34 feet broad has a path of uniform 
width round it; if the area of the path is 540 square feet, find its 
width. 


17. A hall can be paved with 200 square tiles of a certain size ; 
if each tile were one inch longer each way it would take 128 tiles: 
find the length of each tile. 


18. In the centre of a square garden is a square lawn; outside 
this is a gravel walk 4 feet wide, and then a flower border 6 feet 
wide. If the flower border and lawn together contain 721 square 
feet, find the area of the lawn. 


19, By lowering the price of apples and selling them one penny 
a dozen cheaper, an applewoman finds that she can sell 60 more 
than she used to do for 5s. At what price per dozen did she sell 
thom at first ? 

20. Two rectangles contain the same area, 480 square yards. 
The difference of their lengths is 10 yards, and of their breadths 
4 yards: find their sides. 
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21. There is a number between 10 and 100; when multiplied by 
the digit on the left the product is 280; if the sum of the digits 
be multiplied by the same digit the product is 55: required the 
number. 


22. A farmer having sold at 75s. a head, a flock of sheep which 
cost him & shillings a head, finds that he has realised a per cent, 
profit on his outlay: find x. 


23. <A tradesman bought a number of yards of cloth for £5; he 
kept 5 vards and sold the rest at 2s. per yard more than he gave, 
and got £1 more than he originally spent: how many yards did he 
buy ? 


24, Ifa carriage wheel 142 ft. in circumference takes one second 
more to revolve, the rate of the carriage per hour will be 25 miles 
less : how fast is the carriage travelling ? 


25. <A broker bought as many railway shares as cost him £1875; 
he reserved 15, and sold the remainder for £1740, gaining £4 a share 
on their cost price. How many shares did he buy? 


26. A and Z are two stations 300 miles apart. ‘lwo trains start 
simultaneously from A and 4, each to the opposite station. The 
train from A reaches B nine hours, the train from B reaches A four 
hours after they meet: find the rate at which each train travels. 


97, A train A starts to go from P to Q, two stations 240 miles 
apart, and travels uniformly. An hour later another train B starts 
from P, and after travelling for 2 hours, comes to a point that 4 
had passed 45 minutes previously. The pace of B is now increased 
by 5 miles an hour, and it overtakes A just on entering QY. Find 
the rates at which they started. 


98, Acask P is filled with 50 gallons of water, and a cask Q with 
40 gallons of brandy; x gallons are drawn from each cask, mixed 
and replaced; and the same operation is repeated. Find x when 
there are 8£ gallons of brandy in P after the second replacement. 


29. Two farmers A and B have 30 cows between them ; they sell 
at different prices, but each receives the same sum. If 4 had sold 
his at B’s price, he would have received £320; and if B had sold his 
at A’s price, he would have received £245. How many had each? 


80. A man arrives at the railway station nearest to his house 
11 hours before the time at which he had ordered his carriage to 
meet him. He scts out at once to walk at the rate of 4 miles an 
hour, and, meeting his carriage when it had travelled 8 miles, 
reaches home exactly 1 hour earlier than he had originally expected. 
How far is his house from the station, and at what rate was his 
carriage driven ? 

EA. P 


214 © ALGEBRA. [CHAP. XXVII. 


31. P is a point in a line AB of length a. Find AP when 
AB.BP=AP?. Explain both solutions. 


32. Ifa straight line 6 em. in length is divided internally so that 
the rectangle contained by the whole and one part is equal to the 
square on the other part, find the segments of the line to the nearest 
millimetre. 


33, A line AB is produced to P so that AB. AP=BP*. If 
AB=8 em., find the lengths of AP and LP to the nearest milli- 
metre. 


34. If a line AB of any length is divided externally as in the 
last Example, shew that 


(i) AB?+AP2=3BP?; (ii) (4B+AP)P2=5BP2. 


85. A line AB is produced to P so that BP?=2AB% If 
AB=3'5 cm., find AP to the nearest millimetre. 


36. Find a point P ina straight line 4B so that 
AP(AP-BP)=BF*. 


If AB=4°2 cm., find AP and BP to the nearest millimetre. By 
substituting these values verify the truth of the given relation. 


37. Divide a straight line 13 centimetres long into two parts so 
that the rectangle contained by them may be equal to 36 square 
centimetres. 


38. Justify the following graphical solution of the previous 
Example : 


On AB, a line 13 em. in length, describe a semicircle. At A 
draw AP perpendicular to AB and 6 em. in length; through P 
draw a line PYR to cut the semicircle in @ and R; draw QX, RY 
perpendicular to AB. Then AB is divided as required either at X 
or Y. Verify the algebraical solution of Example 37 by actual 
measurement. 


39. Solve the following equations graphically, taking a centimetre 
as unit and giving the roots to the nearest millimetre. 


(i) w(7—#)=12; (ii) a®-lla+380=0; 
(iii) a®-62+4=0; (iv) a2+13=82, 


CHAPPRR XOCVER, 
HARDER FACTORS. 


210. In Chapter xvi. we have explained several rules for 
resolving algebraical expressions into factors; in the present 
chapter we ‘shall continue the subject by discussing cases of 
greater difficulty. 


211. By a slight modification some expressions admit of 
being written in the form of the difference of two squares, and 
may then be resolved into factors by the method of Art. 133. 

Example 1. Resolve into factors v4+27y?+y%. 

t+ Py? + yt = (art + Qa?y? + 9/4) — Py? 

= (a? + y?)? — (ay)? 
= (x? + y?+ xy) (a? + y? — vy) 
= (x? + xy + y?) (a? — xy + 7”). 

Example 2. Resolve into factors a4 — 15x%y?+ 9y*. 

act — 15a2y? + 9y4 = (a4 — 6x?y? + 9y4) — 9a?y? 

= (x? — By?) (Bay)? 
= (x? — By? + Bary) (x? - 38y? — 3xy). 

212. Expressions which can be put into the form Bhi may 


be separated into factors by the rules for resolving the sum or 
the difference of two cubes. [Art. 136.] 


2 
Bxamplei. 3 - are = (=) ~ (302) 


=(2—s08)(4+0% + 06) 


Example 2. Resolve a?x?- = - Be into four factors. 
ae? — gus — e+ Sa Spe -l)- 5 a2 —1) 
Y Ge y 
oe: 
ae (a? = (2° = =) 
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Example 3. Resolve a® — 64a* - a® + 64 into six factors. 
The expression = a’ (a® — 64) — (a® — 64) 
= (a8 — 64) (a? — 1) 
=(a* + 8) (a* — 8) (a* - 1) 
=(a+2)(a*—2a + 4) (a-2) (a? +2a4 4)(a-1) (a?+a4+1). 
Hxample 4. 
a(a—1)a*-(a-b-1)ay—b(b+1)e={ax -(b+1)y}{(a-1l)a+by}. 
Note. In examples of this kind the coefficients of # and y in the 
binomial factors can usually be guessed at once, and it only remains 
to verify the coettcient of the middle term. 
213. From Example 2, Art. 52, we see that the quotient of 
+64 -3abe by a+b+e is a*+b?+c?—be-—ca—ab. 
Thus a+3+c3—3abe=(a+b+c)(a?+b? +c? — be—ca—ab)...(1). 


This result is important and should be carefully remembered. 
We may note that the expression on the left consists of the sum 
of the cubes of three quantities a, b, c, diminished by 3 times 
the product abc. Wheneveran expression admits of a similar 


arrangement, the above formula will enable us to resolve it 
into factors. 


Example 1. Resolve into factors a? - b* +c? + 8abe, 
a3 — b> +3 + 8abc=a* + ( -—b)? + c8 — 3a(—b)c 


=(a—b+c)(a?+b?+c?+be-ca+ab), 
-b taking the place of } in formula (1), 


Example 2. 
x3 — 8y° - 27 - 18xy =a + ( - Qy)> + ( - 3)8 - 3x( - 2y)( - 3) 
= (a —Qy — 3) (a? + 4y? +9 — Gy + 3a + Qaxry). 


EXAMPLES XXVIII. a. 

Resolve into factors : 
xt + 1627 + 256. 
ct + af ~ Taty?, 
at — Ba:2y/? +- 9, 


4m! + Ont = 24m? n?. 


Slat + 9a*h? + b4, 
m4 +n — 18m". 
dat + 9y4 - 9Bx*y?*, 
Dart + 4a + Lary? 
a — 190%? +. Q5y4, 10, 16a4+ b4 - 28a%)?, 


2 eo 
oo oo me PO 
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ee 12, 216a*-". 13, S+y 
3473 8h3 23 

4, a5). is) = + 1000: 16. 4,-%. 
Resolve into two or more factors : 

17. xy + 3xy? — 323 - y’%. 18. 4mn?— 20n + 45nm? — 9m. 

19. ab(w?+1)+ax(a?+b?). 20. wz? (wt 1) + 2° (74-27). 

21. a®+(a+b)axv+ bx. 22. pn(in?+1)-m(p?+n?). 

93. 6ba(a?+1) —a(4a? + 9b?). 24, (2a°+3y?) a+ (2x? +8a?)y. 

25. (2a? - 3a?) y+ (2a? - 3y?) x. 

96. a(a—1)x?+ (2a?-1)a+a(a+]1). 

Q7. 3x°-(4a+2b)x+a?+ 2ab. 

98, 2a?x? —2(3b —4c)(b-c) y? + abaxy. 

99. (a?-3a+2)2?+(2a?-4a+l]l)v+a(a-1). 

30. a(a+1)a?+(a+b)ay—b(b-1)7”. 

81. v®+c?-—1+ bc. 82. a?+8c?+1 —6ac. 

33. a°+b?+ 8c — babe. 34, a®— 27b°+c3+9abe. 

35, a®-—b?-—c3—8abe. 36. 8a? +27b3+ c3 — 18abe. 

37, Resolve 23+ 8la*+ 6561 into three factors. 

88. Resolve (a4 = 2a7b? — b4)? — 4a4b+ into four factors. 

89. Resolve 4(ab+cd)? — (a?+b?—c? — d*)? into four factors. 

40. Resolve «8- _ into four factors. 

41. Resolve a! — y16 into five factors. 

- 42. Resolve x8 - y}8 into six factors. 

Resolve into four factors : 

43, S — 8x — a3 + 82°. 44, w+ ay — 8x53 — 8x9 

45. 29+ 29+ 64a + 64. 46, 4a-9b+ a ~ ae 

47, ah 2 _ = wt 45 a 48, 26 -25a2+61- sat 
Resolve into five factors : 

49, a7+a4- 16x - 16. 50. 16x27 -—Sla— 1624+ 81. 
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214. The actual processes of multiplication and division can 
often be partially or wholly avoided by a skilful use of factors. 


It should be observed that the formule which the student 
has seen exemplified in the preceding pages are just as useful in 
their converse as in their direct application. Thus the formula 
for resolving into factors the difference of two squares is equally 
useful as enabling us to write down at once the product of the 
sum and the difference of two quantities. 


Example 1. Multiply 2a+3b-—c by 2a-3b+e. 
These expressions may be arranged thus : 
2a+(3b-—c) and 2a—-(3b—-c). 
Hence the product ={2a + (3b —c)}{2a — (3b -c)} 
= (2a)? — (3b —c)? [Art. 133.] 
= 4a? — (9b? — 6be +c?) 
= 4a? — 9b? + 6he — c?. 


Example 2. Multiply (a2+a+1)a—-a-1 by (a-1)x-a®+a-1. 
The product ={ (a? + a+ 1)a—(a+1)}{(a—-1)a-(a®?-a+1)} 

= (a3 — 1) a? - { (a4 +a? +1) + (a? -1)}2 + (a5+1) 

= (a5 - 1) x? - (a4 +20") 2+a3+1 

= (a3 — 1)? — a? (a? +2)2+a3+1. 


Note. The product of a?+a+1 and a®?—a+1 is a4+a?+1 and 
should be written down without actual multiplication. 


Example 3. Multiply (3 +a - 2x)? — (3 — a4 Qa). ee (1), 
by (B + ao Dar8)8 — (Bw — Da )®, ., . wassscrcansen (2). 

The expression (1) 

=(3 +a —2u°+3- x44 2a) (34+ a -— 2a - 34+ a - 2x") 

= 6 (2a — 4°) 

= 12a(1 -— 22), 
The expression (2) 

= (3+ a+ Qu? +3 - a2 — Qa) (3 + a + Qa®-3 +a + Qxr¥) 

= 6 (2a + 4a:*) 

= 12% (1 +22). 
Therefore the product = 12a(1 — 2x) x 12%(1 4+ 22x) 

= 1442°(1 — 42°), 
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Example 4. Divide the product of 22°+x-6, and 62?-5x+1 
by 32?+5x-2. 
Denoting the division by means of a fraction, the required quotient 
_ (227+ @ — 6) (6a? — 54-1) 
. 32+ 5x2 —2 
__ (2a — 3) (+2) (3@- 1)(2e-1) 
(3a —1)(a+2) 
= (2x —3)(2%—-1). 


Example 5. Shew that (2x+3y-2z)?+(8e+7y+z)® is divisible 
by 5(a+2y). 

The given expression is of the form A*+ B%, and therefore has a 
divisor of the form A + B. 


Therefore (Qa + 8y — 2)? + (8a + 7y+2)8 
is divisible by (2a +3y —2)+(8a+7y+2z), 
that is, by 5a + 10y, 
or by 5 (a+ 2y). 


Example 6. Find the quotient when a +8 — 5b(25b? - 6a) 
is divided by a-5b+2. 


The expression = a + 8 — 12503 + 30ab 

=a? + (— 5b)? + (2)3-3. a( — 5b) (2) 

= (a — 5b +2) (a2 + 2502+ 4+ 10) — 2a + 5ab). 

[Art. 213.] 
”. the quotient is a?+25b?+4+410b—-2a + 5ab. 

Example 7. If x«+y=a, and x«-y=b shew that 

4 (204 — 62y? +- 4/4) = 6a7b? — a4 — df. 

xt — 6x? y? + yt = (a4 — 2u2y? + y4) — 402g? 


2 1 9 
= (a8 — 2)? — 7 (Aecy)” 


inal ‘ 
={(x+y)(w-y)}?-F{(w@+y)?-(w@=yP}P? 
kL 
4 
4 (a4 — Gay? + y4) =4a°b? — (a? — b°)? 


=6a2b? — at — 64. 


= (ab)? ——(a? — 6)? ; 
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EXAMPLES XXVIII. b. 
Find the product of 


1, 2e-Ty+3z and 2x+7y-3z. 
2. 3x2-4ey+7y® and 322+ 4ary +7y?. 
8. 5a?+5axy-9y? and 5x? - Say - 9y*. 
4, 7x*-S8xry+3y? and 72?+ 8ry - 3y?. 
5, 4+ 2a°y 4+ Qary?+y% and x3 — 2Qar°y + Qay? - y3, 
6. (wty)?+2(a+y)+4 and (w+y)®-2(at+y)+4. 
7 (1+a+2a*)?- (1 —a—2a2)? and (1+a—2a?)?—(1-—a+42x?)?, 
8. (a?+3a—-1)?-(a?-3a-1)? and (a*+a+1)?-(a?-a+1)%. 
9, w-—42?+8x%-8 and a?+42°+8x+8. 
10. 2° - 6ax® + 18a2x -27a° and 2° + 6ax?+ 18a + 274°. 
aL, a= a- =e and rave ©. 


12. (2v?+3a+1)?-(2a*-3x-1)* and (x? + 6a —2)?- (a2 - 6x2 +2)* 


Find the continued product of 
13, w+axr+a%, x®-ax+a*, at—a%?+a4, 
14. 1-x+a%, l+ata%, 1-a®+ad, 1—at+ae, 
15. (a-x)*, (ata), (a? +2°)8. 
16. (1-2), (L+a)%, (1-+22)%, (14242, 
17, 2 +474+3, v?+a-2, 2?-524+6, 
18. v2+2u-3, x?-52+6, 22+32+42, 
19. w+2, 224+20+4, w-2, x? -Qr44, 
20. Multiply the square of a+3h by a? -6ab+9b?, 


21, Multiply $(a- D+ 5(b-eF+(c~a)? by atd-+e. 


22. Divide (4a +3y — 22)? - (3a -2y +432)? by a+5y = 52. 

23. Divide a+ 16a%a*+256a® by a? + 2aa + 4a®. 

24, Divide (3x + 4y - 22)? - (2x4 3y- 42)? by a+y+ 22. 

25. Divide the product of 24 7a410 and #+3 by a®+4+5x2+6. 
96. Divide 2x(a®-1)(w+2) by a+a-2, 

97. Divide 5a(a—11)(a®-a- 156) by a%+a?- 1322, 
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28. 
29. 


30. 
31. 


32 
33. 
34 


Divide v®+19a°-216 by (a?-3x+9) (a —-2). 


Divide (5x? — 3a - 6)? — (2x? -—7x+9)? by the product of 3x-5 
and x+ 3. 


Divide a9— b® by the product of a?+ab+b? and a®+ ab? + d°%. 
Divide (x* — 3x?y)? - (Bry? - y°)? by (w-y). 

Divide (a? — yz)? + 8y°23 by x?+ yz. 

Divide 18ay+1+272?-8y*? by 1+3a -2y. 


Divide (2a?+3a—-1)?—(x?+4x2+5)? by the product of 37+4 
and «+2. 


Divide the product of 6a?-23a+20 and 22a7-8la+14 by 
33a? — 50a + 8. 


Divide the product of x?+(a-—b)x-—ab and 2?-(a-—b)x-ab 
by 2+(a+b)x+ab. 


Divide a® — 8y° — 9a (3x?+2ay) by a-3x-2y. 
Divide 27 — 8x? — 64y? -72xy by 3-2(x%+2y). 
Shew that (2a - 3y+1)?-—(1-3x+42y) is divisible by 5(a -y). 
Shew that the square of x+1 exactly divides 
(a? + 02+ 4)3 — (43 — Qa + 3)?. 
Shew that 2b + 2d is a factor of the expression 
(a+b+c+d) -(a-b+c-d)*. 


Shew that (3x?-7x+2)°—(a?-8x2+8)° is divisible by 22-3 
and by x+2. 


Shew that (7x?+ 3a —3)*+ (5x? -— 4a —-3)8 is divisible by 42-3 
and by 3¢+2. 


Shew that the sum of the cubes of 2a?-5x2-—9 and 22+6x-—35 
is divisible by the product of 82+7 and x-2., 


If v+y=m and «-y=n, express x + y° in terms of m and n. 
If <+y=m and w—y=n, shew that 
16 (at — Tx?y? + oy) = (5m? — n?) (5n? — m?). 
Find the value of a4+27y?+y* when 2+ y=2a, «-y=2b. 
If x+y=2a and x -y=2h prove that 
xt — 23227? + y* = (Ta? — 3b?) (7b? — 8a?). 


Find the value of a4-472°y?+y* in terms of p and q when 
x+y=pand 2-y=4¢. 


Find the value of x4-—2x°y+2xy>-y* when x=a+b and 
y=a-b. 


CHAPTER XXIX. 
MISCELLANEOUS THEOREMS AND EXAMPLES. 


215. Examples upon the simple rules, e.g. Division, Highest 
Common Factor, Evolution, ete., frequently occur which cannot 
be neatly and concisely worked without a ready use of factors 
and compound expressions. These we have hitherto excluded 
as unsuitable for the student until he has gained confidence and 
power by practice. We propose in the present chapter to bring 
together a miscellaneous collection of examples, fer the most 
part not new in principle, but requiring some skill for their 
solution. The chapter will be found useful as a revision of the 
earlier chapters. 


Example. Divide 
at — (ap — b) a+ (aq —bp —c)a?+(bq+ep)a-—ceq by ax*+ba-ce. 
rae? + bee — c|aact — (ap — b) x? + (ag — bp — c) x? + (bq + ep)a — 0g x? -px+q 


aac + ba’ — cx 
— apa? + (ag — bp) x? + (bq + cp) x 
— apa’ — bpx* + cpa 
aqu* + bqa —cq 
age" _tbhge=og 


Note. When the coefficients in divisor or dividend are compound 
quantities it is best to retain them in brackets throughout the work. 


216. In the process of finding the highest common factor, 
by the rules explained in Chap. xvu., every remainder that 
occurs in the course of the work contains the factor we are 
seeking. Hence when any one of the remainders admits of 
being resolved into factors, we may often shorten the work. 

Example 1. Find the H.C.F. of 2a° - (4a - 3c) + 6(b — ac) a+ 9be 
and 2% + (2a + 3c) a® + (8ac — 4b) x — Bhe. 

Qa3 — (4a — 3c) a? + 6 (b — ac) a + 9be|Qa* + (Qa + 8c) x + (Bac — 4b) x — Bhell 
2a8 — (da ~ 8c) a + (6b — Bac) a + 9be 
6aax* 4 (9ae — 10b) a — 15be 

Now the remainder = 6ax* + 9acx — 10ba — 15be 

= 3am (2a + 3) — 5b (2a + 3c) 
= (2% +- 3c) (Baa — 5b). 
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Of these factors, 83ax2-—5b may clearly be rejected; therefore if 
there is a common factor it must be 27+38c. And by division, or by 
the method explained in Art. 152, we find that 2a + 3c is a factor of 
each expression. 


Hence the H.C.F. is 2a+ 3c. 
Example 2. Find the H.C.F. of (a?-2a)x?+2(2a-1)2-a°+1 
and (a?—a—-2)x?+(4a+1)x-a?-a. 
Each of these expressions can be resolved into factors as explained 
im Art. 212) hx. 4. hus 
(a? — 2a)? +2(2a—-1)e%-a?+1 =a(a-2)a?+2(2a-1)x-(a+1)(a—-1) 
={(a-2)x+(a+1)}{ax-—(a-1)}. 
(a2 —a—2)a2+(4a+4+ 1l)a-a?-a=(a-2)(a+1)2?4 (4a4+1)x-a(a+l1) 
={(a—2)x+(a4+1)}{(a+1l)x-a}. 
Hence the H.C.F. is (a-2)e+a+l. 


EXAMPLES XXIX. a. 


re 

if +(a+b+c)a*+(be+ca+ab)x+abe by «~?+(a+b)x+ab. 
Dp —(5+a)u?+ (4+ 5a +b) x? - (4a+5b)x+4b by x? -5xa+4. 
S: — (a — b) a? — (ab + 2b?) x +2ab? by x —b. 

4, 2—(p*+3q")x+2p’q— 29° by xt p+q. 

5. at ie ate. by w+m-+n. 

6. a(a—1)a?+(2a?-l)a+a(a+l1) by (a-l1)a+a. 


7, wi+(at+b)a*+(a?+ab+b?)x?+(a3+b3)2+a2b? by z+ax+b% 
8. 2/2? —2{38m —4n)(m—n)y*+lmxy by la+2(m—n)y. 
9, (a?+a—2)x?—(2a+1)xy—(a?+a)y? by (a—1)a-ay. 

x3 —(a—b —2)2?- (ab +2a -2b)a%-2ab by (a~—a)(~+2). 
11. (w+1)8+4(e@+1)84+6(@4+1)8+4(@4+1)?+1 by 242742. 
(m+1)(ba +an) b?x?—(n+1)(mbe+a)a® by ba-a. 


Find the H.C.F. of 
13. (m2 —3m+2)x?+ (2m2-—4m+1)x+m(m—-1) and 
m(m — 1)a? + (2m? —1)e+m(m +1). 
14, mpx*+(mq—np)x?—(mr+ng)xe+nr and 
max? — (me +na)a? — (mb —ne)xa+nb. 
15. 2ap?+ (3a — 2b) pq + (a — 3b) pq? — bq? and 
3ap* — (a + 3b) p7q + (2a + b) pq? — 2bq’. 


16. aca?+(be+ad)a?+(bd+ac)x+be and 
Qacau? + (2be — ad) x? — (Bac + bd)x — 3be. 
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Find the H.C.F. of 
17. 2a?a3 — (46+ 3) ax? + 2(3b—ac)a4-3¢ and 
Qa®x* + (2b — 3) ax* — (4ac + 3b) x + 6e. 
18. 2aax*+ (4a? — 1) ba? — (2Qab? + 3c)a—Gabe and 
ax? — (3 — 2a?) ba? + (2c — 6ab?) x + 4abe. 
Find the L.C.M. of 
19. wt-pa*+(q—-1)a?+pe-q and «at - ga?+(p-—1)a*+qu—p. 
20. p(pt+l)x?*+a-—p(p-1) and p(p+2)a?+2u-p*+1. 
21. (a*-5a+6)a?+2(a—1)x-a(a+1) and 
a(a—3)a*+ 12x -(a+1)(a+4). 
217. Weadd some miscellaneous questions in Evolution. 
The fourth root of an expression is obtained by extracting the 
square root of the square root of the expression. 


Similarly by successive applications of the rule for finding 
the square root, we may find the e/ghth, sixteenth... root. The 
sixth root of an expression is found by taking the cube root of 
the square root, or the square root of the cube root. 


Similarly by combining the two ght Po for extraction of 
cube and square roots, certain other higher roots may be 
obtained. 


Example 1. Find the fourth root of 
Slat - 2162%y 4+ 2162°y? — 96xz" + 16y". 


Extracting the square root by the rule we obtain 92? - 12xy +49? ; 
and hy inspection, the square root of this is 3. —2y, 


which is the required fourth root. 
Bxample 2. Find the sixth root of 
(- = "-6(«-2) 2-1) +9 aa ; 
x x a x} * 
By inspection, the square root of this is 


(#-3)-a(+-2), 


which may be written x - 32 +3. 5 ; 


ene 1 
and the cube root of thisis  w#- = 
which is the required sixth root. 


218. In Chap. vi. we have given examples of inexact division. 
In a similar manner when an expression is not an exact square 
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or cube, we may perform the process of evolution, and obtain as 
many terms of the root as we please. 


Example. To find four terms of the square root of 1+ 2a — 227, 


Thus the required result is 1 $0 — S24 Sa 

*219. In Art. 124 we pointed out the similarity between the 
arithmetical and algebraical methods of extracting square and 
cube roots. We shall now shew that in extracting either the 
square or the cube root of any number, when a certain number 
of figures have been obtained by the common rule, that number 
may be nearly doubled by ordinary division. 


*2290. If the square root of a nuinber consists of 2n+1 figures, 
when the first n+1 of these have been obtained by the ordinary 
method, the remaining n may be obtained by division. 


Let V denote the given number; a the part of the square 
root already found, that is the first n+1 figures found by the 
common rule, with z ciphers annexed ; x the remaining part of 
the root. 


Then /V=at+2; 
N=a?+2ar+.2? ; 
N-a xn 
oa a ye (1). 


Now V—d? is the remainder after +1 figures.of the root, 
represented by a, have been found ; and 2a is the divisor at the 
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same stage of the work. We see from (1) that V—a* divided by 


a2 


2a gives x, the rest os the quotient required, increased by — 5a 
We shall shew that 5 — ais a proper fraction, so that by neglecting 


the remainder ar aie ie the division, we obtain 2, the rest of 
the root. 

For 2 contains 2 figures, and therefore 2* contains 2n figures 
at most ; also a@ is a number of 2x+1 figures (the last 2 of which 
are ciphers) and thus 2a contains 2x+1 figures at least ; and 
therefore = 

From the above investigation, by putting x=1, we see that 
two at least of the figures of a square root must have been ob- 
tained in order that the method of division, which is employed to 
obtain the next figure of the square root, may give that figure 
correctly. 


Hxeample. Find the square root of 290 to five places of decimals. 
290 (17-02 
i 


27 | 190 ; 
189 
3402 | 10000 
6804 


3196 
Here we have obtained four figures in the square root by the 
ordinary method. Three more may be obtained by division only, 
using 2 x 1702, that is 3404, for divisor, and 3196 as remainder. Thus 


3404 ) 31960 (938 


is a proper fraction. 


13240 
10212 


30280 
27232 


38048 


And therefore to five places of decimals 290 = 17-02938. 

When the divisor consists of several digits, the method of con- 
tracted division may be employed with advantage. 

Again, it may be notice ‘4 that in obtaining the second figure of 
the root, the division of 190 by 20 gives 9 for the next figure ; this is 
too great, and the figure 7 has to be obtained tentatively. This is 
one of the modifications of the algebraical rule to which we referred 
in Art. 124. 
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* 221. If the cube root of a number consists of 2n+2 figures, 
when the first n+2 of these have been obtained by the ordinary 
method, the remaining n may be obtained by division. 

Let .V denote the given number ; a the part of the cube root 
already found, that is the first n+2 figures found by the common 
rule, with » ciphers annexed ; w the remaining part of the root. 


Then BV =atwv ; 
N=a? + 3a7x+ 30x? + 2° ; 
Nia Ba S 
ES A ic Tack acl Ae (1) 


“Bae a Bak 
Now V—da® is the remainder after +2 figures of the root, 
represented by a, have been found ; and 3a? is the divisor at the 
same stage of the work. We see from (1) that V—a? divided 
by 3a? gives x, the rest of the quotient required, increased by 
ae 8 
7 +2. We shall shew that this expression is a proper fraction, 
e 
so that by neglecting the remainder arising from the division, 
we obtain 2, the rest of the root. 
By supposition, x is < 10”, andia is >10°"*' ; 
Ue HO? sue Ny s Ly: 
ae e . 1 
and Be ONAL IS ete S 
saz <3x 10" »=3x 10" 
baer I 1 
a aa? “10 3x lor’ 


and is therefore a proper fraction. 


hence 


EXAMPLES XXIX. b. 


Find the fourth roots of the following expressions : 


act — 2823 + 294? — 1372% + 2401. 
an Yay 3s i 
mm? mm 
at + 8a3x + 16244 32003 + 2407x?, 


16 - 


i: 


1 +4 + 2x? — 83 — 5at+ 8x5 + 228 — 4a? + 28, 


1 + Sar + 20x? + 82:3 — 262-4 — Six® + 2026 — Sar? + x8, 


Sea Se 
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Find the sixth roots of the following expressions : 
6. 1462+ 15a? + 20x03 + L5at + 6ac5 + 26, 
7, 8 —12ax> + 240a4x? — 192a5x + 60a2.c4 — 160a%2:3 + 648. 
8, aS— 18a5a + 135a4a? — 540a%23 + 12150224 — 1458aa° + 72928. 


Find the eighth roots of the following expressions : 
9, x3 — Say + 28x87? — 56xy3 + T0atyt — 5627? + 28a2y8 — Say? + y8, 
10. {at+2(p—1)a5+ (p?-2p- 1)a?-2(p-1)x+1}4 


Find to four terms the square root of 


11, la, 12, 1-22. 13. 4+2m. 14 Tego 
15. a®--2. 16. 2?+a2. 17. at—32?. 18. 9a?+12ax. 


Find to three terms the cube root of 
19. 23a’, 20, S+a. 21, J +9n. 
99, 1-6x%+212%, 93, Wix®-—27a25-18at. 94, 64-482+92x°. 


Identities and Transformations. 


*222. Derinition. An identity is an algebraical statement 
which is true for all values of the letters involved in it. 
Examples. a3 +b =(a+b)(a®-—ab+b?). 
+o +29 - 3xyz=(a+y +2) (a2 + y+ 2 - ye—-ze- ry). 


* 223. An identity asserts that two expressions are always 
equal; and the proof of this equality is called “proving the 
identity.” The method of procedure is to choose one of the 
expressions given, and to phate by suceessive transformations 
that it can be made to assume the form of the other. 


Bxample 1. To prove that 
be(b -—c)+ca(c-a)+ab(a—b)= -(b-c)(c-a)(a—b). 

The first side =be(b —c¢) +c?a — ca? + ab — ab? 
=be(b—c)+a*(b 3c) —a(b? -c?) 
=(b=c){he+a®-a(b+c)} 
=(b-c){be +a? -ab-ac} 
=(b-—c){a(a—b)-c(a—b)} 
= “2 -c)(a—b)(a~c) 

~(b=c)(e-a)(a—b), 
changing the signs of the factor a—c, so as to preserve cyclic order. 
: [Compare Art, 229, Example 3.] 
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The expression on the left-hand side can Le readily put in the 
following forms : 
a*(b—c)+b?(c—a)+c?(a—-b}; 
—{a(b?—c?) +b(c?- a?) +¢ (a? — b?)}. 
Hence we have the following results : 
be(b-—¢)+ca(c-a)+ab(a-—b)= -(h-c)(c-—a)(a—-b) ;s 
a?(b—c)+b?(c—a)+c?(a—b)= —(b-c)(c—a)(a-b); 
a(b? — c?) +b(c?-— a?) + c(a? — 6?) =(b-c)(c—a)(a—-b). 
These identities are of such frequent occurrence that they should 
be carefully noticed and remembered. 


Example 2. If 2s=a+b+ce prove that 


AN 4 cl Se abe 
8—-& 8s—b s—c s a(s—a)(s—b)(s—c) 
The first side= (++) +(—.-=) 
s-a s-b 8-Cc 8 


s-—b+s-—a_  8-8s+c 
(a—w)(e—6) alee) 
_ 2s+a—b c 
~(s—a)(s—b)  8(s—c) 
a € 
(g—a)(sb) | s(e—e) 
= eee} 
~~ ( s(s—a)(s —6)(s—c¢) 
_¢{s*-cs+s? a8 —bs+ah} 
s(s—a)(s—b)(s—c) 
_€{2s?-s(a+b+c)+ab} 
~  g(s—a)(s—b)(s—c) 
on abe 
~ 8(8 5 Uls—b)(s—¢) 
Note. Here 2s is a convenient abbreviation of a+b+c; and the 
reduction is much simplified by working in terms of s instead of 
substituting its value at once. In examples of this kind, as a rule, 
the student should avoid substituting as long as the work can be 
carried on in terms of the symbol of abbreviation. 


, for s(a+b+c)=s. 28=22, 


Example 8. Tf 2?+u?=2(xy+yz+zu-y?— 2%) 


prove that C=7—2— 
By transposing, we have 
x2 —Qay ty? + y? —Qyz+224+2%-2zu+u?=0, 
or (x-—y)?+(y—z)?+(z-u)?=0. 
E.A. Q 
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Now since the square of any quantity is always positive, each of 
the expressions (a — y)*, (y—z)”, (z—)* is positive. ence their sum 
cannot be zero unless each of them be separately equal to zero. 


x-—y=0, y-z=0, z-u=0; 
or L=7—2—1. 
Note. The student should be careful to notice the difference 
between the conclusions to be drawn from the two statements 
(A) 2 (yi) 2), za reevats pov see beers (1), 
and (Bee) ay RO) es curate smacecepiemticeean (2). 


From (1) we infer that both e-a=0 and y—b=0 simultaneously, 
while from (2) we infer that either «-a=0 or y-b=0. 


*EXAMPLES XXIX. c. 


Prove the following identities : 


1. b (a? + a3) + axe (a? — a?) + a3 (e+a)=(a+b)(e+a)(x*-axv+a?). 

2. (ax-+by)? + (ay — ba)? + cPa? + cy? = (a? + y*) (a* + b? + c?), 

8. (xt+y)?+3(a+y)%2+3(a+y)2+28 

=(%+2z)84+3(a+2)y4+3(a+z)y+y 

4, (a+b+c)(ab+be+ca) -abe=(a+b) (b+c)(c+a). 

5, (a+b+c)?-—a(b+c-a)-b(at+e—b)-—c(at+b—c)=2(a? +b? +c). 
6. (w-yP+(e+yP+3(a -y)P(aty)+3(at+y)P(x ~y)=8ai, 

7. x (y—-z)+y?(z-x)+22(x-y)+(y ~z)(z-2)(w-y)=0. 

8. a@(b-c)+h3(c-—a)+c3(a—b)= —(b—c)(c-—a)(a—b)(a+b+e). 
9. If x+y+z=0, prove that 2°+43+2=32yz. 
10. Prove that (b-c)}+(c-—a)*?+(a—b)=3(b—c)(c-—a)(a—b). 


If 283=a+b+c, shew that 
11. (s—a)?+(s—b)?+(s—c)?+8=a2+b? +c? 
12. (s-a)?+(s —b)§+(s-—c)> + 3abc=8'*. » 
13. 168(3—a)(s —b) (8 —c) =2b?c? + 2c?a® + 2a*b? — at - b*— ct, 
14. 2(s-a)(s—b)(s—c)+a(s—b)(s—c)+b(8-c)(s-a) 

+c(s-a)(s-—b)=abe. 

If a+b+4+c=0, shew that 

15. (2a —b)? + (2b -¢)? + (2c - a)? =3(2a — b) (2b - c) (2c -— a). 
aa 1 Ce 
9a? be Db*+ca | Wp ab~ Ae 
17. Prove that 
(x + y + 2)? + (a+ y — 2)? + (a = y +2)? + (a - y - 2)? =4ar(a?4+ 8y? + 32%), 
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18. 


19. 


20. 


21. 


26. 


27. 


28. 


If a+b+c=s, prove that 
(s — 3a)8 + (s — 3b)? + (s — 3c)® — 3(s — 3a) (s — 3b) (s — 3c) =0. 
If X=b+c-2a, Y=c+a-2b, Z=a+b-—-2ec, find the value of 
X84 Y34+4-3X YZ. 
Find the value of a(a?+bc)+6(b?+ac) —c(c?-—ab) when a="7, 
oS, €="7TS: 
Prove that (a —6b)?+(b-—c)?+(c-a)? 
=2(c—b)(c—a)+2(b-a)(b—c)+2(a—b)(a—-c). 
Prove that a?(b° — c®) + b?(c? — a3) + c? (a? — b°) 
=(a—b)(b—c)(c-—a)(ab+bc+ca) 
=a?(b—c)> + b?(c— a)? +c? (a — b)? 
= —[a*b?(a — b) + b%c?(b -— c) + ca? (c —a)]. 


If (a+b)?+(b+¢)?+(c+d)?=4(ab+be+cd), prove that 
2 =W=C=6h 


If x=a+d, y=b+d, z=c+d, prove that 
et y+ 22 —yz— 2x -xy=a?+b?+c?-be-ca—ab. 


If a+b+c=0, prove that 
ee ee ee, 
b?+c?-a® c?+a?-b a 3 


ii a+b+c=0, ee 
BECro. 2 _ pe Pete es, OO ep re Ae 
be +¢ a) +=" —=(¢ +a? — b?) + ae (a? + b*—c?). 
Prove that the equation 
(x —a)?+(y —b)? + (a? +b? — 1)(2?+ y?-1)=0, 
is equivalent to the equation 
(ax + by — 1)?+ (bx -ay)?=0; 
hence shew that the only possible values of # and y are 
Se te 
a2+b?? a?+b2 


Tf D(a? fs a — an) y +b? - by) =2°y?+a°b?, shew that 
(x —a)?(y —b)? + (ba —ay)?=0, 
and therefore that =a, y=D are the only possible solutions. 


*224, We shall now give some further examples of fractions 
to illustrate the advantage of arranging expressions with regard 
to cyclic order. [Art. 172.] 
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Example. Find the value of 
a b io 
(a—b)(a—-c)(a—a) * (b-c)(b-a)(e—b) ' (e—a)(c-b)(@—c) 
Changing the sign of one factor in each denominator, so as to 
preserve cyclic order, we get for the lowest common denominator, 
(a —b)(b-c)(c-—a@)(@-—a)(x-—b)(a-c). 
The whole expression has for its numerator 
—[a@(b—c) (a -b)(a-c)+...... PR esschs ] 
or —[a(b -c) {x?-(b+c)a+be}+...... Bh aire le 
Arrange it according to powers of x; thus 
coefficient of 2? = —{a(b-—c)+b(c-—a)+e(a—b) 
= (is 
coefficient of x ={a(b? —c?) +b(c? - a?) +¢(a? — b*)} 
=(b-—c)(c—a)(a—b) ; (Art. 223.] 
terms which do not contain x 
= —{abc(b-c) +abe(c —a)+abce(a— b)} 
= -abe{b-—c+c-a+a-)} 
=0. 
2 ee! (b—c)(c—a)(a—b)x 
Hence the expression = Saoic- ale hin-alis tio 
_ x 
~ (% = a)(@—b) (ee) 
Note. In examples of this kind the work will be much facilitated 


if the student accustoms himself to readily writing down the follow- 
ing equivalents : 


(b-c)+(c-a)+(a—b)=0. 
a(b-—c)+b(c-—a)+c(a—b)=0. 
a*(b—c)+b?(c-a)+c?(a—b)= —(a—b)(b-c)(e-a). 
be(b -c)+ca(c—a)+ab(a—b)= -(a—b)(b-c)(ce-a). 
a(b? — c?) +b(c? — a*) + ¢(a® — b?) = (a —b)(b—c)(c—a). 
Some of the identities in xxrx, ¢, may also be remembered with 
advantage. 


*EXAMPLES XXIX. d. 


a Bens eae ote ¢c 
(a—b)(a- tO —c)(b- a) *(e —a)(e~b)" 
9 be ca ab 


(a—b)(a-c) * (b-c)(b a) ' (c- a)(e-0) 
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a i b2 Cc 
(a—b)(a—c) ‘ (b—c)(b—a) ' (e-a)(e—b) 

ae “é b8 i (oh 
(a—b)(a—c) * (b= c)(b- a)" (c-a)(c-b) 
a(b+c) b(a+c) e c(a+b) 
(a—b)(c-—a) (a—b)(b-c) (c—a)(b—c) 

1 ] 4 i! 
a(a—b)(a—- a b(b—c)(b—a) | c(e—a)(c—b) 

be Mi ca er ab 
a (a? — b?) (a — c?) * b(b? — c®) (b? — a?) © c(c? — a) (2 — 0) 
(w—b)(a-c) (x-c)(x-a) (x -a)(a—b) 
(a—b)(a—c) (b-—c)(6—a) (c—a)(c—b) 
be(a+d) ca(b+d) ab(c+d) : 
(a -b)(a—c) * (b—c)(b-a) * (c—a)(c-b) 


] 1 i 
(a—b)(a—c)(@—a) * @—c)(b—a)(a@—b)  (C-a)(e—b)(@—0) 
a2 a b? A Cc 
(a—b)(a-c)(x+a) (b-c)(b-a)(~+)) (c—a)(c—b)(a@+ce) 
a p2(0 +e) (b +a) let ay(e+d) 
(a —b)(a—c) (b—c)(b-a@) (c—a)(c—b) 

a3(b—c)+b8(c—a)+c8(a—b) 

(b—c)§ + (c—a)3+(a—6)? 

a?(b—c)+b2(¢c —a)+c?(a — b)+2(a—b)(b-c)(c- a). 

(b—c)?+(c—a)?+ (a —b)% 

b—c)-+b%(c—a)+c8(a—0) 

“i —c)+6?(c—a)+c?(a—b) 
Hey ee ay re (a—o) 

(a—b)(b- Sie a) 


*(b-0) +5 (c-a) +4 (a) 


ve 4 fa aoa 
ANP G2) | Net a2) ohate Be 

‘7 Tara he 
— 
be\c b ca ab 
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*225. To find when a a ae 0 bt Rs (iy 
ts divisible by A aS TS Sear ers ayavsncckegemeltew (2). 
Divide (1) by (2) in the ordinary way ; thus 


v+art+b B+ pa + 2+r v+(p—a) 
w+ ax? +be 


(p—a)a?+ (q—b) x+r 
(p- a)x+a(p—a) «+b(p- a) 
{q- b)—a(p—a)}a+r— —b(p- a) kidsaweneers (3). 


Now if the remainder is zero the division is exact. This is 
the case when 


{(q—-6)-a(p—a)}a+r—b(p—a)=0, 


b(p—a)-r 
ie 4" G—b—a(p—a) 
Hence when ~ has this value, (1) is divisible by (2). 
But if in (3), q—b-—a(p-—a)=0, 
and also  —b(p—a)=0, 


the remainder is equal to zero whatever value x may have. Thus 
aw +pa*+gqr+b is divisible by 2?+ar+b for ald values of 2, 
provided that 
q—b-a(p—a)=0, 

and r—b(p—a)=0. 

*226. To find the condition that x°+px+q may be a perfect 
square. 

Using the ordinary rule for square root, we have 


x +pr+q («+ 4 
x 

ar4 2 [POE 
prt 


If therefore 2?+pa+q be a perfect square, the remainder 


q ~£, must be zero, 


Hence g- =0, or p?=4g, is the condition required, 
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*297. To prove that x*+px°+qx?+rx+s ts a perfect square 


2\2 
of ( -F) =4s and r?=p’s. 


The square root must clearly be a trinomial expression of the 
form #7+/vc+m ; if therefore we put 
+ px + qa? +rv+s=(a7+lxe+m)?, 
we have, on expanding the right-hand side, 
a+ par+ qu? +ne+s=a4 + 2a + 27(1? + 2m) + Wma +n. 
Since this is to be true for all values of x, we may assume that 
the coefficients of the like powers of x are the same; hence 
2=p, ?+Im=4q, 
2im=r, ies. 
From these equations, by eiminating the unknown quantities 


Zand m, we shall obtain the necessary relations between 7, q, 7, 
and s. 


Thus we have q—¥=2m=2,/s 
r=2lm=pr/s ; 

( Pi a4s dy?=p2 

meer and 7? = ps. 


Note. The method of Art. 226 might have been used here. Also 
the method of the present article may be used to establish the 
results of Arts. 225 and 226. 


*228. The proposition in the preceding article has been 
given to illustrate a useful method, which admits of very wide 
application. In the course of the proof we assume the truth of 
an important principle ; namely, 

Tf two rational integral expressions involving x are identically 
ee the coefficients of like powers of x in the two\expressions are 
equal. 


[An expression is said to be ra¢éonal when no term contains a 
square or other root, and it is said to be zntegral with respect to x 
when the powers of are all positive integers. | 


The demonstration of this principle belongs to\a more 
advanced part of the subject, and could not be discussed com- 
pletely here. [See Higher Algebra. Art. 311.] 
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The Remainder Theorem. 
*229. Ifa rational integral algebraical expression 
X™-+ pix") + pox" ?-+ psx” F+ ... + PaaX +Pn 
be divided by x —a, the remainder will be 
a®+ pia"? + pra®—? + psa? +... + Pa-1a+ Pa- 


Divide the given expression by w—a till a remainder is ob- 
tained which does not involve a. Let @ be the quotient, and 2 
the remainder ; then 


BDU" + pga? +. nr + Pn=Q(e-a)+ KR. 
Since # does not contain x, it will remain unaltered whatever 
value we give to 2. 
Put z=a, then 
a” + pa") + pea"? + 0. + Pn-14+pr=Qx0+ KR, 
R=a"+ pia") + po? +... + Pn-1A+ Pn 5 
which proves the proposition. 


From this it appears that when an algebraical expression is 
divided by w—a, the remainder can be obtained at once by 
writing a in the place of # in the given expression. 


Again, the remainder is zero when the given expression is 
exactly divisible by e—a; hence we deduce another important 
proposition, known as the Factor Theorem. 


If a rational integral expression involving x become equal to 0 
when a is written for x, it will contain x —a as a factor. 
Example 1. Resolve into factors a* + 38a? - 132-15. 


By trial we find that this expression vanishes when x=3; hence 
x —3 is a factor. 


x3 + 3a? — 13a — 15 =a? (a — 3) + 6a (a — 3) +5 (a - 3) 
= (a — 3) (a? + 6x + 5) 
= (a — 3)(a+1)(x+ 5). 


Note. The only numerical values that need be substituted for 2 
are the factors of the last term of the expression. Thus, in the 
e— case, by making trial of —5, we should have detected the 
actor «+5, 
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Example 2. The remainder when x-2a°+a-7 is divided by 
x+2 is ' 
(= Bao (= 2) b= 2) = 73 
that is, 16+16—-2-7, or 23. 
Or the remainder may be found more shortly by substituting 
x= —2in [{(w-2)xe}e+]]a-7. 


Example 3. Find the factors of be(-—c)+ca(e-a)+ab(a—b). 
On trial, this expression vanishes when b=c; therefore b—c isa 
factor. Similarly c—a, a—b may be shewn to be factors. 
be(b-—c)+ca(e-a)+ab(a-—b)=M(b-c)(c—a)(a—D)...... @ 


and since the left-hand member of this identity is only of three 
dimensions in @, b, c, the factor M must be some numerical quantity 
independent of a, 6, c; its value can therefore be found by giving 
particular values to a, b, c, or by equating the coefficients of like 
terms on each side. 

Let a=0, b=1, c=2, then (1) becomes 


2(\-1)+0+0=M(-1)x2x(-1); 
whence M——1. 
be(b-—c)+ca(c-—a)+ab(a—b)= —(b-c)(c-—a)(a—)). 


*230. We shall now give general proofs of the statements 
made in Art. 55. We suppose 7 to be positive and integral. 


I. To prove that x°—y" is always divisible by x —y. 
By the remainder theorem when «#”—y” is divided by x-y 
the remainder is 
yy", or 0, 
that is, 2"— 7” is always divisible by 2—y. 
II. To prove that x°+y™ is divisible by x+y when n is odd, 
but not when n ws even. 
By the remainder theorem when x"+y” is divided by x+y 
the remainder is 
(—y)* hy" 
(1) ifmisodd, (—-y)*+y"=-y"*+y"=0; 
(2) ifmiseven, (-y)"+y"= y"+y"=2y"; 
hence there is a remainder when 2 is even, but none when 7 is 
odd ; which proves the proposition. 
In like manner it may be proved that #”—¥y” is divisible by 
x+y when n is even ; and a”"+y” is never divisible by x—y. 
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By going through a few steps of the division, the form of the 
quotient in each case is easily determined. The results of the 
present article may be conveniently stated as follows : 

(i) For all values of n, 
vw" —y" =(4—y) (v8 + a"—*y +0" FP + ty"). 
(ii) When x is odd, 
xz" +y"=(e@+y)(a2" Po xy +0" 8" — Yo +y"—). 
(iii) When x is even, 


a f* — (x +y)(a"-" B ae 7 ae gn-3 


yr —...—y"), 


*EXAMPLES XXIX. e. 


Find the values of w which will make each of the following 
expressions a perfect square : 

1, x4+6x3+ 1327+ 132-1. 2. a+ 6a5+ lla? +3a4 31. 

8, wt — 2ax + (a? + 2b) 2? - 3abx 4-207. 
2 

4, 4part — 4pqa? + (q? + 2p?) a — Spga +5 ‘ 

a> abx* 2acx® Qb*x® B5bcx ‘ ‘ 

iia iia a. a | Res Sh Val 

6. 24+ 2aa? + 3a%x? + cx +d. 

7 


Find the conditions that a4 — aa’ + ba? -cx+1 may be a perfect 
square for all values of a, 


Find the values of # which will make each of the following © 


expressions a perfect cube : 


2 
8, 8a: — 36x? + 56x — 39. 9 2) 2, sat8—o8a8, 


27\ 3 
10, m3x8 — 9m2nat + 39mn?x? — 51n8. 


11, Find the relation between } and ¢ in order that 
x + 3aa? + ba +e 

may be a perfect cube for all values of 2. 

12. Find the conditions that ; 
a8 + 3aa5 + Bhat +a (6b — 5a®) a8 + 3b(b - a?) a? + Bea +d 

may be a perfect cube for all values of w. 
13. What number must be added to a*+42x* in order that the 

expression may be divisible by «+4? 
14. If w+a be a common factor of 2®+pa+q and x*+la+m, shew 
-q 


that a= st 
l—p 
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Resolve into factors : 


15. x®-—62?+lla—6. 16. «? — 5a? — 2424. 
17. 2° + 9x? + 26x + 24, 18, 2° —a?—41x+105. 
19, «°-—39x+70. 90. «®—82?-3la—-22. 
21. 62°+72?-w-2. 292, 6x°+2?-19x+4+6. 


Write down the quotient in the following cases : 
aly? oA a8 — 8 95 a — 8 96 a9 — 9 
ety ° ety” Bee ee 


Find the square root of 
97, wit (2a—4)23 + (a? — 2a +4) x? + (Qa? - 4a)e+a2. 
98, (a@+1)%vt+ (2a?+ 2a)a? + (8a? - 4a — 6)a? + (2a? — 6a)x + a? — 6a +9. 


29. Find what values of m make 3ma?+(6m—-—12)2+8 a perfect 
square. 
80. If 4a4+ 12a°y+ Px?y?+ 6xy’ +7? is a perfect square, find P. 


Without actual division shew that 


81, 32x10- 332541 is divisible by 2-1. 

SO Sixt ba? — 18a? — 2004-4. Noi ccccewsnesee wenn — 4, 

33, 2+ 42° —dx"7—- 367-36 ..1............ x? —a—6. 
Without actual division find the remainder when 

34, 2° —5x?+5 is divided by 7-5. 

Bh, we — Tard + Swat + 5a? c. deec ose z+ 2a. 


36. If ax?-—bxe+c and dx*—ba+e have a common factor, then 
a® — abd + cd?=0. 
37. If be any positive integer, prove that 5°"-1 is always 
divisible by 24. 
38. Shew that 1-«-a"+2"t1 is exactly divisible by 
1-22 + x7. 
39, If x?+px+r and 3x?+p have a common factor, prove that 
ane 
hee ah 
40. Shew that if a+ py”"+qz” is exactly divisible by 
xv? — (ay + bz) x +abyz, 


then Ca ST a PTY 
q” bn 


CHAPTER XXX. 
THE THEORY OF INDICES. 


[Logarithms (Chap. xxx1x.) may be taken in connection with this 
chapter after Arts. 231-242 have been read. The articles marked with 
an asterisk may be postponed on a first reading. | 


231. Huirnerro all the definitions and rules with regard to 
indices have been based upon the supposition that they were 
positive integers ; for instance 

(1) a‘t=a.a.a... to fourteen factors. 
(2) a4x@=allt3=al, 
(3) a4tai=a-3=qi, 
(4) (a¥Baqt3 =a", 

The object of the present chapter is twofold: first, to give 
general proofs which shall establish the laws of combination in 
the case of all positive integral indices; secondly, to explain 
how, in strict accordance with these laws, intelligible meanings 
may be given to symbols whose indices are fractional, zero, or 
negative. 

We shall begin by proving, directly from the definition of a 
positive integral index, three important propositions. 


232. Derinition. When m is a positive integer, a™ stands 
for the product of m factors each equal to a. 


233. Prop. I. To prove that a™xa"=a™*", when m and n 
are positive vitegers. 
By definition, a@=a.a.a... to m factors ; 
a"=a.a.a... to n factors; 
a” xa"=(a.a.a... to m factors) x (a.a.a... to n factors) 
=a.a,a... tom+n factors 
=a™*", by definition. 
Cor. If p is also a positive integer, then 
a* xa xagraq*™tttr,. 
and so for any number of factors. 
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234. Prop. II. To prove that a™+a"=a™", when m and n 
are positive integers, and m > n. 
WO GOs isan tet to m factors 
@ @.4@.0......t0 nm factors 
=a.a.d......to m—n factors 


—7ym—n 
Ay . 


235. Prop. III. To prove that (a")=a™, when m and n are 
positive integers. 
GP —a™.a". a no. tO m factors . 
=(a@.a.a...to m factors)(a.a.a@...to m factors)... 


the bracket being repeated 2 times, 
S10) MONA ae Bo to mn factors 


236. These are the fundamental laws of combination of 
indices, and they are proved directly from a definition which is 
intelligible only on the supposition that the indices are positive 
and integral. 

But it is found convenient to use fractional and negative 


P 

indices, such as a*, a~', or, more generally, a%, a~"; and these 
have at present no intelligible meaning. For it is plain that the 
definition of a”, [Art. 232], upon which we based the three pro- 
positions just proved, is no longer applicable when m is fractional, 
or negative. 

Now it is important that all indices, whether positive or 
negative, integral or fractional, should be governed by the same 


o . . 
laws. We therefore determine meanings for symbols such as 


RP 
ai, a~", in the following way : we assume that they conform to 
the fundamental law, a” x a"=a™*t”", and accept the meaning to 
which this assumption leads us. It will be found that the 
symbols so interpreted will also obey the other laws enunciated 


in Props. 1. and 1. 


Pp 
237. To find a meaning for a‘, p and q being positive 
integers. 
Since ax a"=a™+" is to be true for adZ values of m and n, 
by replacing each of the indices m and by P| we have 
P io aut 2p 
atx at=ai I=qt, 
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Pp Pp 2p Pp 2p, P 3p 


PR 2 z 2 = 
Similarly, a’xa%’xat=a%xal=a% Yat‘, 


Proceeding in this way for 4, 5, ...... qg factors, we have 
z RP x yp 
BERK EF nono to g factors=a4 ; 
Pp 
that is, (a%)I=qP, 
Therefore, hy taking the g™ root, 
Et 
ai=¥ a, 


or, in words, ai is equal to “the g™ root of a?.” 
Examples. (1) xt =x, 
(2) at=3/a. 
(3) 4t=49=,/64=8, 
(4) atxataat tight, 
(5) kx gtaphtip 
(6) 82h) x 4a* ot = 1208+ 844 — po0%y8, 


238. To find a meaning for a°. 


Since a"xa"=a™*”" is to be true for ald values of m and n, 
by replacing the index m by 0, we have 


a?x a= git 


=1. 
Hence any quantity with zero index is equivalent to 1. 


Baeample. o-° x g- be gh-ote—) = 90 =], 


239. To find a meaning for a>”. 


Since a” x a"=a™*" is to be true for all values of m and 2, by 
replacing the index m by ~x, we have 


an" x gag?" = g?, 
But @=1; 


n 
A 
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hence ane, 

a 
and a= Be 

am 
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From this it follows that any factor may be transferred from 
the numerator to the denominator of an expression, or vice-versa, 


by merely changing the sign of the index. 


Heamples. (1) aoa. 
1 4 
(2) =a) NY: 
y = 
= ae! 1 il el 
Oo = ~ bet ees 
Cl AI ge eT UBinee ae 
240. To prove that a®+a®=a™™ for all values of m and n. 
™m _s+ n ™ il 
a” a" =a™ X — 
a 
(01S 


=a", by the fundamental law. 


i 
’, 3 7 FOU — ye 5 
Examples. (1) a?+a°=a* =a =e 
8 13 
(2) cto ®=c Fe =c% 


241. The method of finding a meaning for a symbol, as ex- 
plained in the preceding articles, deserves careful attention. The 
usual algebraical process is to make choice of symbols, give them 
meanings, and then prove the rules for their combination. Here 
the process is reversed ; the symbols are given, and the law to 
which they are to conform, and from this the meanings of the 


symbols are determined. 


242. The following examples will illustrate the different 


principles we have established. 
Ba 2 3a 


Baty 5a7y" 


Hxamples. (1) 


a os 
a wae sae x6a.°. 4. 
(2) ame 5 ae 
9a > xa? 
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(4) 2,/a+ te 2a? +3a? +a% 


=6at + at =a8(5 +a’), 


OF EXAMPLES XXX. a. 
ad Express with positive indices : 
1, 204, 2, 3a.8, 8, 4c“%a 4, Sta 
1 1 8a-2a2 soy? 
5. 4a72. 6. ee: 7. By?e~4 ~ 8. b-2 ~ 


9, Qn? x 3-1, 10. 1+2a7, li. 2ay?xa- 12: a Mets Be. 


1 1 2 ocd 
13. ae 14, 4e/x-3 15. vy 16. Jan ” 
17, a-%x tea, 18, Yatra 19, Yaz Ya? 
Express with radical signs and positive indices : 
20. x, a1. a?, 99, 5x. 23. On" e. 
1 2 C 1 
eae 29. —- 26. =5- : ‘ 
- 2at “i 2 . es 


b 
28. ant x oe 29, ane +2a7, 80. "at xa, 


Lat an? se Ree 
31. — 7 32. 7 33. = 34, %, at 
a x \ 
$5. 3/a? x 2a". $6, Bfa~*+8/a-™. 3 87. Wax e/a’. 
$8, e/e+ We". 89, X/a? + g/a*, 40, s/a"x S/a" + B/a, 


¢ 
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Find the value of 
5 _5 

AY 1G% 42, 47%  -43, Te5®. 


46. <ts. 47. 243%. 48, ry 49. ely 50. (2 


25- 


cho 
hx 
io. 2) 
zn 
= 
qn 
wo 
lor) 
= 


*243. To prove that (a™)*=a™ is universally true for all values: 
of m and n. 


Case I. Let n be a positive integer. 


Now, whatever be the value of m 


(EN ON oes to n factors 
== qmtm+m+ Pivses to n terms 


= (Die. 
Case II. Let m be unrestricted as before, and let n be a 
positive fraction. Replacing n by ¥, where p and g are positive 
P 
integers, we have (w”)"=(a™)q 


P se 
Now the g™ power of (a@”)¢={(a™)2}4 


Bia 
Hite ; [Case I.] 
= (ahiu P 
=a, [Case I.] 


Hence by taking the g™ root of these equals, 
Pp 
(a™yi= Yam 
mp 


=a". [Art. 237.] 


Case III. Let m be unrestricted as before, and let n be any 
negative quantity. Replacing n by —7, where 7 is positive, we 
have 


(GEN (Ge [Art. 239. | 


ory 
[Case IT.] 


—m™m mn 


SN 0) 


Hence Prop. ut, Art. 235, (a”)*=a™" has been shewn to be 
p UL, 
universally true. 

E A. R 
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Examples. (1) (otyt =pt*F apf, 
(2) {(or3)8}-¢=(art)-4 a 
(oh, Agana? Samael = 


were = 


exe; 


*244. To prove that (ab)'=a"b", whatever be the value of n; 
a and b being any quantities whatever. 


Case I. Let 7 be a positive integer. 


Now (ab)"=ab.ab.ab...... to » factors 
=(a.a.a...to n factors)(b.b.b... to m factors) 
= npn 


Case II. Let x be a positive fraction. Replacing n by &, 
DP 


where p and q are positive integers, we have (ab)"=(ab).. 


P P 
Now the g™ power of (ab) ={(ab)}¢ 


=(ab)?, [Art. 243.] 
= gPhP 

2.2 
=(a%b4)%, [Case I.] 


eB fe 
Taking the g™ root, (ab)¢=a%b¢. 


Case III. Let » have any negative value. Replacing n by 
—r, where 7 is positive, 


] 
(ab)" =(ab)" = (aby 
= a"b", 


Hence the proposition is proved universally. 


The result we have just proved may be expressed in a verbal 
form by saying that the index of a product may be distributed 
over its factors. 

Note. An index is not distributive over the terms of an expres- 
sion. Thus (at +04) is not equal toa+b. Again (a2+b2! is equal 
to Va®+b®, and cannot be further simplified. 


) 
| 
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Eicamples. (1) (yz)8—?(ea)* (ay) os ye etroatara ea" 
NO ay 
k= (q, —b)-# x (a+b)-* 
={(a—b)(a+b)}-® 


=(a2— }2)-* 


(2) {(a—b)F}-* x {(a+b) 


*245. It should be observed that in the proof of Art. 244 the 
quantities a and b are wholly unrestricted, and may themselves 


involve indices. 
Examples. (1) (aty@2)8 = (a2y-1) Fa gdy Fs g byt 
ey 
(2) (a%afo- Ge assert _ , [ab-2\5 
. i - 3° ss 


bg/a-* * b,/a-* hae 


=(a5h 2 +N@b8p 


=(a°b"? + ab" *)8 


= (a) —a?. 


EXAMPLES XXX. b. 


Simplify and express with positive indices : 


1, /(Wieiiy. exe apy |B (ay) x (ay?) 


; < a“ a2 “ 1 
mee lan?\ «= tut cia? Ow a an 2 Nee 
i Cr) i ess) «MN (x) 


a4 {4/ (Car y*) ee . Sis Baca 19-—(4a-2 + 9x2)? 
ine ( x gon )t= a, L12—zo? + @x)i- 
Be VATA x (ant5-20-4)-F, 


LYN. 


N10 (a + Rx)". 
als. Na-b x Nab=3. 
LH. Sata x (abt) ~», 16, Sayer 


248 


ALGEBRA. CHAP. 


an... and express with positive indices : 


(a 2 3/x)-3 x a3 a6, 


(19 Sas Op x (any 8, 
of gas 


a*h an 2 


rs an? at Vee b ajq3) 


2, ie ao aca e 


AA ot, Jae 


a1 Ja 
se 


ee ee 
18. Vartkhen-k= (arb 7), 


L200 { (x - y)-3}"+{(w ey)". 


he oe 
22, tao: (G) ef 


4, Ya+b)'x (a2 0-2. 
-$,4\2 33 
@ *e7\2. =i 

se (ae) eS 


NER + a) | 


_ ~/(b8 — ab) 
» 


3 fp 2n wot Jag2n 
eat 90. (att )" 4S 
1 
aP- n ae—02)\ +5 
31. { oes cane} : ae ay” -1ybs (Sm) : 


tal (es). we tat (ey 


Qnx (2"- Te ] 36 7 ont ; 4n+i 
OnFT yc Qn—i * 4-" . (2")r-1 i (Q2jrwi , 
3. Qn a —2 gn+4 =H grr 

37. Qn aa : So R227 


246. Since the index-laws are universally true, all the 
ordinary operations of multiplication, division, involution and 
evolution are applicable to expressions which contain fractional 
and negative indices. 

247. In Art. 121, we pointed out that the descending powers 
of w are 

+ ha 
vadees wv, x, w il, > moe 
A reason for this may be seen if we write these terms in the form 


ate Of, 2, P,P", ot, ey aA 
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Example 1. Multiply B32 P+ 24 Qu8 by x? — 2, 
Arrange in descending powers of x. 
a det. 
% +2¢5+3a 4 
i 
x —2 
4 
x +2e +3 
2 =a 
—24 —4x*—6x * 


ae da? +3 _ Ga. 


Example 2. Divide 16a-*- 6a-*+5a-!+6 by 142071. 
2a-1+1)16a-?- 6a-?+ 5a—!+6( 8a-2-7a-1+6 


l6a3+ 8a? 
—l4a-*+ 5a} 
A | 
12a1+6 
12a-1 +6 


Example 3. Find the square root of 


E20} + 23 — 4, /(x°y-1). 


Y 


Getting rid of the radical signs, and arranging in descending 
powers of x, we have 


$ 
- Asity* + 4ar2y-1 sty? Qa 4.4 Yat - Qary~* +5 


Qa — Qay* - Axty-* + 4a2y-1 
= Axty? +4e2y-1 


1 | 
a} ioe 
Qn 2 _ Agy? 4 jot t_oy4 
| 


8 
<i 
| 
bo 
8 
de 
IQ BIS 


Note. In this example it should be observed that the introduction 
of negative indices enables us to avoid the use of algebraical fractions. 
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EXAMPLES XXX. c. 

Multiply 3x? 5 +80 t by det +3074, 

Multiply 3a* — 4at — a by 3a? +a7> 6a ®, 


Find the product of c*+2c~*-7 and 5-3ce~*+2c*. 


ce eh 


Find the product of 5+2a°*+ 3a-™ and 4x*-38a-% 
Divide Qla+a%+at41 by 82°41. 


Divide l5a - 3ad —2a7* + 8a by bat +4, 


Nog 


Divide 16a-*+6a-2+5a-1-6 by 2a-1- 


Divide 5st - et — 40-8 - 407-5 by vt 207%. 


so @ 


Divide 2la** +20 - 27a* -- 26a" by 3a*- 

10, Divide 8c-"- 8c"+ 5c" - 8c-*" by 5c"-3c~". 
Find the square root of 

11. 92-1224 10-407t +07, 

12, 25a +16 - 304-240" + 490°, 

13, 4a"+9a-"+ 28 - Ae 2 16%, 

14, 12a*+4-6a*+a+5a™. 

15. Multiply at — 8071 +407 - 2a) by 4a~?+at+4a7#, 

16, Multiply eau by 1- Sa. 

17, Multiply 2%/a@-at-“ * by 2a -3,/--a4 

18. Divide {/x?+ Ont owt - = by tad te = 

19. Divide 1-/a- 25 +20 by 1- a, 


20, Divide 44/22- 8x" - 54 Ye 48278 by Qe¥ 8 Wye - nae 


Vax 
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Find the square root of 
a 2 l5y (2) 2 
ay ie Sipe | ¥ 2 
21. 9a-*— 18a /y + 2 6b) 2) ty: 
: zs 4 y a3 
22. 4/x? -12.4/(x3y) + 25,/y — 24 (&) + 16x *y. 
3/2 
23. s1(< + 1) +307, (Fy — 1) - 1588 


—63/y. 


a 33 
4, = fit ae ly 
16 sly Que 


248. The following examples will illustrate the formule of 
earlier chapters when applied to expressions involving fractional 
and negative indices. 


a D: _h aD hh ce i ee REP 
Example 1. (a*-—b?)(a *+b %)=a* *-a *b%+a*b 2-54. 2 
Ey Je cee 
=l-a *b%+a*b 2-1 
ASDA Meg? 
—q*b gid kp 


Example 2. Multiply 2x°?-«?+3 by 229? +a4P-3, 
The product ={2x?? — (x? —3)}{2u*P + (x? - 3)} 

= (2x?)? — (xP — 3)? 

= 4204? — 2:°P + 62? — 9. 


=aehe 
2 


Hxample 3. The square of S07 2-43 
=9u +44+2-1-2.3u%.2-2.3x7. a F42.2.0°7 
=9e +4-4+a-1— 12x? — 6440 F 
= 9a —12n -24-4¢-# art, 
by collecting like terms and rearranging. 


nm 


5 —_3n n ees 
Hxample 4. Divide a? +a % by a +a ? 
3 —_3n n _ 7m 
The quotient =(a? +a *)t(a*+a 2) 
n eye ie — 7% 
={(a?)?+(a@ 7)3}+(a%+a ?) 


” 
a 2 


a) 


n. n. _n 
=(a?)?-a*?.a %+(a 


—-l+a™. 
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EXAMPLES XXX. d. 


Write down the value of 


qi, (a® —7) (at +3). 2. 
3. (7a -—9y-) (Tx + 9y-?). 4, 
5. (a*-2a-*)?. 6. 
zr 1 -—a . 
ile (« _ 5% ) ‘ 8. 
9. (ja? aa ry" 10. 
if 2 
11. (a -3- a-*) 12 
13, {(a+b)t+(a— yh}, ca 


Write down the quotient of 


15, 2-9a by x?+3a?. 16. 
17, a*-16 by at-4. 18. 
19, c%-c-* by t= 3, 20. 
21. a—25 by a +2". 22, 
23, 2-1 by xt-1. 24. 


Find the value of 


%, (x+xt-4)(a+a%+4). 98, 

Ap (2-a2b4a)(2+at+2), 28, 
4 ? 

thd. 30. 


at + 28/ ab + 4p' 


A 4 3/y-2 
31. au -43/x 39, 


Baet444af 


(4a: — 5a) (40 + 8a), 
(a™— y")(a-™ +y-"). 


2 
(a* +a)? 


(Saty? — 3x-ey->) (4a%y? + 5a-Ay-), 


(Bxty-® + 5a-ty?) (Barry? - 5a-ty-"), 


1 al 
(at —a %+4+2)%, 


{(a+b)? — (a —b) 2}. 


x! -27 by a? -3. 
e448 by 27+2. 
1-8a-5 by 1-2a-1, 
x-*-1 by 2*+1, 


ain 432 by a +2. 


(at +44 3074 (20b 44 - 307, 
(a* +7 + 3a-*)(a* - 7 -— 3a-*), 


x- Tat (142 as 


w-5 Jx-14° 


$ 
a*+ab— ja 


ab-b Ja-b 


CHAPTER XXXI. 


ELEMENTARY SURDS. 


249. Derinition. Ifthe root of a quantity cannot be exactly 
obtained the root is called a surd. 


Thus ,/2, 8/5, %/a’, ./q?+ 62 are surds. 

By reference to the preceding chapter it will be seen that 
these are only cases of fractional indices ; for the above quanti- 
ties might be written 


ae ae at 
27, 5%,.a@°, (a24-07)*. 


Since surds may always be expressed as quantities with frac- 
tional indices they are subject to the same laws of combination 
as other algebraical symbols. 


250. A quantity may be expressed in a surd form without 


6 
really being asurd. Thus ¢/7® or x*, though apparently a surd, 
can be expressed in the equivalent form x. 


251. A surd is sometimes called an irrational quantity ; 
and quantities which are not surds are, for the sake of distinction, 
termed rational quantities. 


252. In the case of numerical surds such as ,/2, 8/5,..., 
although the exact value can never be found, it can be deter- 
mined to any degree of accuracy by carrying the process of 
evolution far enough. 

Thus R/O =P 2ABG0GE. .cseneseses ; 


that is ,/5 lies between 2°23606 and 2°23607 ; and therefore the 
error in using either of these quantities instead of ,/5 is less than 
‘00001. By taking the root to a greater number of decimal 
places we can approximate still nearer to the true value. 

It thus. appears that it will never be absolutely necessary to 
introduce surds into numerical work, which can always be carried 
on to a certain degree of accuracy ; but we shall in the present 
chapter prove laws for combination of surd quantities which 
will enable us to work with symbols such as ,/2, 4/5, A/a, ... with 
absolute accuracy so long as the symbols are kept in their surd 
form. Moreover it will be found that even where approximate 
numerical results are required, the work is considerably simpli- 
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fied and shortened by operating with surd symbols, and after- 
wards substituting numerical values, if necessary. 


253. The order of a surd is indicated by the root symbol, or 
surd index. Thus 4/2, X%/a are respectively surds of the third 
and »*" orders. 

The surds of the most frequent occurrence are those of the 
second order ; they are sometimes called quadratic surds. Thus 


/3, Ja, Ve+y are quadratic surds. 


254. It will frequently be found convenient to express a 
rational quantity in a surd form. 


A rational quantity may be expressed in.the form of a surd of 
any required order by raising it to the power whose root the surd 
expresses, and prefixing the radical sign. Thus 

5 = 1/25 = 4125 = 4/625 = 2/5" ; 
ate=Ma+apr=V(a+2P=V(a+a)". 


255. A surd of any order may be transformed into a surd of 
a different order. 


256. Surds of different orders may be transformed into surds 
of the same order. This order may be any common multiple of 
each of the given orders, but it is usually most convenient to 
choose the /east common multiple. 


Example. Express J/a*, 3/b*, $/a° as surds of the same lowest 
order. 

The least common multiple of 4, 3, 6 is 12; and expressing the 
given surds as surds of the twelfth order they become W/a®, 2/b5, B/a™, 


257. Surds of different orders may be arranged according to 
magnitude by transforming them into surds of the same order. 
Example, Arrange ,/8, 2/6, 4/10 according to magnitude. 


The least common multiple of 2, 3, 4 is 12; and, expressing the 
given surds as surds of the twelfth order, we have 


J3 =12/38 = 19/729, 
6 = 2/64 = 8/1296, 
4/10 = 2/108 = 2/1000. 
Hence arranged in ascending order of magnitude the surds are 
J/3, 4/10, 3/6. 
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‘EXAMPLES XXXI. a. 


Express as surds of the twelfth order with positive indices : 


A at Sy 
1 2. Di ee: 3, Slax x Sa-ly-2. 
1 6 
ee Od mk Gh ag atts 
=: Ya a~ 
Express as surds of the x™ order with positive indices : 
i 4 aa es 
t de. Se Oy nae: 10. a an, 
4 4 
= 1 3 2 
11. a/ a (3 eee 4 =. 
BMV a y Tomi 
Express as surds of the same lowest order : 
HG. xf, c/a: 16. 8/a%, /a. 17. S/x?, Sx8, Ria. 
18, A/x*, Ya. 19, Nato, ab. = 20. Naa, Natat. 


Bie nfo, SHUT CMISt” ZO) ISHS 60") LORS MSIE aie BAe 


258. The root of any expression is equal to the product of 
the roots of the separate factors of the expression. 


1 
For Vab=(ab)" 
cot 
ang [Art. 244. ] 
— kore fey 
Similarly, Vabe=wa.r/b.XJe; 


and so for any number of factors. 


Examples. (1) 4/15 =A/3 . a5. 
(2) Sa%=Nas. Vb=a28/b. 
(3) /50 =/25. /2=5,/2. 

Hence it appears that a surd may sometimes be expressed as 
the product of a rational quantity and a surd ; when so reduced 
the surd is said to be in its se¢mplest form. 

Thus the simplest form of ,/128 is 8,/2. 


Conversely, the coefficient of a surd may be brought under 
the radical sign by first reducing it to the form of a surd, and 


then multiplying the surds together. 
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Examples. (1) 7/5 =,/49./5=,/245. 
(2) av/bb=S/a8. Sb=ak. 
When so reduced a surd is said to be an entire surd. 


259. When surds have, or can be reduced to have, the same 
irrational factor, they are said to be like ; otherwise, they are 
said to be unlike. Thus 


5/8, 24/3, +3 are like surds. 


But 3,/2 and 2,/3 are unlike surds. 


Again, 3/20, 4/5, NE are like surds ; 
for oe simian ge 
and NE = =he /5. 


260. In finding the sum of a number of like surds we reduce 
them to their simplest form, and prefix to their common irrational 
part the sum of the coefficients. 


Example 1. The sum of 3,/20, 4,/5, a 
N 
- 1 

=6,/5 + 4./5 + zv5 


3 
- Bo 
Example 2. The sum of xi/8x8a + y8/— ya - 2/Ba 
=2. Qudlat+y(-y)ia-z. 28/0 
= (2a? - 7/ aie 
261. Unlike surds cannot be collected. 


Thus the sum of 5/2, —2./3 and /6 is 5,/2-2./3+./6, 
and cannot be further simplified. 


EXAMPLES XXXII. b. 
_ Express in the) simplest a! | 
4 7288. 4 47. 256 4 3/432. 
BA 3/150. — GB./720. 5/245. 8, 3/1029. 
WO 4/3125. 10. ¥ -2187. - 36a, a NOT aD, 
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13, 9 —108xiy® 14, Rainy 25, 15, Uxatye, 
16. Va? +2a%h+ab?. 17. S/S8uty — Q4ac¥y? + 24a%ys — Say! 
Express as entire surds : 
18. 11/2. 19. 14,/5. 20. 62/4. 21. 5/6. 
ae air 3ab . |20c? Ow (ee 
22. al aye ° SY 8 9a2b . 24, y ee . 
33 a pa ae Qa 4/ bt 
25. aN'e 26. = A/a 27. = Naas 
62 sr a y gent 
28. a qn? . 29. b qP-l . 30. an op 
81. (e+y)a/——*. Bin, te Ee 
e+Y a-xV ax 
Find the value of 
33, 3/45 —n/20+7/5. 34. 4/63. 5/7, — 8/28: 
35, /44-5,/176 +2,/99. 36. 24/368 — 5,/243 +/192. 
37. 23/189 +3.23/875 — 73/56. 38, 53/81- 72/192 +4 3/648. 
39. 3.4/162 — 74/32 + 4/1250. 40. 5</—54-2N/-16 +4 3/686. 
4), 4/128 +4,/75 - 5/162. 42, 5/24 2/54 - /6. 
O59 _. fk u lek: 1 
43, \/252-,/294- 48/5. 44, 3a/147—2a/2— alan 


262. To multiply two surds of the same order: multiply 
separately the rational factors and the irrational factors. 


i 1 
For ava x bey=ax x by” 
id 
=abury n 
i 
=ab(xy)” 
=ab xy. 
Euamples. (1) 6,/8x3,/7 =15,/21. 
(2) 2N/6xX3x/e—Onm, 
(3) Na+bx Va—b= X(a+b)(a—b) = Va? - D2. 
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263. If the surds are not in their simplest form, it will save 
labour to reduce them to this form before multiplication. 


Example. The product of 5,/32, ,/48, 2,/54 
=5.4,/2x4,/3x2.3,/6=480. /2. /3. /6=480 x 6=2880. 


264. To multiply surds which are not of the same order: 
reduce them to equivalent surds of the same order, and proceed as 


before. 


Example. Multiply 53/2 by 2,/5. 
The product =5 $/2? x 2 £/53=10 0/2? x 58 =10 6/500. 


265. Suppose it is required to find the numerical value of 
the quotient when ,/5 is divided by ,/7. 


At first sight it would seem that we must find the square 
root of 5, which is 2°236..., and then the square root of 7, which 
is 2°645 ..., and finally divide 2°236 ... by 2°645...; three trouble- 
some operations. 

But we may avoid much of this labour by multiplying both 
numerator and denominator by ,/7, so as to make the denomi- 
nator a rational quantity. Thus 


Jb_J/5 JT _N5K7_/35 


— - ss Pe 


wt at at” Oe 7 


Now /35=5'916 ... 
/5 6916... 
<= ——— = 845... 
V7 7 = 


266. The great utility of this artifice in calculating the 
numerical value of surd fractions suggests its convenience in the 
case of a// surd fractions, even where numerical values are not 


; feat ace /t 
required, Thus it is usual to simplify “~~ as follows ; 
\ 


The process by which surds are removed from the denomi- 
natorof any fraction is known as rationalising the denominator. 
It is effected by multiplying both numerator and denominator 
by any factor which renders the denominator rational, We shall 
return to this point in Art, 270, 
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267. The quotient of one surd by another may be found 
by expressing the result as a fraction, and rationalising the 
denominator. 

Example 1. Divide 4,/75 by 25,/56. 

OO 4 Aesgs 20/8 

Eee Teo a6 on awle oid 
_ 23K J14 _ 2n/42_/42 

Sx IES a/TE PGpe la Sb. 

Ab _ boxe _Nhe_Nbe 
See Ore err NG 


Example 2. 


EXAMPLES XXXII. c. 


Find the value of 


7 2/14 x21 A BBX A/G. BY 5a x2n/3. 
A 2/15 x Br/J5. 68/12 x.3,/24. BO Vae+2xd/e—2. 


Te 21,/384+8/98. 8. 5/27+3)/24. 9, -—13,/125=5,/65. 
10, S/168x 3/147. 11. 58/128x23/432. 12, 6,/14+2,/21. 


; Sui. & 3/48 , 6/84 
3 2 i lees). 5) So EN RO Ne 
dS. ayextisla., WA pgs ype 1? ma 4/308" 
3. /a? 4. [a3 3 Qe . | 8x8 
16. EN <3 N20" Wi a=0 Va=b Nae 


Given J/2=1-41421, /3=1°73205, ./5=2:23607, /6=2°44949, 
4/7 =2'64575 : find to four places of decimals the numerical value 
of 


14 25 10 48 
18. ek 19. Vir / 90. ay] 5 Die 76" 
22 2 144=+,/6 24 DR) 25 1 
. Jd . By TAM 5 Joa alo. \ 278 “ 
: re 25 256 
8. ry ag Bose 8. AN Tae 


268. Hitherto we have confined our attention to simple 
- gurds, such as 4/5, 3/a,Vv+y. An expression involving two or 
more simple surds is called a compound surd; thus 2,/a—3,/b; 
3/a+2/b are compound surds. 
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269. The multiplication of compound surds is performed 
like the multiplication of compound algebraical expressions. 


Example 1. Multiply 2,/2-5 by 3,/x. 
The product =3,/x7(2,/x —5) 
=6x -15,/z. 
Example 2. Multiply 2,/5+3,/x by /5-,/x. 
The product = (2,/5 + 3./x) (/5 —,/x) 
= 2/5. J5+B/5. /U-2/5. /e-3 Je. /z 
=10 -374+N5a. 
Example 3. Find the square of 2,/x +7 — 42. 
(Qafar +7 = 4a)? = (Qa for)? + (7 — 4ar)? + 4x 7 = de 
=4a +7 —4a+4/7x — 432 
=7+4N 7x — 42°. 


EXAMPLES XXXI. d. 


Find the value of 
WY (8x/x -5) -5) x 2./a. oie net. 


(Ja +./b) x Nab. oe 
5. (2/3 +3,/2)%. (/7 + 5/8) (2/7 - 4/8). 
7 (8/5 —4n/2)(2/5+3/2) | 8 (Bsfa-2,/x) aye +3,/2). 
9. (fx+Nu-1)xVe-1. 10, (We+a-Nx -a)xVx+a. 
ll, (a+ -2,a)%. 12. (2Ja-N1+ 4a). 
13, (Va+a-Na- 2). 14. (Wa+x-2)(Va+x-1). 


15. (2+ /3 - J5)(/2+/3 + /5). 
16, (/5+3,/2 + /7)(/5+3,/2 -./7). 


Write down the square of 


17, NV2a+a-/2xr-a, 18, Vx- Qy? + Ja + De, 
19. Vm+n+NVm-—n. 20. 3Va?+b?-2/a?_ Bb, 


21. 3x,/2-3/7 - 222. 22, V4a2+1-/4e2-1, 
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270. One case of the multiplication of compound surds 
deserves careful attention. For if we multiply together the sum 
and the difference of any two quadratic surds we obtain a rational 
product. 


Examples. (1) (Ja+,/b)(Ja -./b)=(/u)? - (/b)? =a - b. 
(2) (3,/5+4,/8) (3,/5 — 4/3) = (8/5)? — (4,/3)? =45 — 48 = — 38. 
Similarly, (4-—/a+b)(4+Na+b) =(4)? - (Wa +b)?=16 - a —b. 


271. Derrinition. When two binomial quadratic surds differ 
only in the sign which connects their terms they are said to be 
conjugate. 

Thus 3./7+5,/11 is conjugate to 3,/7 —5,/11. 

Similarly, a@—a?—.2? is conjugate to a+Na?— 2”. 

The product of two conjugate surds is-rational. [Art. 270.] 


wz — 9a) ( 


Example. (3./a+n~ 3,/a —N/x — 9a) 


=(3,/a)? — (s/o — 9a)? = 9a = (a — 9a)= 18a — x 


272. The only case of the division of compound surds which 
we shall here consider is that in which the divisor is a binomial 
quadratic surd. If we express the division by means of a frac- 
tion, we can always rationalise the denominator by multiplying 
numerator and denominator by the surd which is conjugate to 
the divisor. 


Example 1. Divide 4+3,/2 by 5-3,/2. 
este /2_ 4432 5+3,/2 
hoee oe Dae 5+3,/2 


_20+18+12 V2+15/2 _ 38 4 27/2, 
25-18 7 


The quotient = 


b2 


Example 2. Rationalise the denominator oF ———. 
@+eP+a 


bh? Net Pa 
Pe Jaleo oa 
_ PAN e+e - a} 
~~ A(GF5-0?) — a? 
la? +0? -a. 


The expression = 
NS 


=N 


‘ 
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: V38+V2,. 7+4/3 
Example 3. Divide 2-,)3 Y B-/2' 


3+J2 J8-2 (/3)? — /(2)* 
= deed So Ae 2 hed BES A 
The quotient = 3 ca: J3 14-124+8,/3-7/8 
+ 
=27,87 —,/3, on rationalising. 
Example 4. Given ,/5=2°236068, find the value of — we 


Rationalising the denominator, 


87 _ 87 (7+2,/5) _ a eae, 
7-2/5 49-20 =3(7+2,/5) =34°416408. 


It will be seen that by rationalising the denominator we have 
avoided the use of a divisor consisting of 7 figures. 


EXAMPLES XXXI. e. 


Find the value of 


1. (9/2 -7)(9</2+7). 2. (84+ 5xf7)(3 - 6/7). 
3, (5x/8 - 2/7) (5x/8 2/7). 4, (2n/11+5,/2) (2n/11 - 5/2). 
5. (a+ 2n/b) (na — 2n/b). 6. (Bc - 2x/x) (Be + 2n/z). 
7, (Va+a-,J/a)(Na+x+,/a) 
8. (N2p+3q - 2./q)(W2p+3q + 24/9). 
9, (Va+x+Ja-2)(Va+a-Va-2). 
10. (52? = 3y? + 7a) (5V 2" - By? - 7a). 
11. 29+(11+3,/7). 12, 17+(3,/7+2,/3). 
13, (8/2-1)+(8./2+1) 14, (2/3 +7./2) + (5/8 - 44/2), 
15, (2a-n/xy)+(2Vay-y) 16, (8 +5) (5-2) +(5 -/5). 
17, —Nt_ 2 Nate 18, 2v15+8 , 8./3- 6/5. 
Ja- Jt alt 5+/15 5 /8-3/6 


Rationalise the denominator of 


19, 2/B-4/2 _ 10,/6-2./7, 1 Nitv2 
7/3 -5,/2 ' 3,/6+2,/7 942/14 
2./3 + 3/2 2 2 
Syste. a a Oh.) —iguetie seins 
0+ 2/6 wee n/a? — y? Vot+a2+a 


JT 4+ a2 -J/ 1-22 26. 2Va+b+3Va—b 


Vi+e+N1-2 QVJa+b-Na-b- 


————————————————————<—_— 
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J9+22=3 


N9+2°+3 


3+A/6 


at. 53 — 2/12 -J32+/50° 


28. 


Given ./2=1°41421, ./3=1°73205, ,/5=2°23607 : find to four 
places of decimals the value of 


1 3+£/5 [5+n/3 Rane 
99. oy 30. 52 3l. aie 32. 9245 
93 W5+15  /5-2 34, (2=./8)(7 — 44/3) = (8,/3 — 5). 


Bal) 325° 
273. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 
If possible let Jn=ata/m ; 
then by squaring, n=a?>+m+2a,/m ; 
n-a*—m 
iit Saree 


that is a surd is equal to a rational quantity ; which is im- 
possible. 


274. If x+/y=at+,/b, where x and a are both rational and 
s/y and 4/b are both irrational, then will x=a and y =b. 


For if 7 is not equal to a, let z=a+m; then 
atm+/y=at+/b; 
that is, Jb=m+J/y; 


which is impossible. [Art. 273. ] 


Therefore t=>4; 
and consequently, a= 0: 

If therefore e+ /y=atn/b, 
we must also have t—/y=a—A/b. 


275. It appears from the preceding article that in any 


equation of the form 
Pe ea LF oc tow dduntrensaead Winnes (aay, 


we may equate the rational parts on each side, and also the 
irrational parts ; so that the equation (1) is really equivalent to 
two independent equations, Y=A and Y=L. But this is only 
true when ./¥ and ./B are irrational. 
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276. If /a+J/b=/x+A/y then will /a—/b=./x —A/y. 


For by squaring, we obtain 


at b= 242 ay +y 5 
a=xr+y, /b=2./xy. [Art. 275.] 
Hence a—J/b=x-2/ay+y, 


and Ja—J/b=/x—J/y. 
277. To find the square root of a+,/b. 


Suppose Jat+/b=Ja+n/y 5 
then as in the last article, 
CO a WEEE aye tv Pets Mareen ay ” (1), 
DS Gi ted WIN Gs wesdosisurainees Abe (2) 
(v-yP=(w+y) - dry 
=a*—b, from (1) and (2). 


x-y=Na?—b. 
Combining this with (1) we find 


_a+Na?—b a _a-Na?-b 
ca. >; and = = 


JTF iar AED nf ASD, 


278. From the values just found for v and y, it appears that 
each of them is itself a compound surd unless a?—b is a perfect 
square. Hence the method of Art. 277 for finding the square root of 
a+,/bis of no practical utility except when a?- is a perfect square. 


Example. Find the square root of 16 +2./55. 


Assume V16+2,/56 = a/c +n/y. 
Then 164+2,/55=2+4+2N ary + y. 
OU vie BY aa oes Fa ews ae shar om et taka cael (1), 
Dla mS IBS sins cigs Binsin ens vewens (2). 
(a = y)?=(a4+y)? = dary 
=.16®-4x 55; by (1) and (2). 
=4x9, 
fon ft aL MEET CoE EE ee (3). 


From (1) and (3) we obtain 
w=11, or 5, and y=5, or 1). 
That is, the required square root is ./11+./5. 
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In the same way we may shew that 
16-2 /55=x/11 —)/5. 
Note. Since every quantity has two square roots equal in magni- 
tude but opposite in sign, strictly speaking we should have 
the square root of 16+2,/55= +(,/11+,/5), 
(BERET POPP eR eer 16 —2,/55 = + (./11 —,/5). 
However it is usually sufficient to take the positive value of the 


square root, so that in assuming Ja —Jb=./x - /y it is understood 
that xis greater than y. With this proviso it will be unnecessary 
in any numerical example to use the double sign at the stage of work 
corresponding to equation (3) of the last example. 


279. When the binomial whose square root we are seeking 
consists of two quadratic surds, we proceed as explained in the 
following example. 


Example. Yind the square root of ./175 —,/147. 
Since J/175 -/147 =a/7 (25 — 21) =A/7(5 - /21). 
seihiO— 147 Sait. Noe 


And, proceeding as in the last article, 


J5=Pa=a/5- 4/53 
2 Ale =47( a/5- 4/3). 


280. The square root of a binomial surd may often be 
found by inspection. 
Example 1. Find the square root of 11+ 2,/30. 


We have only to find two quantities whose sum is 11, and whose 
product is 30; thus 


11 +2,/30=645+2/6 x5 
= (</6-+/5)*. 
» STT42./30=,/6 +.J5. 


Example 2. Find the square root of 53 - 12,/10. 
First write the binomial so that the surd part has a coefficient 2; 
thus 53 — 12,/10=53 — 2,/360. 


We have now to find two quantities whose sum is 53 and whose 
product is 360; these are 45 and 8 ; 
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hence 53 - 12,/10=45 +8 -2,/45 x8 
= (/45 — /8)? 5 
». /53—12,/10=,/45 -./8 
=3,/5-2,/2. 


EXAMPLES XXXI. f. 


Find the square root of each of the following binomial 
surds : 


1, TAS 10. 2, 13+2,/30. 90°8 = 2b77. 

4, 5+2Y6. 5, 75+12/21. 6, 18-85. 

7, 41-24,/2. 8, 88+ 12/35. 9, 47 -4,/33, 

4 
10. 24+./5. ll. 45- v3. 12. 16+5,/7. 
13, ./27+2./6. 14, ,/32-,/24. 15. 3./5+,/40. 
Find the fourth roots of the following binomial surds : 

16, 17+12y2. 17. 56+24,/5. 18, 245+32. 
19, 14+8/3, 20, 49 - 20,/6. 21. 248+32./60. 


Find, by inspection, the value of 
99, /3-2/2. 23, /4+2./3. MA, /6-2,]5. 
95, /19+8./3. 26, /8+2,/15. 27, /9-2,/14. 
98, /11+4,/6. 99, /15-4,/14. 30. /294+6,/22. 


Equations involving Surds. 


281. Sometimes equations are proposed in which the un- 
known quantity sh under the radical sign. Such equations 
are very varied in character and often require special artifices for 
their solution, Here we shall only consider a few of the simpler 
eases, which can generally be solved by the following method. 
Bring to one side of the equation a single radical term by itself : 
on squaring both sides this radical will disappear. By repeating 
this process any remaining radicals can in turn be removed, 
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Example 1. Solve 2 Je -/4e—-11=1. 
Transposing 2 ja~1=,/42 —11, 
Square both sides ; then 4u -4,/x+1=4e -11, 

4, /a=12, 
Nos 
=: 
Example 2. Solve 24 /e%—-5=13. 
Transposing Naeo=i1. 
Here we must cube both sides; thus «—5=1331 ; 

whence T= 1336. 

Hxample 3. Solve Nic +$5 +380 +4=N/12e + 1. 


Squaring both sides, 
2+5+3x+442/ (245) (8x +4) =12e41. 
Transposing and dividing by 2, 


N (6425) (Bie + 4) 40 — 4 oo cc esn sorceress (1). 
Squaring, (a + 5) ( sae y 16a? — 32x + 16, 
or 132? -—5la—4=0, 


(2% Baste 0; 


w=4, or — PB 
If we proceed to verify the solution by substituting these values in 
the original equation, it will be found that it is satisfied by x=4, but 


not by x= - +7 But this latter value will be found on trial to 
satisfy the given equation if we alter the sign of the second radical ; 
ius N54 -V3244=N 190 +1. 
On squaring this and reducing, we obtain 
= iN) ees) Gadd Ve ie fe coc. cgaasanseuenaeeeme (2); 


and a comparison of (1) and (2) shews that in the next stage of the 
work the same quadratic equation is obtained in each case, the roots 


of which are 4 and — —, as already found. 


1 
13’ 

From this it appears that when the solution of an equation 
requires that both sides should be squared, we cannot be certain 
without trial which of the values found for the unknown quantity 
will satisfy the original equation. 
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In order that all the values found by the solution of the equation 
may be applicable it will be necessary to take into account both 
signs of the radicals in the given equation. 


EXAMPLES XXXII. g. 


Solve the equations : 
ae Ie -5=3. a7 =5. 

( a-Nu-4=3. A 13-N5u—4=7. 
eae 6, 2/3—Ta-3V/8x-12=0. 
. 28/5n- 36 =58/2e—7. 8” 922 — Naz —5 = 82 -2. 

V2e4+11 =./5. 10, V4? - Ta +1 = 2x - 1§- 
V2+25=1+,/x. 12. \8x+33-3=2 22. 
Vc+34+/u=5. 14, 10-V25+9a2=3, x. 
V2-44+3=VJe4Tl. 16. V9x-8=3/2+4 - 2, 


de +6 - JeaVe $3. 

N/8x +17 - V2 = 2x +9. 
V12x-5-/3x-1 = 27x -2. 
n/z424\/4041-NOn47 =0. 
Jat+nJ/4a+ =2Vb + x. Va-2+Nb+a=Ja+n/b. 
53/70a +29 —98/i4x — 15. X/a3 = Bal + Te —-M=2x-1, 
Yer ade =2v41. 30, Yiva+hi-e=ye. 


n/a — 29 - s/4a2-T1 =3./2. 
3x — 11 +N Bx =/122 - 23. 
J2+34V24+8-/42e421=0, 


Vat dab =2a + s/w. 


SASSRPSARSE ox 
SSERS & 


282. When radicals appear in a fractional form in an equa- 
tion, we must clear of fractions in the ordinary way, combining 
the irrational factors by the rules already explained in this 
chapter. 

BJe-11 Q/e+) 
Si/e xe +6" 
Multiplying across, we have 
6a + 25 ./x - 66 = 6x + 39x, 
that is, 25. /a - 3,/c=66, 
22, /2 = 66, 
/e=8, 
x=9. 


Example 1. Solve 
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Example 2. Solve /9+2xe-\/2x= pane 
9+ 20 
Clearing of Se, a Qu - ye (9+ 2x) = 5; 
Squaring, 16 + 16x + 4¢ ve = 182 + 422, 
1GO=2a5 
a8 
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Solve the equations: 


1, 62-21 82-11, g, Syie=28_Ove=17, 
" 3/a-14° 4,./e-18 YON = os Nao) 
3 Jx+3_ 3Je-5 oe Jet+3_Je+9 
ao Iie 18° : eo eT 
5 Zj/e—-1l jx-2 6 OJe-T_ - _ Tne 26° 
Defias fee © fe-TTnJae 21 
eet a8 
7 Lean pi. 8 MIF 
4,/x 45 QJ +5 l+a 
2 ee. 
9. Vz-l+ n=: 10} «xii =legn eee 
NS vx—8 
lee Tee 2,/le—N4e—-3= Bee 
ll. Vxe+5+4+,/x es 12. 2./e-N4e-3= aaa 
7" 6 >. 1 
= y xe — "7 =——>: 
is. 3sve= a =a5 eet NOE— 32 IA eT lore 
Cpe 
15. (set+11)(/xe-11)+110=0. 16. Oe Ne 
Jt—3 
ean al a ental 
iyi EN Sage, 18. ene oo 5} ; 
1 1 1 N24 xn4+/2—a 
——-—.+—-—__ = (), 2= = —_ 
19. es ES ere : 20. N2+a0-</2=2 
24-3 oe eae 2 3 Y= 4 
21. a. 22, 2-6+/e'Jt-2 e+ 


[Further practice in surd equations will be found on pages 
362, 363.] 


CHAPTER XXXII. 
RATIO, PROPORTION, AND VARIATION. 


Ratio. 


283. Derinition. Ratio is the relation which one quantity 
bears to another of the same kind, the comparison being made 
hy considering what multiple, part, or parts, one quantity is of 
the other. 

The ratio of A to B is usually written 4: B. The quantities 
A and B are called the terms of the ratio.. The first term is 
called the antecedent, the second term the consequent. 


284. To find what multiple or part A is of B we divide A 
by B; hence the ratio A: B may be measured by the fraction 


“a and we shall usually find it convenient to adopt this notation. 


In order to compare two quantities they must be expressed 
in terms of the same unit. Thus the ratio of £2 to 15s. is 
measured by the fraction a or 4 

Note. Since a ratio expresses the number of times that one 
quantity contains another, every ratio is an abstract quantity. 

285. By Art. 151, pad laid 


b mb’ 


and thus the ratio a:b is equal to the ratio ma:mb; that is, 
the value of a ratio remains unaltered if the antecedent and the 
consequent are multiplied or divided by the same quantity. 


286. Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator, Thus suppose 
a:b and »:7 are two ratios, Now anak. and v _ be 

: bby y by’ 
the ratio a:b is greater than, equal to, or less than the ratio 
w:y according as ay is greater than, equal to, or less than bx. 


; hence 
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287. The ratio of two fractions can be expressed as a ratio of 


a 

; eA i ets 
two integers. Thus the ratio fa 5 is measured by the fraction Ot 
Cc 

ad : : : a 

or i and is therefore equivalent to the ratio ad : be. d 


288. If either, or both, of the terms of a ratio be a surd 
quantity, then no two integers can be found which will -evactly 
measure their ratio. Thus: the ratio ./2 : 1 cannot be exactly 
expressed by any two integers. 


289. Derinirion. If the ratio of any two quantities can 
be expressed exactly by the ratio of two integers the quantities 
are said to be commensurable; otherwise, they are said to be 
incommensurable. 

Although we cannot find two integers which will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs from that required 
by as small a quantity as we please. 


/5 _ 2:236067... 


Thus a 7 = *559016).. 
coin) WSs BBIOIE yg» BEOOLT 
aude tieretore” — 7 = TORNOON 7000000" 


and it is evident that by carrying the decimals further, any 
degree of approximation may be arrived at. 


290. Derrinition. Ratios are compounded by multiplying 
together the fractions which denote them ; or by multiplying 
together the antecedents for a new antecedent, and the conse- 
quents for a new consequent. 


Example. ¥ind the ratio compounded of the three ratios 
2a : 3b, Gab : 5c?, c: a. 
Bab _c_ 4a 


2a 
The required ratio=5- x =, X-=z-: 
3b 5c? a (SC 


291. Derinition. When the ratio a: } is compounded with 
itself the resulting ratio is a? : 6°, and is called the duplicate 
ratio of a:b. Similarly a’: 6° is called the triplicate ratio 


of a:b, Alsoa?: 6 is called the subduplicate ratio of a: b. 
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Examples. (1) The duplicate ratio of 2a : 3b is 4a? : 9b”. 
(2) The subduplicate ratio of 49 : 25 is 7: 5. 
(3) The triplicate ratio of 22:1 is 82°: 1. 
292. Deriyition. A ratio is said to be a ratio of greater 


inequality, of less say series or of equality, according as the 
antecedent is greater than, less than, or equal to the consequent. 


293.. If to each term of the ratio 8 : 3 we add 4, a new ratio 
12:7 is obtained, and we see that it is less than the former 
oes 8 
because 7 is clearly less than 3 
This is a particular case of a more general proposition which 
we shall now prove. 


A ratio of greater inequality is diminished, and a ratio of less 
inequality is increased, by adding the same quantity to both its 
terms. 


Let ; be the ratio, and let be the new ratio formed by 
adding x to both terms. 
Now a atx _an—be 
b b+a” b(b+2) 
_ a#(a—b), 
~ b(b+x)’ 


and a—b is positive or negative according as @ is greater or 
less than 6. 


Hence if a> bd, > hee 
and if a<b, $< he 


which proves the proposition. 


Similarly it can be proved that a ratio of greater inequality 
is inereased, and a ratio of less inequality is diminished, by taking 
the same quantity from both its terms, 


294. When two or more ratios are equal, many useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 


The proof of the following important theorem will illustrate 
the method of procedure, 
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if LS 
: Ded f ; 
al 
each of these ratios = ( kee) : 
pb" +qd*+rf'+.../? 


where p, g, vr, n are any quantities whatever. 


a axe 
Let cos Gee Ih, 
then C=Ub ee, ek as 


whence pe =pok, go qa h™, re rf k™, .23 
: pa"+ qe tre" +... pork + qd" hk" +7f"k" +... 
© pb" +qd"+7rf"+... po" +gd"+rf"+... 
= hie ; 
= ge" +re" + ssiiaiet C 
DU gay} VU 


By giving different values to p, qg, 7, 7 many particular cases 
of this general proposition may be deduced; or they may be 
proved independently by using the same method. For instance, 
; Of, el) eaeeesee 
if ~=—=-, each of these ratios=;——_— 

Be ar Gay 


a result which will frequently be found useful. 


a Cc 


aes 5a - 3y 
wample 1. TE = 7 ralue of 52, 
ELxample 1 Ay q find the value o ay 
5a 15 
, ——~3 -—-3 
5a-B8y_ y sie Se 
7x +2y 12 9 219 29 
y 4 


Example 2. Two numbers are in the ratio of 5:8 If 9 be 
added to each they are in the ratio of 8:11. Find the numbers. 


Let the numbers be denoted by 5x and 8x. 


5x+9 8 
Then SRETORALL” 
i Oe 


Hence the numbers are 15 and 24. 


274 ALGEBRA, [cHAP. 


Example 3. If A: B be in the duplicate ratio of A+a: B+a, 
prove that 2°=AB. 

By the given condition, (422) =9: 

. B(A+a2)?=A(B+2)?, 
A°B+2A Bu + Ba? =A B?+2A Bet Az’, 
x?(A - B)=AB(A-B); 
. =e Dy 

since A — B is, by supposition, not zero. 


EXAMPLES XXXII. a. 


Find the ratio compounded of 


1. The duplicate ratio of 4:3, and the ratio 27:8. 
2. The ratio 32:27, and the triplicate ratio of 3: 4. 
8. The subduplicate ratio of 25 : 36, and the ratio 6: 25. 
4, The ratio 169: 200, and the duplicate ratio of 15: 26. 
5. The triplicate ratio of x: y, and the ratio 2y? : 32. 
6. The ratio 38a: 4b, and the subduplicate ratio of b*; a4, 
7, Ifa: y=5:7, find the value Mike A date 
8. If yah find the value of Pa —. 
9 if oe a=2:: 5; 2 the value of 2a—3b:3b-a 
10; if = :, and | =5 find the value of in by, 
ji. I ety: ty 5:13, find the ratio a: y. 
iy; Of = ei , find the ratio @: b. 
‘ a*+-b? =F 
13. If 2x:3y be in the duplicate ratio of 22-m:3y-—m, prove 
that m?= bay. 
14.) Tf PP Q be the subduplicate ratio of P-—a:Q-a, prove that 
t= 7D +O 
152 574 = ; prove that each of these ratios is equal to . 


8 


2a*e + Bee + 4e%e 
Qb*d + 3d%e +4f 2d" 
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16. ‘wo numbers are in the ratio of 3:4. and if 7 be subtracted 
from each the remainders are in the ratio of 2:3. Find them. 


17. What number must be taken from each term of the ratio 27 : 35 
that it may become 2:3? 


18. What number must be added to each term of the ratio 37 : 29 
that it may become 8:7? 


TOE WEE 5s ee in shew that p+q+r=0. 


Dia Vie et oth F, , Shew that x—-y+z=0. 
b+e ct+ta a-b 


21, If bay shew that the square root of 
ab — 2c°e + 3a4c?e? 
bY — 2d? f + 3b4cd?c? 


is equal to @° 4 


bap’ 


22, Prove that the ratio /Ja+me+ne:lb+md+nf will be equal to 
each of the ratios a:b, c:d, e:f, if these be all equal; and 
that it will be intermediate in value between the greatest and 
least of these ratios if they be not all equal. 


bu-ay cu—-az 2+y 


93, = = , then will each of these fractions be 
cy-az by-ax xw+z 
equal to 7 unless b+c=0. 
Dn Cae ‘ 2 
94, If Se , prove that each of these ratios is 


3Bz+y 2z-a 2y-3x 


equal to “; hence shew that either x=y, or z=2+y. 
y 


Proportion. 


295, Derinition. When two ratios are equal, the four 
quantities composing them are said to be proportionals. Thus 


if 74 then a, b, c, d are proportionals. This is expressed by 

saying that a@ is to b asc is tod, and the proportion is written 
GRO MEER S 

or GeO Grs De 


‘The terms a and d are called the extremes, b and c the means. 
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296. Jf four quantities are in proportion, the product of the 
extremes is equal to the product of the means. 


Let a, b, c, d be the proportionals. 


Then by definition $= 43 
whence ad = be. 


e Hence if any three terms of a proportion are given, the 
; 5 ad 
fourth may be found. Thus if a, ¢, d are given, then = 
Conversely, if there are any four quantities, a, 6, c, d, such 
that ad =be, then a, b, c, d ave proportionals ; a and d being the 
extremes, 6 and c the means ; or vice versa. 


297, Derrinition. Quantities are said to be in continued 
proportion when the first is to the second, as the second is 
to the third, as the third to the fourth; and so on. Thus 
a a i a are in continued proportion when 


If three quantities a, b,c are in continued proportion, then 
aib=6:¢; 
ac=b?, [Art. 296. ] 
In this case } is said to be a mean proportional between a and 
c; and c is said to be a third proportional to a and bp. 


298. If three quantities are proportionals the first ts to the 
third in the duplicate ratio of the first to the second. 


cv i} 
Let the three quantities be a, b,¢; then eas . 


b 
baa a 
N aa ba a_i. 
sil c b . 6 b&b & 
that is, are=a®: hr 


299. /fa:b=c:dande:f=g: h then will 
ae; bf =cg: dh. 


Vor a enw, 
For , q and 7h 
ae cq 


bf dh or ae: bf=eg : dh. 


XXXII. ] PROPORTION. 271 


Cor. If Ge =e 2a, 
and Wun a5 7, 
then G>L=C iy. 


This is the theorem known as ev equali in Geometry. 


300. If four quantities, a, b, c,d form a proportion, many 
other proportions may be deduced by the properties of fractions. 
The results of these operations are very useful, and some of 
them are often quoted by the annexed names borrowed from 
Geometry. 


eb, ii a: b—ed, then b2d—d.: ¢. [ /nvertendo. } 
4 a Fe pee Ss 
For ae therefore ae a? 
that is, Lge Key 
a Cc 
or ONG =Cin6 ‘ 
(Oy sliwnt-se1d, then.as'e= >: a. [ Alternando. | 
For ad=be ; therefore ad _be ; 
cd cd 
: @ 6 
that is, a 
or eG U Fe 
(3) If a:b=e:d, then a+b:b=c+d:d.  [Componendo.} 
a G a CG y 
For ee. therefore a = ee ; 
ere a+b c+d_ ! 
that is, aa ae 
or a+b:b=ct+d:d. 
(4) If a:b=c:d, then a—b:b=c—d:d. [ Dividendo. | 
a_¢ Ds Oe dea ea 
For ae therefore i 1 7 We 
: a-—b e-d 
that is, reg 
or a—b:b=c-—d:d. 


K.A. iy 
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(5) If a:b=c:d, then a+b:a-—b=c+d:c-d. 


a+b _ct+d_ 

For by (3) oe aaah a 

a-b c-d 

and by (4) Sa ane a | 

' ae a+b _c+d. 

- by division, se jeer s 
or a+b:a—b=c+d:c-d. 


Several other proportions may be proved in a similar way. 


301. The results of the preceding article are the algebraical 
equivalents of some of the propositions in the fifth book of 
Euclid, and the student is advised to make himself familiar with 
them in their verbal form. For example, dividendo may be 
quoted as follows : 


When there are ge pi Kelpie the excess of the first above 
the second is to the second, as the excess of the third above the 
fourth is to the fourth. 


302. We shall now compare the algebraical definition of 
proportion with that given in Euclid. 


In algebraical symbols the definition of Euclid may be stated 
as follows : 


Four igi e a, b, c, d are in proportion when pe= = qd 
according as pa = = qb, pand q being any positive integers whatever. 


I. To deduce the geometrical definition of proportion from 
_the algebraical definition. 


Since “ ;= by multiplying both sides by 7 we obtain 
po _ pe , 


qb qa 
hence, from the properties of fractions, 
pe = qd@ according as pa 2 qb, 


which proves the proposition. 
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II. To deduce the algebraical definition of proportion from 
the geometrical definition. 


Given that pe= = qd according as pe= = qb, to prove 


a CG 


If “% is not equal to : one of them must be the greater. 
y) 


Suppose >"; then it will be possible to find some fraction £ 
Pp 


b° a 
which lies between them. 
He a OR Re Oy EK 1), 
ence eae (1) 
and | z ee eo une a neee ee aeNT faa saie)s 
From (1) pa>qb; 
from (2) pe<gd; 


and these contradict the hypothesis. 
Therefore % and 5 are not unequal; that is a_; which 


proves the proposition. 


Example \. If asb=e:d=e:/, 
shew that 2a? + 3c? — 5e? : 2h? + 3d? - Hf? =ae : df. 
Let ee als $ =0K =Ak SSK. 
e acme k; then a=bk, c=dk, e=fk; 


abt Be — Be _ DBL + Bd? — 5/12 
* 9b? + 3a2-5f2 =: 2b? +. 8d?’ — Hf? 


See shes 
a Ke fF 
or 2a? + 3c? — 5e? : Qh? + 3d? — Hf 2=uae : bf. 
5 .  et+a—-2 40°+5a-6 
Example 2. Solve the equation oe 
2 2 
Dividendo, a ; 
whence, dividing by ?, which gives a solution x=0, [Art. 201.] 
Ce ae 
e=2 52-6" 
whence C2 


and therefore the roots are 0, — 2. 
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Example 3. Tf 
(8a +6b+c¢+2d)(3a— 6b —c+ 2d) =(3a —- 6b + — 2d) (3a+ 6b —- c - 2d), 
prove that a, b, c, d are in proportion. 
— pe 

sie ee 
Componendo and Dividendo, 

2(3at+e) _ 2(8a-c) | 

2(6b + 2d) 2(6b — 2d) 


We have 


38a+ce 6b+2d 
Alternando, eta PST 
Again, Componendo and Dividendo, 
6a_12h, 
9c 4d’ 
whence as b= Csdh 


EXAMPLES XXXII. b. 


Find a fourth proportional to 


i. a, ab, c. 9, a*, 2ab, 3b, 3. ", wy, Gory. 
Find a third proportional to 

4, a%,ab. 6, 2%, 20% 6, 3a, bry. % te. 
Find a mean proportional between 

8. a’, LU’. 9, 227,82. 10, 12ax%, 30% 11, 27a°DS, 3b. 


If a, b, c are three proportionals, shew that 
12. a:a+b=a-b:a-c. 
13, (b?+ be + c*) (ac - be +c?) =b4 + ac® + c4, 
If a: b=c:d, prove that 
14, ab+cd:ab-cd=a* +c? : a? -c?. 
15. w+ac+c?:a?-ac+e=l?+bd4+d?: 08 - bd+d*, 
1§, a:b= 3a? + be : 3b? + 5d2. 


W, 232 amiss 
P @q Pq 
18 bia _ ah a& a2 7 ed . 
‘a’ b'at+l? c¢ d' +d? 
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Solve the equations : 
19, 382-1:6%-—7=7x--10: 92+10. 
20. w-12:y¥+5=2v-19: 5y-18=5: 14. 
e-—2e+3 22=3x+5 26-1 «w+4 
al. tems | ooo ao +2Qe-1l at+et4a 
Zo, Lf (a+b — 3c — 3d)(2a —-2b-—c+d) 
= (2a+2b-—c-—d)(a—b-38c+3d) 
prove that a, b, c, d are proportionals. 


24. Ifa, b, c, dare in continued proportion, prove that 
a:d=a8 +b +e: ++. 
25. If bis a mean proportional between a and c, shew that 4a? — 9b? 
is to 4b? - 9c? in the duplicate ratio of a to b. 
26. If a, b, c, d are in continued proportion, prove that b+c is a 
mean proportional between a+b and c+d. 
Ui a+b:b+c=c+d:d+a, 
prove that a=c, ora+b+c+d=0. 
28, lia:b=c:d=e: f, prove that 
(i) 5a-—7e+3e :5b-7Td+3f=c:d. 
(ii) 4a?-5ace + 6e?f : 4b? —5bde+ 6f8=ae : Df. 
(iii) a%ce : bd f=2ath? + 3a7e — Seif ; 2b% + Bb2¢? — Hf. 
29. Ifa:b=xz:y, prove that 
(i) alt+am:bl+ym=ap+aq:bp+yq. 
(ii) pa*+qax+ra?: pb? + ghy+ry2=a"+a?:b? +7". 


[Lxamples for revision will be found on page 307. | 


Variation. 


303. Derrinition. One quantity A is said to vary directly 
as another 7, when the two quantities depend upon each other 
in such a manner that if Bis changed, A is changed in the same 
ratio. 

Note. The word directly is often omitted, and A is said to vary 
as LB, 

304. For instance: if a train moving at a uniform rate 
travels 40 miles in 60 minutes, it will travel 20 miles in 30 
minutes, 80 miles in 120 minutes, and so on; the distance in 
each case being increased or diminished in the same ratio as the 
time. This is expressed by saying that when the velocity is 
uniform the distance vs proportional to the time, or more briefly, 
the distance varies as the time. 
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Example 3. Tf 

(3a+66+¢+2d)(3a— 6b —c+2d)=(3a —6b +c — 2d) (3a + 6b — c - 2d), 
prove that a, b, c, d are in proportion. 
l 1S ‘ ey en, *.) 
ee 
Componendo and Dividendo, 

2(3a+¢) _ 2(8a—c) | 
2(6b+2d) ~~ 2(6b - 2d) 

3a+c_6b+2d° 


We have 


Alternando, aed 
Again, Componendo and Dividendo, 
6a _12, 
9 4d” 
whence a: b= C3d, 


EXAMPLES XXXII. b. 


Find a fourth proportional to 


yrs Mey at 9, a*, 2ab, 3b’. 3. a, ay, Say. 
Find a third proportional to 

4. ab, ab. 5. 2®, Qa%, 6. 3x, Bxy. He. Watts 
Find a mean proportional between 

8, a, L?. 9, 20°, 8x. 10, 12a, 30% 11, 27a%b5, 3b. 


If a, 6, c are three proportionals, shew that 
12. a:a+b=a-b:a-c. 
13, (b?+be+c*)(ac -— bc +c?) =b4 + ac8 + cf, 
If a: b=c:d, prove that 
14, ab+cd:ab-cd=a*+c*:a?- 0%. 
15. w+ac+e?:a2?-ac4+C=l? + bd+d?:l®-bd+d% 
16. a:b=V3a+5e?: 38? + 5d®, 


hy Oy mths, 
pa 6p g 
ye ne a 
' atbiatsh c'd' a+? 
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Solve the equations : 
19, 3¢-1:6e%-7=7x-10:9x+10. 
90. «w-12:y+5=2u-19:5y-138=5: 14. 


a —2e+3 x2=3x+5 2-1 w+4 
2 8 rma cecum aC eS Nr er 
yey Mi (a+b —-3c—3d)(2a—-2b-c+d) 


=(2a+2b-—c-—d)(a—b-3c+3d) 
prove that a, b, c, d are proportionals. 
24. Ifa, b, c, d are in continued proportion, prove that 
a:d=a2+h +c: 6? +c+d3, 
25. If b is a mean proportional between a and c, shew that 4a? - 9b? 
is to 4b?- 9c? in the duplicate ratio of a to b. 


26. If a, b, c, dare in continued proportion, prove that b+c is a 
mean proportional between a+b and c+d. 
ai, AE a+b:b+c=c+d:d-+a, 
prove that a=c, ora+b+c+d=0. 
28. Ifa:b=c:d=e:f, prove that 
(i) 5a—7e+3e:5b-7d+8f=c:d, 
(ii) 4a? —5ace + 6e?f : 4b? -5bde+6f%=ae : df. 
(iii) ace : b°d f=2atb? + 3a7e? — Setf ; 2b6 + 3b2/? — Hf. 
29. Ifa:b=x:y, prove that 
(i) alt+am:bl+ym=ap+axq:bpt+yq. 
(ii) pa?+qaa+rax? : pb? + ghyt+ry?=a?+x7:b? +7". 


[Zzamples for revision will be found on page 307.] 


Variation. 


303. Derrinition. One quantity A is said to vary directly 
as another 2, when the two quantities depend upon each other 
in such a manner that if Bis changed, A is changed i the same 
ratio. 


Note. The word direct/y is often omitted, and A is said to vary 
as BL, 

304. For instance: if a train moving at a uniform rate 
travels 40 miles in 60 minutes, it will travel 20 miles in 30 
minutes, 80 miles in 120 minutes, and so on; the distance in 
each case being increased or diminished in the same ratio as the 
time. This is expressed by saying that when the velocity is 
uniform the distance vs proportional to the time, or more briefly, 
the distance varies as the time. 
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Again, if we refer to the general formula of Art. 84, we find 
that 3 =v is a relation connecting the space described by a body 


which moves for a time ¢ with uniform velocity v. That is, if 
81, Sy, 8,... be spaces described in times ¢,, ta, tz... respectively, 
iy 8g 8 
we have t2— 3 =%. 
ty ts 
From this it appears that the ratio of any value of s to the 
corresponding value of ¢ is constant, that is, remains the same 
whatever numerical values s and ¢ may have. 


This is an instance of direct variation, and s is said to var 
? . 
as ¢. 


305. The symbol « is used to denote variation; so that 
A « Bis read “A varies as B.” 

306. /f A varies as B, then A is equal to B multiplied by some 
constant quantity. 


For suppose that a, @, a3..., 51, by, bs... are corresponding 
values of A and B. 


Then, by definition, 2. = 4_2 ; and so on, 
y D 
a, 6,’ ag by’ az ‘by 
Oy 4g i hel A 
sah as “Aaa each being equal to zB 


any value of A 


Hence —————_~—_,.—___—" is always the same ; 
the corresponding value of B 
. reer . 
that is, am where m is constant. 
A=mB. 


307. Derinition. One quantity 4 is said to vary inversely 
as another B when A varies directly as the reciprocal of 2. 
[See Art. 107.] 


. : . ° mn * 
Thus if A varies inversely as B, A = R where m is constant. 


The following is an illustration of inverse variation : If 6 men 
do a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 hours; and so on. Thus it appears that 
when the number of men is increased the time is proportionately 
decreased ; and vice versd. 
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308. DeFriniTion. One quantity is said to vary jointly as 
a number of others when it varies directly as their product. 

Thus A varies jointly as Band C when 4=mbC, where m is 
constant. For instance, the interest on a sum of money varies 
jointly as the principal, the time, and the rate per cent. 


309. Derintrion. A is said to vary directly as B and in- 


: B 
versely as C when 4A varies as G 


310. Jf A varies as B when C ts constant, and A varies as C 
when Bis constant, then will A vary as BC when both B and C 
vary. 

The variation of A depends partly on that of Band partly on 
that of C. Suppose these latter variations to take place sepa- 
rately, each in its turn producing its own effect on 4 ; also let 
a, b, ec be certain simultaneous values of A, B, C. 


1. Let C be constant while B changes to 6; then A must 
undergo a partial change and will assume some intermediate 
value a, where 


2. Let B be constant, that is, let it retain its value 6, while 
C changes to ¢; then A must complete its change and pass from 
its intermediate value a’ to its final value a, where 


ane 
Bete 2 
a C | (2). 
AO ee 
From (1) and (2) A Fee 
that is, Hee) BC, 
be 
or A varies as BC. 


311. The following are illustrations of the theorem proved 
in the last article. 

The amount of work done by a given number of men varies 
directly as the number of days they work, and the amount of 
work done 7m a given time varies directly as the number of men ; 
therefore when the number of days and the number of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. 
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Again, in Geometry the area of a triangle varies directly as 
its hase when the height is constant, and directly as the height 
when the base is constant ; and when both the height and base 
are variable, the area varies as the product of the numbers 
representing the height and the base. 

Example 1. If A « B, and C « D, then will AC « BD. 


For, by supposition, d =mB, C=nD, where m and ware constants. 
Therefore 4C=mnBD ; and as mn is constant, AO x BD. 


Example 2. Jf x varies inversely as y?—1, and is equal to 24 
when y=10; find « when y=5. 


m . 
~, where m is constant. 


By supposition, x= 


yroee 
Putting e=24, y=10, we obtain 4=— : 
whence m= 24 x 99. 
2499 
Oe de 


hence, putting y=5, we obtain x=99. 


Kxample 3. The volume of a pyramid varies jointly as its height 
and the area of its base ; and when the area of the base is 60 square 
feet and the height 14 feet the volume is 280 cubic feet. What is the 
area of the base of a pyramid whose volume is 390 cubic feet and 
whose height is 26 feet ? 

Let V denote the volume, A the area of the base, and h the 
height ; 
then V=mAh, where m is constant. 

Substituting the given values of V, A, h we have 

280 =m x 60 x 14; 
hee 

~ 60x14 3 

] 

Vaal, 

gh 

Also when V=390, h=26; 
390 = 4 x 26 ; 


A=465. 


Hence the area of the base is 45 square feet. 
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EXAMPLES XXXII. c. 


Ifxa«y, and y=7 when x=18, find « when y=21. 
If xo y, and y=3 when #=2, find y when x=18. 


A varies jointly as B and C; and A=6 when B=3, C=2: 
fice: when B= )5 O=7. 


A varies jointly as B and C; and A=9 when B=5, C=7: 
find B when A=54, C=10. 


RE ac _ and y=4 when «=15, find y when «=6. 


If ya a and y=1 when «=1, find x when y=5. 
a 
A varies as B directly, and as C inversely ; and A=10 when 
Blo. C= 6) nndeAg whens b= Cs 2 
If x varies as y directly, and as z inversely, and «=14 when 
y=10, z=14; find z when 2=49, 7=45. 


If x a and yx Z prove that z« x. 
y Z 


Ifa«b, prove that a” « U”. 

If e«xzand y«z, prove that 2?— 4? « 2”, 

If 3a+7b « 8a+13b, and when u=5, b=3, find the equation 
between a and b. 


If 5a—-ya 10x-1ly, and when x=7, y=5, find the equation 
between x and y. 


If the cube of a varies as the square of y, and if w=3 when 
y=5, find the equation between a and y. 


If the square root of a varies as the cube root of b, and if a=4 
when )=8, find the equation between a and b. 


If y varies inversely as the square of x, and if y=8 when x=3 


find 2 when y=2. 


If xxy+a, where a is constant, and «=15 when y=], and 
x=85 when y=5; find x when y=2. 

If a+baxa-b, prove that a?+l?« ab; and if ax b, prove 
that a?-l? « ab. 

If y be the sum of three quantities which vary as x, 2”, 23 
respectively, and when «=1, y=4, when x=2, y=8, ‘and 
when «=3, y=18, express y in terms of z. 
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20. 


21. 


22. 


24. 


25. 


26. 
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Given that the area of a circle varies as the square of its 


radius, and that the area of a circle is 154 square feet when 
the radius is 7 feet ; find the area of a cirele whose radius is 
10 feet 6 inches. 


The area of a circle varies as the square of its diameter ; prove 
that the area of a circle whose diameter is 2} inches is i 
to the sum of the areas of two circles whose diameters are 1}. 
and 2 inches respectively. 


The pressure of wind on a plane surface varies jointly as the 
area of the surface, and the square of the wind’s velocity. 
The pressure on a square foot is 1 lb. when the wind is 
moving at the rate of 15 miles per hour; find the velocity of 
the wind when the pressure on a square yard is 16 lbs. 


The value of a silver coin varies directly as the square of its 
diameter, while its thickness remains the same; it also varies 
directly as its thickness while its diameter remains the same. 
Two silver coins have their diameters in the ratio of 4: 3. 
Find the ratio of their thicknesses if the value of the first be 
four times that of the second. 


The volume of a circular cylinder varies as the square of the 
radius of the base when the height is the same, and as the 
height when the base is the same. The volume is 88 cubic 
feet when the height is 7 feet, and the radius of the base is 
2 feet ; what will be the height of a pkg he on a base of 
radius 9 feet, when the volume is 396 cubic feet ? 


The altitude of a triangle varies directly as its area and 
inversely as its base. A triangle, 2 square yards in area, 
standing on a base of 13} feet, has an altitude of 23 feet: 
find the altitude oF a triangle whose base is 1 foot 4 inches, 
and whose area is 2 square feet 96 inches, 


The expenses of a school are partly constant and partly vary as 
the number of boys. The expenses were £1000 for 150 boys 
and £840 for 120 boys; what will the "erga be when 
there are 330 boys? [Compare Art. 442, Ex. 2.] 


CHAPTER XXXII. 


ARITHMETICAL PROGRESSION. 


312, DeErrnitron. Quantities are said to be in Arithmetical 
Progression when they increase or decrease by a common differ- 
ence. 

Thus each of the following series forms an Arithmetical 
Progression : 


: a, at+d, a+2d, a+3d, ......... 


The common difference is found by subtracting any term of 
the series from that which follows it. In the first of the above 
examples the common difference is 4; in the second it is — 6; in 
the third it is d. 


313. If we examine the series 
a, a+d, a+2d, a+3d, ...... 
we notice that 7r any term the coefficient of d is always less by one 
than the number of the term in the series. 
Thus the 3° term is a+ 2d ; 
6™ term is a+5d ; 
20% term is a+19d ; 


and, generally, the p term is a+(p—1)d. 
Tf 2 be the number of terms, and if 2 denote the last, or 
nm term, we have l=at+(n—1)d. 


314. To find the sum of a number of terms ir Arithmetical 
Progression. 

Let a denote the first term, d the common difference, and n 
the number of terms. Also let 7? denote the last term, and s 
the required sum ; then + 

s=a+(a+d)+(a+2d)+...... +(¢—2d)+(l—d)+0; 
and, by writing the series in the reverse order, 
s=l+(0—d)+(l—2d)+...... +(a+2d)+(a+d)+a. 
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Adding together these two series, 


2s=(a+l)+(atl)t+(atl)+...... to n terms 
=n(a+l), 
BS (GEO) caacrsiawaanandnen rts eystnnsadessasesnsaunices Gers 
and FOAMS scarred Sed vanyedvitan vikivancnasneots (2), 
s=5{2a+(n—1)d} a ee ee ee (3). 


315. In the last article we have three useful formule (1), 
(2), (3); in each of these any one of the letters may denote 
the unknown quantity when the three others are known. [See 
Art. 82, Chap, 1x.] For instance, in (1) if we substitute given 
values for s, », 7, we obtain an equation for finding a; and simi- 
larly in the other formule. But it is necessary to guard against 
a too mechanical use of these general formule, and it will often 
be found better to solve simple questions by a mental rather 
than by an actual reference to the requisite formula, 


Example 1. Vind the 20" and 35™ terms of the series 
38,. 36,34, ...... : 
Here the common difference is 36 — 38, or —2. 
the 20" term =38 + 19( - 2) 


Al 
and the 35" term =38 +34( — 2) 
= - 30. 
Example 2, Find the sum of the series 5}, 63, 8, ...... to 17 terms. 


Here the common difference is It; hence from (3) 


ll ik 
grrr sg 


‘ 


] 
The sum =542* 


17 
= 5 (11+ 20) 


_17* 383i 


= 5D 


= 263}, : 
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Example 3. The first term of a series is 5, the last 45, and the 
sum 400: find the number of terms, and the common difference. 


lf n be the number of terms, then from (1) 
400=5 5 0 +45); 


whence (= Ge 
If d be the common difference, 
45=the 16" term 
=5+15d; 
whence d=25. 


EXAMPLES XXXTITI. a. 


Find the 27" and 41" terms in the scries 5, 11, 17, .... 
Find the 13 and 109" terms in the series 71, 70, 69, 

Find the 17" and 54" terms in the series 10, ee 13, . 

Find the 20" and 13" terms in the series —3, —2, — il 
Find the 90 and 16" terms in the series — 4, 2°5, 9, .... 
Find the 37" and 89" terms in the series —2°8, 0, 2°8, .... 


2 St OO'bS 


Find the last term in the following series : 
OMe Ose tO 20) terms: 8. 7, 3, —l;%... to LS) terms: 
9, 135, 9, 44, ...tol13 terms. 10, °6, 1:2, 1°8, ... to 12 terms. 
th, Pr, BES Gel cae ie) Ui inevons,, IR Gee ee She 30, we) Wa (ueroanls 
13. a-d, a+d, a+3d, ... to 30 terms. 
14. 2a-b, 4a—3b, 6a—5b, ... to 40 terms. 
Find the last term and sum of the following series : 


15. 14, 64, 114, ... to20 terms. 16, 1, 1°2,41°4, ... to 12 terms. 

Wi 9 rove to LOO terms 18. te att EA ... to 2] terms. 
4 4 4 

19. 33,1, -14,... tol19 terms. 20, 64, 96, 128, ... to 16 terms. 


Find the sum of the following series : 


BAI Z 9, 13, ... to 19 terms. 99 12, 9, 6, ... to 23 terms. 
yaar: 5} ou. .. to 37 terms. 24, 103, 9, 72, . to 94 terms. 
25. —3, t Ds... to l7 terms. 26. 10, 95, 94, ... to 21 terms. 
27. , 3p, 5p, ... to p terms. 28. 3a, a, ae ... toa terms. 


29. a, 0, -a, ... toa terms, 30. -39, -q, q, ... to p terms. 
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Find the number of terms and the common difference when 
81. The first term is 3, the last term 90, and the sum 1395. ; 
32. ‘The first term is 79, the last term 7, and the sum 1075. 

33. The sum is 24, the first term 9, the last term —6. 

34. The sum js 714, the first term 1, the last term 584. 

35. The last term is — 16, the sum — 133, the first term 3. 
36. The first term is —75, the sum — 740, the last term 1. 
37. The first term is a, the last 13a, and the sum 49a. 

88. The sum is — 320x, the first term 3a, the last term — 35.. 

316. If any two terms of an Arithmetical Progression be 
given, the series can be completely determined ; for the data 


furnish /vo simultaneous equations, the solution of which will 
give the first term, and the common difference. 


Example. Find the series whose 7" and 51" terms are -3 and 
— 355 respectively. 
If a be the first term, and d the common difference, 


—3=the 7" term 


=a+6d ; 
and — 355 =the 51" term 
=a+50d ; 
whence, by subtraction, -352=44d; 


“. d=-8; and consequently a=45, 
Hence the series is 45, 37, 29, ....... 
317. Dertnitioy. When three quantities are in Arithmetical 


Progression the middie one is said to be the arithmetic 
mean of the other two. 


Thus a is the arithmetic mean between a—d and a+d. 


318. To find the arithmetic mean between two given quantities. 


Let a and b be the two quantities ; A the arithmetic mean. 
Then since a, A, 6 are in A.P. we must have 


b-A=A-—a, 
each being equal to the common difference ; 
a+b 
whence A= me 
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319. Between two given quantities it is always possible to 
insert any number of terms such that the whole series thus 
formed shall be in A.P. ; and by an extension of the definition in 
Art. 317, the terms thus inserted are called the arithmetic means. 


Leanyple. Insert 20 arithmetic means between 4 and 67. 
Including the extremes the number of terms will be 22; so that 


we have to find a series of 22 terms in A.P., of which 4 is the first 
and 67 the last. 


Let d be the common difference ; 


then 67 =the 22 term 

=4+21d; 
whence d=3, and the seriesis 4, 7, 10,...... Ol, 64,67; 
and the required means are 7, 10, 13,...... 58, 61, 64. 


320. To insert a given number of arithmetic means between 
two given quantities. 
Let a and b be the given quantities, 2 the number of means. 


Including the extremes the number of terms will be n+2 ; 
so that we have to find a series of 7 +2 terms in A.P., of which 
a is the first, and 6 is the last. 


Let d be the common difference ; 


then b=the (n+2)" term 
=a+(n+1)d; 
whence C— Uae ; 
n+1 


and the required means are 
b-a 2(b—a) 
nt+V Ba n+1’ n+l 

Example 1. Find the 30" term of an A.P. of which the first term 
is 17, and the 100 term —- 16. 

Let d be the common difference ; 


a+ 


then —16=the 100" term 
=17+4 99d ; 
1 
: — 3 
The 30" term =17+29 ( = 3) 
wl 
=) 


bo 
io) 
lo 

‘ 
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Example 2. The sum of three numbers in en P. is 33, and their 
product is 792; find them, 


Let @ be bine middle number, d the common difference ; then the 
three numbers are a—d, a, a+d. 


Hence a-d+a+a+d=33; 
whence a@=11, and the three numbers are 11 -d, 11, 11+d. 
11(11 +d) (11 —d) =792, 
121 -d?=72, 
d=+t7; 
and the numbers are 4, 11, 18. 
Example 3. How many terms of the series 24, 20, 16 
be taken that the sum may be 72? 


Let the number of terms be x; then, since’ the common difference 
is 20-24, or —4, we have from (3), Art. 314, 


Waal: must 


72=5{2 x 244+(n-1)(-4)} 
=24n -2n(n—-1); 


whence n* — 138n+36=0, 
ov (w— 4) (n-9)=0 
n=4 or 9. 


Both these values satisfy the conditions of the question ; for if we 
write down the first 9 terms, we get 24, 20, 16, 12, 8, 4,0, -4, -8; 
and, as the last five terms destroy each other, the sum of 9 terms is 
the same as that of 4 terms. 


Kaample 4. An A. P. consists of 21 terms; the sum of the three 
terms in the middle is 129, and of the last three is 237 ; find the series. 
Let w be the first term, and d the common difference. Then 
237 =the sum of the last three terms 
=a+20d +a+19d +a+ 18d 
=3a+ 57d ; 


whence LBD PW) «sigan an cesandnatattiiacnael (1). 
Again, the three middle terms are the 10", 11", 12"; 
hence 129 =the sum of the three middle terms 


=a+9d+a+10d+a+1ld 
=8a+ 30d ; 
whence te L0G at 48 t ecisaberstvencesy aemaniinl (2). 
From (1) and (2), we obtain d=4, a=3. 
Hence the series is 3, 7, 1], ...... 83. 
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EXAMPLES XXXIII. b. 


Find the series in which 


. 


_ 


. 


HOD MONA OPW 


i" 


a 
wp 


14. 


The 27 term is 186, and the 45% term 312. 

The 5" term is 1, and the 31% term —77. 

The 15 term is — 25, and the 23" term —- 41. 

The 9% term is —11, and the 102". term — 1503. 

The 15" term is 25, and the 29" term 46. 

The 16™ term is 214, and the 51st term 739. 

The 3™ and 7 terms of an A.P. are 7 and 19; find the 15 term. 
The 54% and 4 terms are — 125 and 0; find the 42"¢ term. 
The 31st and 2"" terms are + and 72 ; find the 59" term. 
Insert 15 arithmetic means between 71 and 23. 

Insert 17 arithmetic means between 93 and 69. 


Insert 14 arithmetic means between — 7+ and — 24. 
Insert 16 arithmetic means between 7'°2 and —6°4. 
Insert 36 arithmetic means between 8} and 2h. 


How many terms must be taken of 


15. 
16. 
We 
18. 
19. 
20. 
21. 


22. 
23. 
24, 
25. 


The series 42, 39, 36, ...... to make 315? 

The series —16, —15, — 14, ...... to make — 100? 
The series 153, 15$, 15, ...... to make 129? 

The series 20, 183, 175, 458 to make 1623? 
The series — 105, -9, - 7k, Hoes to make — 42? 
The series — 6§, - 62, SOF. to make — 522? 


The sum of three numbers in A.P. is 39, and their product is 
2184; find them. 


The sum of three numbers in A.P. is 12, and the sum of their 
squares is 66; find them. 


The sum of five numbers in A.P. is 75, and the product of the 
greatest and least is 161; find them. 


The sum of five-numbers in A.P. is 40, and the sum of their 
squares is 410; find them. 


The 12, 85 and last terms of an A.P. are 38, 257, 395 respec- 
tively ; find the number of terms. 


[Examples for revision will be found in Miscellaneous Examples 
V., page 307.] 
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CHAPTER XXXIV. 


GEOMETRICAL PROGRESSION. 


321. DerriniTion. Quantities are said to be in Geometrical 
Progression when they increase or decrease by a constant factor. 


Thus each of the following series forms a Geometrical Pro- 
gression : 
a Sg Eoents 


ween wens 


Wg VA Ca, NE wacusanihen snes 


The constant factor is also called the common ratio, and it is 
found by dividing any term by that which immediately precedes 
it. In the first of the above examples the common ratio is 2 ; 


in the second it is —33 in the third it is 7. 


322. If we examine the series 
hy OF, GI, OF, OT ass 
we notice that i any term the index of rv is always less by one 
than the number of the term in the series, 
Thus the 3" term is a7; 
the 6" term is a7; 
the 20" term is ar™ ; 


and, generally, the p™ term is ar’). 
If x be the number of terms, and if 7 denote the last, or 2™ 
term, we have taar™", 
Example. Find the 8% term of the series — - > - 4 sepa : 
The common ratio is st ( ~ 4): or + = 
] 3\7 
“ the 8% term= - 3 * ( ~ >) 
oo ot Ser 
3 128 


_729 
~ 128 
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328. Derrrition. When three quantities are in Geometrical 
Progression the middle one is called the geometric mean be- 
tween the other two. 

To find the geometric mean between two given quantities. 

Let @ and b be the two quantities; G the geometric mean. 
Then since a, G, 6 ave in G.P., 


6b G 
a 
each being equal to the common ratio ; 
G?=ab ; 
whence G=Nab. 


324. To insert a given number of geometric means between 
two given quantities. 

Let a and b be the given quantities, 2 the number of means. 

In all there will be n+2 terms; so that we have to find a 
series of »+2 terms in G.P., of which a@ is the first and 6 the 
last. 

Let 7 be the common ratio ; 


then b=the (n+2)" term 
= The 
=aqret : 
grt m2 ? 
aie. 
ae 
Y i (oe SC kirk Woe ek tS ] . 
( (1) 
Hence the required means are a7, ar’, ...... ar”, where 7 has the 


value found in (1). 


Example. Insert 4 geometric means between 160 and 5. 
We have to find 6 terms in G.P. of which 160 is the first, and 5 
the sixth. 
Let 7 be the common ratio ; 
then 5=the sixth term 


=1607°; 
1 
. Y = 39 ; 
whence, by trial an, 
5) Y ‘9 T= 5) ; 


and the means are 80, 40, 20, 10. 
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325. To find the sum of a number of terms in Geometrical 
Progression. 


Let a be the first term, * the common ratio, x the number of 
terms, and s the sum required. Then 


s=a+tar+ar+...... + ar? ar" ; 
multiplying every term by 7, we have 
rs=ar+ar+...... + ar"? + ar® +. ar”, 


Hence by subtraction, 
rs—s=ai"—a; 
2 (r-1)s=a(r"—-1); 


: ee ee ee (1). 

r— 1 
Changing the signs in numerator and denominator  [Art. 170.] 
Gas eee Ur ee (2) 

9 


Note. It will be found convenient to remember both forms given 
above for s, using (2) in all cases except when 7 is positive and greater 
than 1. 


Since ar”~!=/, the formula (1) may be written 


a form which is sometimes useful. 
Example 1. Sum the series 81, 54, 36, ...... to 9 terms. 


4 2 ae 
=3) which is less than 1 ; 


si{1-(3)} 


ee: 
The common ratio= 8 


hence the sum = 
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BE = See 3 ‘ 
cample 2. Sum the series =, -1, =, ...... to 7 terms. 
3 2 
The common ratio= — 2 ; hence by formula (2) 


the sum = 


2 (SV i 100) RO 


EXAMPLES XXXIV. a. 


Find the 5 and 8" terms of the series 3, 6, 12, .... 
Find the 10" and 16 terms of the series 256, 128, 64, .. 
Find the 7" and 11" terms of the series 64, — 32, 16,.... 
Tind the 8" and 12" terms of the series 81, — 27, 9,.... 


Find the 14 and 7 terms of the series — i a, ty eat 
64’ 32’ 16 


Find the 4 and 8 terms of the series ‘008, ‘04, ‘2,.... 


Find the last term in the following series : 


2, 4, 8, ... to 9 terms. 8, 2, —6, 18, ... to 8 terms. 
2, 3, 43, ... to 6 terms. 10. 3, —3?, 3%, ... to Qn terms, 
ae, we", ..4 FO berms: WO aay dle I ... to 30 terms. 

x 


Insert 3 geometric means between 486 and 6. 


Insert 4 geometric means between 5 and 128. 
Insert 6 geometric means between 56 and — “ 


oF 
Insert 5 geometric means between 31 and 4}, 


o7 
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Find the last term and the sum of the following series : 
17, 3, 6,12, ..5 tO o vermis, 18. 6, —18, 54, ... to 6 terms. 


19. 64, 32, 16,...to1l0 terms. 20, 8:1, 2°7, °9,'... to 7 terms. 


21. A i 1  oRiae ae, a2, 12, 


73° dy’ 3° . given OO 9 terms. 


Find the sum of the series 


OR. at, 5 ... to 6 terms. 24, > z ... to 7 terms. 
95 -3, em = ... to6terms. 96, 1, -5: > ... to 12 terms. 
27, 9, -6, 4,... to 7 term: : a ie 
3 , =O) Sy v0 erms., 4 3 —@ oy ae o 8 terms. 
29, 1, 3, 37, ... top terms. 30. 2, -4, 8, ... to 2p terms. 
31. = I, 5 ..to8terms. 32. /a, /a’, /a’,... toa terms. 
nf ‘ 
33. | = -2, 5: ...to7 terms. $4, /2, ./6,3,/2, ... to 12 terms. 
me N 
326. Consider the series 1 Ys, 
. ; my 92? nal 
I = 
The sum to 2 terms anaey 
og 
1 
=2(1-55) 
wet 
2 Saar" 


From this result it appears that however many terms be 
taken the sum of the above series is always less than 2. Also 
we see that, by making 2 sufficiently large, we can make the 


fraction i as small as we please. Thus by taking a sufficient 


number of terms the sum can be made to differ by as little as 
we please from 2. 


In the next article a more general case is discussed. 
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4 a(] —7") 
327. From Art. 325 we have s= ene 
a ar 
l-r l-r 
Suppose 7 is a proper fraction ; then the greater the value of 
: ar” 

n the smaller is the value of 7”, and consequently of re and 
therefore by making x sufficiently large, we can make the sum 


a 


of nm terms of the series differ from by as small a quantity 


— 
as we please. 


This result is usually stated thus: the sum of an infinite 


F Pata hak 
number of terms of a decreasing Geometrical Progression is Tee 


or more briefly, the sum to infinity ¢s 


a 
l-r 


328. Recurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 
Example. Find the value of -423. 
493 = *4232393...... 
4 23 23 


=10* 1000 1000007 7°" 
= PEON 28 
=titigte 
ee ‘ata 
=1pt (1 +apt it a: 
4,23 1 

a ae 

102 

pet: 

10° 10° 99 

_4, 8 

~ 10° 990 

_419 
= 990’ 


which agrees with the value found by the usual arithmetical rule. 
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EXAMPLES XXXIV. b. 


Sum to infinity the following series : 


PRED Osho es cesss Ze N25 1G, Spar 
one ] bel 
3 9” a 8’ vitae 4, > ark, 3° 
lp 2a & 8 5 
5, 3” 9’ 27’ 6. 5? -l, igen 
dee 293 03; “O0lignn 8. 8) 74g 2) ks 
Find by the method of Art. 328, the value of 
Bh 10. 18. ae, BA VER: BB. a8, 


Find the series in which 
14. The 10 term is 320 and the 6" term 20. 


o7 
15, The 5" term is Tf and the 9" term is :- 
16. The 7 term is 625 and the 4" term — 5. 
¢ 
17. The 3" term is s and the 6" term — 44. 


18. Divide 183 into three parts in G.P. such that the sum of 
the first and third is 2a5 times the second, 


19. Shew that the product of any odd number of consecutive 
terms of a G.P. will be equal to the x power of the middle 
term, 2 being the number of terms. 


20. The first two terms of an infinite G.P. are together equal to 1, 
and every term is twice the sum of all the terms which 
follow. Find the series. 


Sum the following series : 
Q1. y2+2b, yt+4b, 7°46, ...... to n terms, 
842.2 » 8-2/2 
3-22’ * $+39,/2’ 


3 il 2 : , 
oS. NES an? aa see to infinity. 


seit to infinity. 


, 1 1 1 
94, Qn- 9 4n +- 8° 6n — ig to 2n terms. 


[Examples for revision will be found in Miscellaneous Examples 
V., p. 307.) 


CEES ER XOXOXeV = 
HARMONICAL PROGRESSION. 


329, Derinition. Three quantities a, b, c are said to be in 
‘ : a a-b 
Harmonical Progression when a= 


Any number of quantities are said to be in Harmonical 
Progression when every three consecutive terms are in Har- 
monical Progression. 


330. The reciprocals of quantities in Harmonical Progression 
are in Arithmetical Progression. 
By definition, if a, b, c are in Harmonical Progression, 
a@_a—b. 
e b-c’ 
a(b—c)=c(a—b), 
dividing every term by abe, 
eee 
CO 6 a 


which proves the proposition. 


331, Harmonical properties are chiefly interesting because 
of their importance in Geometry and in the Theory of Sound: 
in Algebra the proposition just proved is the only one of any 
importance. There is no general formula for the sum of any 
number of quantities in Harmonical Progression. Questions in 
H.P. are generally solved by inverting the terms, and making use 
of the properties of the corresponding A.P. 
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Example. The 12 term of a H.P. is * and the 19 term is os: 


find the series. 
Let a be the first term, d the common difference of the correspond- 


ing A.P. ; then 
5=the 12" term 


=a+l1ld; 
5) 
and 2 = the 19" term 
=a+18d; 
1 4 
whence d=5 a=5- 
3 ; oe 7 
Hence the Arithmetical Progression is 3 3? 2, grt ; 
and the Harmonical Progression is ss . a -, are? : 


332. To find the harmonic mean between two given quantities. 
Let a, ) be the two quantities, H their harmonic mean ; 


then Saba ; are in A.P. 


ce 
| oe Soe ee 
Ae bo 
A ee 
Tite te 
Qab 


333. If A, G, H be the arithmetic, PO and harmonic 
means between a and b, we have provec 


Ere ee eee eee eee eee eee eee eee eres e) 


Fn eilecsiad jis sl eae sation’ (2). 


2Qab 
rare SERRE (3). 
a+b Qab 
Therefore All eat ane 
=ab 
== (j*; 
that is, @ is the geometric mean between A and //. 
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334, Miscellaneous questions in the Progressions afford scope 
for much skill and ingenuity, the solution being often very 
neatly effected by some special artifice. The student will find 
the following hints useful : 


1. If the same quantity be added to, or subtracted from, all 
the terms of an A.P., the resulting terms will form an A.P. with 
the same common difference as before. [Art. 312.] 


2. If all the terms of an A.P. be multiplied or divided by 
the same quantity, the resulting terms form an A.P., but with 
a new common difference. [Art. 312.] 


3. If all the terms of a G.P. be multiplied or divided by the 
same quantity, the resulting terms form a G.P. with the same 
common ratio as before. [Art. 322.] 


Bye ere Oe Ol Codie aos be in G.P., they are also in continued 
proportion, since, by definition, 
LT ent 
6b C d eeeeee 4 
Conversely, a series of quantities in continued proportion 
may be represented by x, «7, xr, ....... 


Example 1. Find three quantities in G.P. such that their pro- 
duct is 343, and their sum 303. 


a A: 
Let —, a, ar be the three quantities ; 
Fe 


then we have - SDN es OFAN sai eaux snaraTon an, ATE TRG EREE (1), 
and a( a+ if +r) ul Fre eet ie rok vo Se ae (2). 
r 3 
From (1) a’ = 343, 

Ces 
a el 
.. from (2) 7T(14+7+7r°) =r. 
: 1 
Whence we obtain r= 9; Or 3? 
vi 


and the numbers are oy T¢21. 
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Example 2. Ifa, 6, c be in H.P., prove that —— 
are also in H.P. 


Since Ls 2 L are in A.P., 
a o 


b 
atb+e orhge a+b+e are in A.P. ; 
a b c 
1g ls, EE 222 cualteignan ; 
bte ae. a+b are in A.P.; 
a b c 
a b c 


_— —— are in H.P. 


b+c’ c+a’ a+b 


Example 3. The n“ term of an A.P. is 
49 terms. 


Bil. c 


cae ct+ta’ a+b 


242, find the sum of 
5 


Let @ be the first term, and / the last ; then by putting n=1, and 


n=49 respectively, we obtain 


gue pi, = P42; 
v0 
sa Mara8?(Be4) 
= x 14= 343, 


Example 4. 
geometric mean between a +c and c +e. 


Since a, b, c, d, e are in continued proportion, 


Pe We 
bo«c ad 4 
: > _ate_b+d 
“. each ratio a yr ert 
Whence (b +d)? =(a4+c)(c+e). 
EXAMPLES XXXV. 
1. Find the 6" term of the series 4, 2, 1}, .... 
2. Find the 21" term of the series 2}, 145, 14%, ...- 
3, Find the 8" term of the series 14, lq 1, 2475 
4, Find the n™ term of the series 3, 14, 1, .... 


If a, b, c, d, e be in G.P., prove that b+d is the 


[Art. 294.] 
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Find the series in which 


5, The 15" term is ty and the 23" term is oe 
25 4] 


6. The 2™ term is 2, and the 31* term is = 


1 1 
28Gth . 7 RAth of 
7. The 39" term is Ww and the 54" term is 56 


Find the harmonic mean between 


1 1 
2 = — 
8. 2and4. OQ Wands: 10. z and 10 
it, 2 awa. 12 Lee eee 13. w+yand x-y. 
a b P y xy . 


14. Insert two harmonic means between 4 and 12. 
15. Insert three harmonic means between 22 and 12. 
16. Insert four harmonic means between 1 and 6. 


17. If @ be the geomctric mean between two quantities A and B, 
shew that the ratio of the arithmetic and harmonic means of 
A and G is equal to the ratio of the arithmetic and harmonic 


means of G and B. 


18. To each of three consecutive terms of a G.P. the second of 
the three is added. Shew that the three resulting quantities 
are im HAP: 


Sum the following series : 
19, 14+124+3+4...... to 6 terms. 


20, 14+12+22+...... to 6 terms. 


21. (2a+%)+3a+(4a—2)+4+...... to p terms. 
22. 14-14 +5 BS desir to 8 terms. 

Po nee: 
23. Is+lgtete. to 12 terms. 


94, If x--a, y—a, and z—a be in G.P., prove that 2(y-a) is the 
harmonic mean between y - «# and y —z. 


DEP eedamUNG CO) WE Ite Avig Oct, Jy @ meGab.od, Gy fh, @ im HP: 
respectively ; prove that ad=ef=bh=cg. 


96. If a?, 64, c2 be in A.P., prove that 6+c, ¢+a, a+b are in H,P, 
p 
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27, Ifa, b, c bein A.P., and a, B, y in H.P., shew that 
Ge o+%7 
bB ay” 
28. If a be the arithmetic mean between b and c, and b the geo- 


metric mean between @ and c, prove that ¢ will be the 
harmonic mean between a and b. 


3 a a5 b, a be in H.P., then a, }, c are in G.P. 


30. Ita, b, c, d,e bein G.P., prove that c(a+2ce+e)=(b+d)*. 


81. If a, b, c, d... be a series of quantities in G. P., shew that the 
reciprocals of a*—h*, b?-c®, c?-d?*, ... are also in G.P. ; and 
find the sum of x terms of this latter series in terms of 
a and b. 


2 
32. Ifa, b, c be in A.P., and b, ¢, d in H.P., then a, S, ¢ are in 


d 
H.P.; and 0, ced d are also in H.P, 


33. If g be the geometric and a the arithmetic mean between 
m and n, and if ® be the arithmetic mean between m2 
and n®, prove that a? is the arithmetic mean between g? 
and k*. 


34, Ifa, b, c, d be in G.P., prove that (b-c)®=ac + bd -2ad. 
35. Ifa, b, c, d be in G.P., prove that 
(a+d)(a-b)*:a(a-—c)(a—d)=a-b+c:a+b+e. 


36. Ifa, b, ¢ bein H.P., prove that 


Lig en Da tae die 
a b+e’ b'c+a’ c atb 
are also in H.P. 


37. In an infinite G.P., find r when each term is equal to half ‘the 
sum of the following terms. 


38. Find the sum of terms of a series in which the first term 
i ] 
=C+e-, Hh = 9200 + ——. 
+55 and the » t+ an, 


39, Find the sum of the first 2n terms of the series 
24+3+54+6+8+9+.... 
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MISCELLANEOUS EXAMPLES V. 
(Chiefly on Chapters XX XIT—XX XV.) 


at 4 

243) 6)),-2,.3 

1, Simplify (ae and find its value when a=2, b=3, 
2 bal 

Ripe 
and ¢=432. 

2. Shew that the ratio x+y: «-y is increased by subtracting 
y from each term, except when x lies between y and 2y. 


3) he @_© shew that 


jag” 
(1) 2a4+-3b 2c+3d, (2) a*—c? (a+2c)(a+3c) 
3a=—7b 3c—Td’ b2?—d?~ (b+ 2d)(U+3d)" 


4, IE ee Ue 5° prove that 


(1) x+y+2=0; (2) (b+c)x+(c+a)y+(a+b)z=0. 
in, i 7=9=5 =, prove that V5x?+ 8y? + 72*=5y. 

6. If y is the sum of two numbers, of which the first varies 
directly and the second inversely as x, and if y=7, when x=2, 
and y= —1, when x=1, shew that 

6 
Y= on 


7. Simplify ./45+,/8 -,/80+,/18 +7 —,/40. 
8. if 3¢+10 has to 9x+4 the duplicate ratio of 5 to 7, find a. 


Oe li ae prove that each ratio is equal to 
b 
* | dac? — 3ce? + Qace (2) * 6a%c?e — clef + Tack 


) N ioe? = Sof84 Dba 602d — dif? Tad 


10. The sides of a triangle are as 1: 1}: 13, and the perimeter 
s 221 yards ; find the sides. 
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ne 3a+ 5b : 3a —-5b=3c+ 5d : 3c - 5d, 
prove that a:b=0c:d. 
12. Reduce to their simplest forms : 
3 
gard  ganb Cen) ee 
— _ +— 3 ae el ae 2 
(1) jaa + pan (2) aaa Va? -b 


13. When v= - = find the value of 
wtaxvt+a® 2?-ax+a?2 
ax —as x+a3 
14. Simplify 
ap? a : meee * nts — 2D x On 
ee 
15. Find the ratio compounded of the ratios 


* an 2 ae ee 
a-y @-y 4 Btayty®  a-y 


a+b * a®-B a-b? * (a+b)? 
16. Ifa, b, ¢ be three proportionals, prove that 
(1) a(a+b): b(b-a)=b(b+e): c(e-b); 
(2) (a+b+c)(b? - be +c?) =c(a? +b? +0). 
17, Tia:b: c=ay: a: ys, prove that ec y: =a : as be. 


18. If »:q be the duplicate ratio of p-r:q-7, prove that r 
is a mean proportional between p and q. 


19. Ifa: b=c:d, prove tnat 
(1) at+c:a+b+c+d=a:at+h; 
. _(a=b)(b=d) 
(2) (a-—b)-(e-d) _—— 4 


20. Shew that any ratio is made more nearly equal to unity by 
adding the same quantity to each of its terms, 


91. If x varies as y+z, and z varies as 2; and if a=2 when 
y =4, find the value of y when a=1. 
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22. If 2x+3y : 2x -3y=2a?+ 3)? : 2a? - 3b, then w has to y the 


duplicate ratio of a to b. 


93. Find an A.P. of seven terms whose sum is 28 and common 
difference 3. 


94, The sum of 10 terms of an A.P. is 145, and the sum of its 


fourth and ninth terms is five times the third term; determine 
the series. 


95. Find the value of 
NOEL Py = KS =x) 202 Be 


26. Sum to 10 terms each of the series 
(1) 54+10+15+20+...... 
(2) 5-10+20-40+4....... 


ae PX PE A 
Gif, Abi eae cate Fac ew that 


ap+bq-cr=0, and xp-yqt+zr=0. 


28. The sum of five numbers in arithmetical progression is 10, 
and the sum of their squares is 60; find the numbers. 


99, Find the sum of » ae of the progression 


34 2y + 2p eto. : 


380. ind the ninth term of the harmonic series whose first and 
third terms are 3 and 2 respectively. 


31, Simplify (a-))5 ee 
Ra? — 0 x(a+b)-3 
32. Sum to n terms 
Bye ay SL 
9 ato te woMtes . 


and find five consecutive terms of this progression whose sum is 187 4. 


33. The 8™ term of an Arithmetical Progression is double the 
13 term; shew that the 2"! term is double the 10 term. 


E, A. x 
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34. Sum the following series : 


(1) (a-2x)+2(a+x)+3(a+ 2z)+...... to 18 terms. 
(2) 334-594+85-...... to 7 terms. 


35. Shew that the sum of 2n terms of the series 


ea ae ana el eae: a itr 
39°27 81 2 7 Sis 


; 3 
x fh ee en | nQ—2n L 
is as Wie i 


36; “Uh ae I . oat are in A.P., then a, 6b, c are in G.P. 
b-a 2b b-c 


87. The last term of an A.P. is ten times the first, and the last 
but one is equal to the sum of the 4" and 5". Find the number of 
the terms, and shew that the common difference is equal to the first 
term. 


38. Sum to 2n terms each of the series 
(1) 1-34+9-27+...... ; 
(2) 1-34+5-7+...... . 
and write down the last term of each series. 
39. Find two numbers whose arithmetic mean exceeds their 


scometric mean by 2, and whose harmonic mean is one-fifth of the 
arger number. 


40. Vind an infinite geometrical progression, whose first term is 
1, and in which each term is twice the sum of all the terms that 
follow it. 


41. Thearithmetic mean between two numbers is to the geometric 
mean as 5 to 4, and the difference of their geometric and harmonie 
means is 4; find the numbers. 


42. Ifx, y, z bein G.P., prove that 
a2y222 (a9 4-3 4 2-3) = et py + 23, 


CHAPTER XXXVI. 
THE THEORY OF QUADRATIC EQUATIONS. 


335. In Chapter xxv. it was shewn that after suitable re- 
duction every quadratic equation may be written in the form 


Cie Fa Rete) ae ataed gcc er eure det oe 1 (ay 
and that the solution of the equation is 
Sd ON age (2). 
2a 


We shall now prove some important propositions connected 
with the roots and coefficients of all equations of which (1) is 
the type. 


336. A quadratic equation cannot have more than two roots. 


For, if possible, let the equation az?+br+c=0 have three 
diferent roots a, B, y. Then since each of these values must 
satisfy the equation, we have 


WO Vor Onn sere open arhicetanakeaeh, onto Dy 
DSO nO Ot. erie etwehn ate euaidegt ene 3 (2), 
GnyPt. Onyicta C= Onatds <this sar shevs gas as PuOter (3). 


From (1) and (2), by subtraction, 
a(a?— B*)+b(a—B)=05 
divide out by a— which, by hypothesis, is not zero ; then 
a(a+)+b=0. 
Similarly from (2) and (3) 
a(B+y)+b=0; 
. by subtraction a(a—y)=0; 


which is impossible, since, by hypothesis, @ is not zero, and a is 
not equal to y. Hence there cannot be three different roots. 
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337. The terms ‘unreal’, ‘imaginary’, and ‘impossible’ are 
all used in the same sense: namely, to denote expressions which 
involve the square root of a negative quantity. It is important 
that the student should clearly distinguish betaveen the terms 
real and rational, ¢maginary and irrational. Thus ./25 or 5, 
31, —% are rational and real; ./7 is irrational but real; while 
/ —7 is irrational and also imaginary. 

338. In Art. 335 if the two roots in (2) are denoted by 
a and 2, we have 
—b+b*?—4ae —h—Jb? = 4ae 

es eas © aes 


(1) If b?—4ae, the quantity under the radical, is positive, 
a and #3 are real and unequal. 

(2) If b?—4aec is zero, a and #8 are real and equal, each 

: . . ) 

reducing in this case to — Oa" 

(3) If b?—4ac is negative, a and 3 are imaginary and unequal. 

(4) If b?—4ae is a perfect square, a and f are rational and 
unequal, 

By applying these tests the nature of the roots of any 
quadratic may be determined without solving the equation. 


a= 


Example 1. Shew that the equation 2x?-624+7=0 cannot be 
satisfied by any real values of 2. 
Here a=2, b= -—6, c=7; 80 that 
b? -—-dac=(-6)?-4.2.7= --20. 
Therefore the roots are imaginary. 
Note. If the equation is solved graphically as in Art. 427, it will 


be found that the graph does not cut the axis of a. Thus there are 
no real values of x which make 2x? - 6x +7 equal to zero. 


Example 2. For what value of k will the equation 32° - 62+hk=0 
have equal roots ? 
The condition for equal roots gives 
(-6)?-4.3.k=0, 
whence k=3. 


Example 3. Shew that the roots of the equation 
a? — 2px + p® - 92 + 2Qqr-7r2=0 
are rational, 
The roots will be rational provided ( - 2p)? - 4(p® - q? 4 2qr = 7°) is 
a perfect abe But this expression reduces to 4(q?-2qr 47°), or 
4(q-r)*. ence the roots are rational, 
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a 2 —b—./b? — 4ac 


339. Since a= ——= 
2a 


b] 


we have by addition 


ees ia Lae a Jb? — 4ae 2 tg 


Qa 


and by multiplication we have 


a (ot P= Mae) (—b = PF dae) 


4a? 
_(—b)*— (0? — 4ac) 
a 4a? 
4ac ec 
Se ae a a hae es (2) 


By writing the equation in the form 
b A 

p+ 9+" =0, 
a a 


these results may also be expressed us follows : 


In a quadratic equation where the coefficient of the first term as 
unity, 

(i) the sum of the roots is equal to the coefficient of « with 
its sign changed ; 

(ii) the product of the roots is equal to the third term. 


Note. In any equation the term which does not contain the 
unknown quantity is frequently called the absolute term. 


340. Since nat, and «=a, 


ia Cena : 
the equation Ba oe may be written 
¢ 


(GB) OEE OU acc deans chodeeieent (1). 
Hence any quadratic may also be expressed in the form 
x? —(sum of roots) «+ product of roots=0 ............ (2). 
Again, from (1) we have 
Gig) 5 EHO s oweus ct vewcers nents (3). 


We may now easily form an equation with given roots. 


i 
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Example 1. Form the equation whose roots are 3 and - 2. 
The equation is (w — 3) (w+2)=0, 
or xv? -a2-6=0. 


: 4 
Example 2. Form the equation whose roots are 2 and — 5 


The equation is (x-5) («+5)=0; 
that is, (7x —3)(5a+4)=0, 
or 352? + 13 -12=0. 


When the roots are irrational it is easier to use the following 
method : 


Example 3. Form the equation whose roots are 2 +,/3 and 2—,/3. 


We have sum of roots=4, 
product of roots=1 ; 
“. the equation is x? —-4¢+1=0, 


by using formula (2) of the present article. 


341, The results of Art. 339 are most important, and they 
are generally sufficient to solve problems connected with the 
roots of quadratics. In such questions the roots should never be 
considered singly, but use should be made of the relations ob- 
tained by writing down the sum of the roots, and their product, 
in terms of the coefficients of the equation. 


Example 1. If a and f are the roots of a-pa+q=0, find the 
value of (1) a?+ 6%, (2) a+ p*. 


We have a+B=p, 
ap=q. 
. a? + B2=(a +B)? -2aB 
=? — 29. 
Again, a* + 8° = (a+ B) (a? + 8? - af) 


=p{(a+B)?—3ap} 
=p(p* - 39). 
Kxample 2. If a, B are the roots of the equation /a*+ma+n=0, 


; a 
find the equation whose roots are =, ©. 
a 


We have sum of roots =~ + B ot i 
Boa af 
product of roots =f . bai ; 
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“. by Art. 340 the required equation is 


2 2 
a(S te) e+1=0, 


ap 
or aBx — (a2 + 8?)x+a8=0. 
wate i a | Be aU n 
As in the last example a?+6?= rome and ap=-- 
*. the equation is Bye ee ee 0, 
l & U 
or nla? — (m? — Qnl) a +nl=0. 


Example 3. Find the condition that the roots of the equation 
ax? +be+ce=0 should be (1) equal in magnitude and opposite in 
sign, (2) reciprocals. 


The roots will be equal in magnitude and opposite in sign if their 


sum is zero; therefore — ao or b=0. 


Again, the roots will be reciprocals when their product is unity ; 
c 
therefore 5 IROr ea; 
Example 4. Find the relation which must subsist between the 


coefficients of the equation px?+qx+r=0, when one root is three 
times the other. 


q if 
We have a+B=--, aB=—;3 
B ‘9 B 2 
but since a=38, we obtain by substitution 
q ib 
4p age 
p=-7, aptae 
2 
From the first of these equations =p and from the second 
pene 
P= 3. 
ON inet 
" 16p? 3p’ 
or 3q°= 16pr, 


which is the required condition. 


342. The following example illustrates a useful application 
of the results proved in Art. 338. 
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Example. If x is a real quantity, prove that the expression 
2+ 2x —-11 : ‘ 
Bes) can have all numerical values except such as lie between 


~ 


2 and 6. 

Let the given expression be represented by y, so that 

e4+2¢-11 

Bea) 7? 
then multiplying up and transposing, we have 
x? 4+ 2e(1 -y)+6y-11=0. 

This is a quadratic equation, and if a is to have real values 
4(1-y)?—4(6y-—11) must be positive; or simplifying and dividing 
hy 4, y?-8y+12 must be positive; that is, (y—6)(y—2) must be 
positive. Hence the factors of this product must be both positive, 
or both negative. In the former case y is greater than 6; in the 


latter y is less than 2. Therefore y cannot lie between 2 and 6, but 
may have any other value. 


Tn this example it will be noticed that the expression y* — 8y +12 
is positive so long as 7 does not lie between the roots of the cor- 
responding quadratic equation 7° —8y7 +4+12=0. 

his is a particular case of the general proposition investigated 
in the next article. 


343. For all real values of x the expression ax®+bx+e has 
the same sign us a, except when the roots of the equation 
ax*+bx+c=0 are real and unequal, and x lies between them. 

Case I. Suppose that the roots of the equation 

ax* +bx+c=0 
are real; denote them by a and £, and let a be the greater. 


Then axt+brto=a( a+ 2x42) 
\ a a 


=a{2*—(a+B)r+aPB} [Art. 339.] 
=a(a—a)(2— (3). 


Now if a is greater than a or less than £, the factors 2 —a, 
x — are either both positive or both negative ; therefore the 
expression (2 —a)(7— 8) is positive, and ax*+bx+e has the same 
sign asa. But if a lies between a and £, the expression 


(x—a)(#—) 


is negative, and the sign of a2 +b2+ce is opposite to that of a, 
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Case II. If aand Pf are equal, then 
ax +bu+c=a(r—a)’, 
and (a — a)? is positive for all real values of «; hence aa?+be+c 
has the same sign as a. 
Case III. Suppose that the equation az*+br+c=0 has 
imaginary roots ; then 


axu*+be+e=a { wt ly ot ar 
a au 
b ) dac—b?) . 
=a{(o+e SS att : 


but since 0? —4ace is negative [Art. 338], the expression 


0 \*, 40e=0 
aoe) a eae 


is positive for all real values of w ; therefore ax?+hx+c has the 
same sign as a. 


[Arts. 426, 427 and 439, Ex. 2, may be read here. ] 


EXAMPLES XXXVI. 


Find (without actual solution) the nature of the roots of the 
following equations : 


1. wt4+n-870=0. 2, 846r=5e% 8, Sa? = 14 - 32°, 
A oe ese I, Care ae lay G6. (@+2)*=4a+- 15, 
Form the equations whose roots are 
7. Ds, = 3 8. -9, -ll. 9, a+b, a-b. 
3.5 2 4 if 
10. 3 ae ial, 3% a 12. 0, 8" 


13. Ifthe equation 2?+2(1+h)x+i?=0 
has equal roots, what is the value of k? 


14, Prove that the equation 
38ma? — (2m + 3n)a+2n=0 


has rational roots. 


15. Without solving the equation 3a*?-4x%-1=0, find the sum, 
the difference, and the sum of the squares of the roots. 


16. Shew that the roots of a(x? -T)=(b-c)x are always real. 
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Form the equations whose roots are 
i Sas 8-05. I <taerekess ae -2, 3. 
1 a+b a-b a db 
= (4 : hal oes fe ed 
20. 3! 4/7) al. a-b a+b 22 2b’ 2a 


If a, 8 are the roots of the equation px*?+qa+r=0, find the 
values of 


23, a?+/?. 24, (a—8)°. 25. «B+ af. 
96. at+ 4. 27, a°B?+a%p5, 98. . si p° , 
a 


29. If a, 8 are the roots of 2®-pa+q=O0, and a’, 6° the roots of 
x? - Px+Q=0, find P and Q in terms of p and q. 
80. If a, B are the roots of a?-ax+b=0, find the equation whose 


roots are ra Ee 
ae 


31. Vind the condition that one root of the equation 
ax? + be+e=0 
may be double the other. 
32. Form an equation whose roots shall be the cubes of the roots 
of the equation 2a (a -a)=a’, 
33. Prove that the roots of the equation 
(a+b)a?-(a+b+c)a+5=0 
are always real. re 
34. Shew that (a+b+c)x®-2(a+b)a+(a+b-—c)=0 
has rational roots. 


35. Form an equation whose roots shall be the arithmetie and 
harmonic means between the roots of 2° - pa +q=0. 


36. In the equation px*+qx+r=0 the roots are in the ratio of 
1 to m, prove that 
(22 + m*) pr + lm (2pr = q®) =0. 


= 4 
87. Shew brig if 2 is real the expression ~ cannot lie between 
3 and 5. dis 
, 8x2 4-2 
38. If x is real, prove that om 1 oan have all values except 


such as lie between 2 and - > 


CHAP EER, XoXo VT. 
PERMUTATIONS AND COMBINATIONS. 


344. Eacn of the arrangements which can be made by taking 
some or all of a number of things is called a permutation. 

Each of the groups or selections which can be made by taking 
some or all of a number of things is called a combination. 

Thus the permutations which can be made by taking the 
letters a, b, c, d two at a time are twelve in number: namely, 


abd, Gdow tadenbc,. bal,4 «ed, 
ba, ch, dag “eb ab, de: 


each of these presenting a different arrangement of two letters. 


The combinations which can be made by taking the letters 
a, b, ce, d two at a time are six in number: namely, 


Gb, GG, sdk HOG. wbd, cds: 


each of these presenting a different selection of two letters. 

From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains ; 
whereas in forming permutations we have also to consider the 
order of the things which make up each arrangement; for 
instance, if from four letters a, 6, c, d we make a selection of 
three, such as abe, this single combination admits of being 
arranged in the following ways: 


abe, acb, bea, bac, cab, cba, 


and so gives rise to six different permutations. 


345. Before discussing the general propositions of this 
chapter the following important principle should be carefully 
noticed. 

Tf one operation can be performed in m ways, and (when it has 
been performed in any one of these ways) a second operation can 
then be performed in n ways; the number of ways of performing 
the two operations will be m x n. 
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If the first operation be performed in any one way, we can 
associate with this any of the m ways of performing the second 
operation : and thus we shall have 2 ways of performing the two 
operations without considering more than one way of performing 
the first ; and so, corresponding to each of the m ways of per- 
forming the first operation, we shall have x ways of performing 
the two ; hence altogether the number of ways in which the two 
operations can be performed is represented by the product 
mx Nn. 


Example. There are 10 steamers plying between Liverpool and 
Dublin ; in how many ways can a man go from Liverpool to Dublin 
and return by a different steamer ? 


There are ten ways of making the first passage ; and with each of 
these there is a choice of nine ways of returning (since the man is 
not to come back by the same steamer) ; hence the number of ways 
of making the two journeys is 10x 9, or 90. : 


This principle may easily be extended to the case in which 
there ave more than two operations each of which can be per- 
formed in a given number of ways. 


346. To find the number of permutations of n dissimilar things 
taken v at a time. 


This is the same thing as finding the number of ways in 
which we can fill up 7 places when we have m different things at 
our disposal. 


The first place may be filled up in n ways, for any one of the 
n things may be taken ; when it has been filled up in any one of 
these ways, the second place can then be filled up in x—1 ways ; 
and since each way of filling up the first eat can be associated 
with each way of filling up the second, the number of ways in 
which the first two places can be filled up is given by the product 
n(n—1). And when the first two places have been filled up in 
any way, the third place can be filled up in »-2 ways. And 
reasoning as before, the number of ways in which three places 
can be filled up is x(m—1)(n - 2). 

Proceeding thus, and noticing that a new factor is introduced 
with each new place filled up, and that at any stage the number 
of factors is the same as the number of places filled up, we shall 
have the number of ways in which r places can be filled up 
equal to 


n(n—1)(n—2)...... to r factors ; 
and the 7 factor is n—(r—1), or n-—r+1. 


: 
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Therefore the number of permutations of things taken 7 at, 


a time is 
n(m—1)(n—- 2) ...... (n-—7+1). 
Cor. The number of permutations of x things taken all at 
a time is 
m(n —1)(n—2)...... to n factors, 
or n(n—1)(n—2)...... So2s 1, 


It is usual to denote this product by the symbol |z, which is 
read “ factorial x.” Also the symbol 2! is sometimes used for |7. 


347. We shall in future denote the number of permutations 
of » things taken 7 at a time by the symbol ”2’,, so that 
"P=n(w—1)(2—2)...... (n—7r+1); 
also i eg |n. 


In working numerical examples it is useful to notice that the 
suffix in the symbol ”/,.always denotes the number of factors in 
the formula we are using. 

Example 1. Four persons enter a railway carriage in which there 
are six seats ; in how many ways can they take their places ? 

The first person may seat himself in 6 ways; and then the second 
person in 5; the third in 4; and the fourth in 3; and since each of 
these ways may be associated with each of the others, the required 
answer is 6x 5x4 3, or 360. 


Example 2. How many different numbers can be formed by 
using six out of the nine digits 1, 2, 3,...9? 

Here we have 9 different things and we have to find the number 
of permutations of them taken 6 at a time ; 


the required result =P, 
=9x8x7x6x5x4 
= 60480. 


348. To find the number of combinations of n dissimilar 
things taken r at a time. : 

Let ”C, denote the required number of combinations. 

Then each of these combinations consists of a group of 7 
dissimilar things which can be arranged among themselves in 
|r ways. [Art. 346. Cor.] 
~ Hence *C,,x|7 is equal to the number of arrangements of n 
things taken r at a time ; that is, 

20,.X|r=*?.=n(n=1)(n=2)..w=r+1); 
_ n(n—1)(m—2)...é—r+1) 


le 


ny 
r 
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> 
Cor. This formula for "C, may also be written in a different 


form ; for if we multiply the numerator and the denominator by 
|n —7” we obtain 


n(n —1)(n—2)...... (n—r+1)x|n—r a ar) 
|r |u-r ‘ jr [pe 
since n(z—1)(n—2)...... (n-r+1)x|n-r=|n. 


Example. From 12 books in how many ways can a selection of 5 
be made, (1) when one specified book is always included, (2) when 
one specified book is always excluded ? 

(1) Since the specified book is to be included in every selection, 
we have only to choose 4 out of the remaining 11. 


11x10x9x8 
: = yy) = a 
Hence the number of ways="C,= See = 330. 
(2) Since the specified book is always to be excluded, we have 
to select the 5 books out of the remaining 11. 


11 x10x9x8x7_ geo 


Hence the number of ways ="C, = ———————— 
- L x2 Baise dy 


a 


349. The number of combinations of n things vr at a time is 
equal to the number of combinations of n things n—¥ at a time, 


In making all the possible combinations of 2 things, to each 
group of 7 things we select, there is left a corresponding group of 
n—-r things; that is, the number of combinations of 2 things 
vy at a time is the same as the number of combinations of x things 
n—r at a time ; 


"C= Cmaps 


This result is frequently useful in enabling us to abridge 
avithmetical work. 


Example. Out of 14 men in how many ways can an eleven be 
chosen ? 
The required number ="C;,, 
= NGO, = 14 x13 x 12 
sf 1x2x3 
If we had made use of the formula “C),, we should have had to 
reduce an expression whose numerator and denominator each con- 
tained 11 factors. 


= 364. 


350. In the examples which follow it is important to notice 
that the formula for permutations should not be used until the 
suitable selections required by the question have been made. 


XXXVI. ] PERMUTATIONS AND COMBINATIONS. 323 


Hxeample \. Yrom 7 Englishmen and 4 Americans a committee of 
6 is to be formed : in how many ways can this be done, (1) when the 
committee contains exactly 2 Americans, (2) at least 2 ‘Americans ? 


(1) The number of ways in which the Americans can be chosen 
is *C,; and the number of ways in which the Englishmen can be 
chosen is 7C,. Each of the first groups can be associated with each 
of the second ; hence 


the required number of ways=*C, x 7C, 

4 di 7 
i Dili 
Rae 

(2) We shall exhaust all the suitable combinations by forming 
all the groups containing 2 Americans and 4 Englishmen; then 
3 Americans and 3 Englishmen ; and lastly 4 Americans and 2 
Englishmen. 

The sum of the three results will give the answer. Hence the 
required number of ways =4Q, x 70,+4C x 7C3-#4C, x 7C, 

(eae eal ed cad 

“P2438 "BB “2B 
=210+ 140+ 21=371. 


In this example we have only to make use of the suitable formule 
for combinations, for we are not concerned with the possible arrange- 
ments of the members of the committee among themselves. 


Example 2. Out of 7 consonants and 4 vowels, how many words 
can be made each containing 3 consonants and 2 vowels? 


The number of ways of choosing the three consonants is 7C., and 
the number of ways of choosing the 2 vowels is 4C,; and since each 
of the first groups can be associated with each of the second, the 
number of combined groups, each containing 3 consonants and 2 
vowels, is 7C, x 4C, 

Further, each of these groups contains 5 letters, which may be 
arranged among themselves in |5 ways. Hence 

|7 |4 4 x|5 
Be eee 
=5 x | 7 = 25200. 


the required number of words= 


EXAMPLES XXXVII. a. 
1, ‘Bind the yalueot"P, iP... °C,,. 2C,,.. 


<0 


2. How many different arrangements can be made by taking (1) 
five, (2) all of the letters of the word soldier ? 


Oy. 14... C7 So, nnd 9, 
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4. How many different selections of four coins‘can be made from- 
a bag containing a sovereign, a half-sovereign, a half-crown, a florin, 
a shilling, a franc, a sixpence, a penny, and a farthing? 


5. How many numbers between 3000 and 4000 can be made with 
the digits 9, 3, 4, 6? 


6. In how many ways can the letters of the word volume be 
arranged if the vowels can only occupy the even places ? 


7. If the number of permutations of 7 things four at a time is 
fourteen times the number of permutations of n-2 things three at 
2 time, find 2. 


8. From 5 masters and 10 boys how many committecs can be 
selected containing 3 masters and 6 boys? 


Oe ThA Os gy. fh WC yay Ge 


10. Out of the twenty-six letters of the ri nen in how many 
ways can a word be made consisting of five different letters, two of 
which must be a and e? 


s 


11. How many words can be formed by taking 3 consonants and 
2 vowels from an alphabet containing 21 consonants and 5 vowels? 


12. A railway carriage will accommodate 5 passengers on each 
side: in how many ways can 10 persons take their seats when 
two of them decline to face the engine, and a third cannot travel 
backwards ? 


351. Hitherto, in the formule we have proved, the things 
have been regarded as unlike. Before considering cases in which 
some one or more sets of things may be dike, it is necessary to 
point out exactly in what sense the words like and unlike are 
used. When we speak of things being dissim@ar, different, un- 
like, we imply that the things are visibly unlike, so as to be 
easily distinguishable from each other. On the other hand we 
shall always use the term dike things to denote such as are alike 
to the eye and cannot be distinguished from each other. For 
instance, in Ex, 2, Art. 350, the consonants and the vowels may 
be said each to consist of a group of things united by a common 
characteristic, and thus in a certain sense to be of the same 
kind ; but they cannot be regarded as like things, because there 
is an individuality existing among the things of each group which 
makes them easily distinguishable from each other. Hence, in 
the final stage of the example we considered each group to 
consist of five dissimilar things and therefore capable of |5 
arrangements among themselves. [Art. 346. Cor.] 
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352. To find the number of ways in which uv things may be 
arranged among themselves, taking them all at a time, when p 
of the things are exactly alike of one kind, q of them exactly 
alike of another kind, y of them exactly alike of a third kind, and 
the rest all different. 


Let there be 2 letters ; SARS p of them to be a, ¢g of them 
to be 6, r of them to be c, and the rest to be unlike. 


Let « be the required number of permutations; then if 
the p letters a were replaced by p unlike letters different from 
any of the rest, from any one of the x permutations, without 
altering the position of any of the remaining letters, we could 
form |p new permutations. Hence if this change were made 
in each of the w# permutations, we should obtain xx|p per- 
mutations. 


Similarly, if the q letters b were replaced by g unlike letters, 
the number of permutations would be .v x |p x lg. 


In like manner, by replacing the 7 letters ¢ by 7 unlike letters, 
we should finally obtain «x|px|g x|r permutations. 


But the things are now all different, and therefore admit of |x 
permutations among themselves. Hence 


ox|px|gx|r=|es 


pee 
lw go in 


which is the required number of permutations. 


that is, ii 


Any ease in which the things are not all different may be 
treated similarly. 


Example 1. How many different permutations can be made out 
of the letters of the word assassination taken all together ? 


We have here 13 letters of which 4 are s, 3 are a, 2 are 2, and 2 
aren. Hence the number of permutations 


18 
BE 
SON 109 06 07 Sie 


= 1001 x 10800 = 10810800. 
E.A. vi 


326 ALGEBRA. (cHap. 


Example 2. How many numbers can be formed with the digits 
1, 2, 3, 4, 3, 2, 1, so that the odd digits always occupy the odd places ? 


The odd digits 1, 3, 3, 1 can be arranged in their four places in 
4 


3 


Each of the ways in (1) can be associated with each of the ways 
in (2). 
|3 


4 
Hence the required number =p x 2 =6x3=18. 


353. To find the number of permutations of n things r at a 
time, when each thing may be repeated once, twice, ...... up tor 
times in any arrangement. 


Here we have to consider the number of ways in which 7 
places can be filled up when we have x different things at our 
disposal, each of the things being used as often as we please in 
any arrangement. 


The first place may be filled up in 2 ways, and, when it has 
been filled up in any one way, the second re may also be filled 
up in ” ways, since we are not precluded from using the same 
thing again. Therefore the number of ways in which the first 
two places can be filled up is 2x» or 7”. 


The third place can also be filled up in » ways, and therefore 
the first three places in n° ways. 


Proceeding in this manner, and noticing that at any stage the 
index of 2 is always the same as the number of places filled up, 
we shall have the number of ways in which the r places can be 
filled up equal to 2”, 


Example. In how many ways can 5 prizes be given away to 
4 boys, when each boy is eligible for all the prizes ? 


Any one of the prizes can be given in 4 ways; and then any one 
of the remaining prizes can also be given in 4 ways, since it may be 
obtained by the bey who has already received a prize. Thus two 
prizes can be given away in 4° ways, three prizes in 4° ways, and so 
on. Hence the 5 prizes can be given away in 4°, or 1024 ways. 
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354. To find for what value of r the number of combinations 
of n things r at a time zs greatest. 


Since "C= ible Nes) Birdie. (n-—7r+2)(n—7r+1) 
They 9) D seen (7 —l)r 
e _nn—1)(a=— 9) wee (n-7+2), 
So 1, 9) Sees is) ; 
nang x” i 
The multiplying factor Ts Fae, may be written eels 1, 
= : 
which shews that it decreases as 7 increases. Hence as 7 receives 
the walnes, 1, 2.53, ccc. in succession, “C; is continually increased, 
1 
until one —1 becomes equal to 1] or less than 1. 
Now Beatie yr Sip so long as ~ ; that is, stale 


2 
We have to choose the ene value of 7 consistent with 
this inequality. 
(1) Let 2 be even, and equal to 2m; then 
Mel 21 
Dy ina 


and for all values of 7 a to m inclusive this is greater than 7. 


] 
me ey 


Hence by putting r=m= oy we find that the greatest number of 


combinations is ”(,. 


> 
4 


(2) Let 2 be odd, and equal to 2m+1; then 
m+1 2m+2 
ae" MIG) 


9 


= 


=m+1; 


and for all values of 7 up to m inclusive this is greater than 7 ; 
but when 7=m+1 the multiplying factor becomes equal to 1, and 
OES, pe HO 3 that iS, "Oni "Cpa 3 


9 


and therefore the number of combinations is greatest when the 
Dey fe Th 
ie s1Or 
a Y 


same in the two cases, 


things are taken at a time; the result being the 
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EXAMPLES XXXVII. b. 


1, Find the number of permutations which can be made from 
all the letters of the words, 


(1) irresistible, (2) phenomenon, 
(3) tittle-tattle. 


2. How many different numbers can be formed by using the seven 
digits 2, 3, 4, 3,3, 1,2? How many with the digits 2, 3, 4, 3, 3, 0,2? 


8. How many words can be formed from the letters of the word 
Simoom, so that vowels and consonants occur alternately in each 
word? 


4, <A telegraph has 5 arms and each arm has 4 distinct positions, 
including the position of rest: find the total number of signals that 
ean be made. 


5. In how many ways can » things be given to m persons, when 
there is no restriction as to the number of things each may receive ? 


6. How many different arrangements can be made out of the 
letters of the expression a5b*c® when written at full length ? 


7. There are four copies each of 3 different volumes; find the 
number of ways in which they can be arranged on one shelf. 


8. In how many ways ean 6 persons form a ring? Find the 
number of ways in which 4 gentlemen and 4 ladies can sit at a 
round table so that no two gentlemen sit together. 


9. In how many ways can a word of 4 letters be made out of 
the letters a, b, e, c, d, 0, when there is no restriction as to the 
number of times a letter is repeated in each word ? 


10. How many arrangements can be made out of the letters of 
the word Toulouse, so that the consonants occupy the first, fourth, 
and seventh places ? 


11, A boat’s evrew consists of eight men. of whom one can only 
row on bow side and one only on stroke side: in how many ways 
can the crew be arranged ? 


12, Shew that at, = "0, +"C,4: 


13, A cricket eleven has to be chosen from 13 men of whom only 
4 can bowl: in how many ways can the team be made up so as to 
include at least 2 bowlers? 


14. In how many ways can x men be arranged in a row if two 
specified men are neither of them to be at either extremity of the 
row? 


CHAPTER XXXVIIL. 
BINOMIAL THEOREM. 


355. Ir may be shewn by actual multiplication that 


(w+a)(x+b)(«+c)(vx+d) 
=a2'+(a+b+c+d)e+(ab+ac+ad+be+bd+cd)x? 
+ (abe + abd + acd + bed) + abed wo. cccccec cee cc eee eneeeees (1). 


We may, however, write down this result by inspection ; for 
the complete product consists of the sum of a number of partial 
products each of which is formed by multiplying together four 
letters, one being taken from each of the four factors. If we 
examine the way in which the various partial products are 
formed, we see that 

(1) the term 2* is formed by taking the letter « out of each 
of the factors. 

(2) the terms involving x? are formed by taking the letter « 
out of any three factors, in every way possible, and one of the 
letters a, 6, c, d out of the remaining factor. 

(3) the terms involving x? are formed by taking the letter 7 
out of any two factors, in every way possible, and ¢wo of the 
letters a, 6, c, d out of the remaining factors. 


(4) the terms involving x are formed by taking the letter x 
out of any one factor, and three of the letters a, b,c, d out of 
the remaining factors. » 

(5) the term independent of x is the product of all the letters 
a, b, ¢, d. 


Example. Vind the value of (x -—2)(a%+3)(x%-—5)(«+9). 


The product 
=at+(-24+3-549)2°+(-6+410-18- 15+27 — 45) x? 
+ (80 — 54+ 90 — 135) x + 270 
=a4+ 523 - 47x? — 692 +270. 
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356. If in equation (1) of the preceding article we suppose 
b=c=d=a, we obtain 
(a+a)t=at+ dar? + 6072? + 4a8x + at. 
We shall now employ the same method to prove a formula 
known as the Binomial Theorem, by which any binomial of the 
form «+a can be raised to any assigned positive integral power. 


_ 857. To find the expansion of (x+a)" when n is a positive 
enteger. 
Consider the expression 
(ata) (+b) (@+e) 0. (w+h), 
the number of factors being 2. 


The expansion of this expression is the continued product of 
the n factors, v+a, v+b, r+e,...... x+kh, and every term in the 
' expansion is of » dimensions, being a product formed by multi- 
plying together » letters, one taken from each of these n factors. 

The highest power of 7 is #”, and is formed by taking the 
letter « from each of the n factors. — 


The terms inyolving #"~! are formed by taking the letter « 
from any n—1 of the Etnta and one of the letters a, b, ¢c,...4 
from the remaining factor; thus the coefficient of #"-! in the 
final product is the sum of the letters a, d, ¢, ...... k; denote it 
by JS). 

“The terms involving #"-? are formed by taking the letter x 
from any n—2 of the factors, and two of the letters a, b, c,...k 
from the two remaining factors; thus the coefficient of «-? 
in the final product is the sum of the products of the letters 
a, b, c,...k taken two ata time; denote it by 8. 

And, generally, the terms involving a”~” are formed by taking 
the letter « from any n—r of the factors, and r of the letters 
a, b, c,...k from the 7 remaining factors ; thus the coefficient of 
v"~" in the final product is the sum of the products of the letters 
a, b,c, ...k taken r at a time ; denote it by S,. 


The last term in the product is abe ...4; denote it by S,. 
Hence (w@+a) (v7+b) (w7+e) v0... (a +h) 

= a" + S20! + Sov"? +... + S02" +. + S,-.7 +S). 
In 8, the number of terms isn; in Sy the number of terms is 


the same as the number of combinations of 2 things 2 at a time ; 
that is, "C,; in S, the number of terms is "C,; and so on. 


Now suppose b, ¢,... 4, each equal toa; then 8, becomes "C\a ; 
S, becomes "C,a* ; S, becomes "Cya* ; and so on ; thus 


(x +a)" = 2" +"C,ar"-} + Cyara"-2 + "Cgahx"3-4 ... "C0" 5 
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substituting for "C,, "C4, ... i obtain 
n(n — 
ee 5 


Vee ypil—e- 
. 


(e+a)"= RO ee 


n(n—1)(n— 2) wer n—3 n 
ois amr Eat ema ap aBisR ln 
the series containing n+1 terms. 


This is the Binomial Theorem, and the expression on the 
right is said to be the expansion ‘of (wtay” 


358. The coefficients in the expansion of (w+a)" are very 
conveniently expressed by the symbols "C,, "C,, "C3, ..."C,. We 
shall, however, sometimes further abbreviate them. by omitting 
n, and writing Cj, C,, C3,...C,. With this notation we have 

(vt a)" =2" + Cyan" 4+ Cya?a? + Cua" 3 +... + Cha”. 

If we write —a in the place of a, we obtain 
(@—a)"=2"+ C\(-—a).2"-14 C,(-a)ya"- 

C3(-— apa" +...+C,(—a)” 
= 2" — Cran"! + Care"? — Caen" 3 +... +(—1)"C,,a”. 

Thus the terms in the expansion of («+qa)”" and (v—a)" are 
numerically the same, but in (w—a)" they are alternately positive 


and negative, and the last term is positive or negative according 
as 7 is even or odd. 


Example 1. Find the expansion of (#+y)°®. 
By the formula, the expansion 
= x8 + 6h xoy + 6Cyarty? + §Oya8y + 6O 2244 + Crary? + 6C1a/8 
= x8 + Baby + L5aty? + 2028 y? + 15.c?y4 + Gry? + 9, 
on calculating the values of ®C,, °C,, °C}, ...... F 


Example 2. Find the expansion of (a — 2.x)’. 
(a — 2x)? =a? —7C a8 (2x) + 7Cyn? (2x)? —7C a4 (2a) +...... to 8 terms. 
Now remembering that "C,="C,_,, after calculating the co- 


efficients up to 703, the rest may be written down at once; for 
"Gi—"Caa 7O,="'C,; and soon, silence 


Wo TO Lo 
= Ont aii LON sa) 
(a 2x) =a ia (22) + 55 @ (227) ie 3% a4 (2a xr) + 
=a’ —7a8(2x) + 21a5 (2x)? — 35a4(2Qx)3 ees: zu) 4 
— 21a?(22)? + Ta (2a)§ — (2a:)? 


=a’ — 14a%x + 84a°a? — 280atx? + 560a3x4 
— 672a7x° + 448aa6 — 128x777, 
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359. In the expansion of (.7+a)", the coefficient of the second 
term is”C, ; of the third term is "C,; of the fourth term is ”C; ; 
and so on; the suffix in each term being one less than the 
number of the term to which it applies; hence ”C, is the co- 
efficient of the (*7+1)" term. This is called the general term, 
because by giving to 7 different numerical values any of the 
coefficients may be found from "C,; and by giving to # and a 
their appropriate indices any assigned term may be obtained. 
Thus the (7+1)" term may be written 

"Oa"—"ar or n(n—1)(n— =} et (n—7r+ 1) nrg? 
? 

In applying this formula to any particular case, it should be 
observed that the index of ais the suine as the suffix of C, and that 
the sum of the indices of x and a ts n. 


Example 1. Find the fifth term of (a+ 2a)!”, 
The required term Oc (2a 
1G 10. 14: 
1.8. one 
= 38080a1%3;!2, 
Example 2. Find the fourteenth term of (3 - a). 
The required term =, (8)?( =a) 
= WC, x (— 9a") [Art. 349.] 
= — 945a}8, 


x 16a}z12 


360. The simplest form of the binomial theorem is the ex- 
pansion of (1+.)".. This is obtained from the general formula 
of Art. 357, by writing 1 in the place of a, and x in the place 
of a. Thus 

(L+a)y"=14+ "Cat "Cyr? + +" Ce +... $C” 


=1+nr+-— © —)),8 a a +2"; 
the general term being 
rahe = 8) x ot Ue 


361. The expansion of a binomial may always be made to 
depend upon the case in which the first term is unity ; thus 


(eryp—{o(42)}" 
y. 


=20"(1+2)", where z=: 
a 


———— ee 
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Example. Find the coefficient of x! in the expansion of (x? — 2a). 


9\ 10 
We have (a2 — 22) =2( 1 = 4) . 


2\10 
and, since x? multiplies every term in the expansion of (1 2s) P 
ao 
we have in this expansion to seek the coefficient of the term which 
= gl 
contains —: 
x 


Hence the required coefficient =O,( — 2) 


EXAMPLES XXXVIII. a. 


Expand the following binomials : 


1, («+2)4. 2. (%+3)?. 3. (a+2)%. 
4, (a-2). 5. (1-2y). 6. (204% - 
te (Pa $.. (aay 9. (ax af). 


Write down and simplify : 
10. The 4" term of (1+2). 
11. The 6" term of (2-y)®. 
12. The 5 term of (a —5b)’. 
13. The 15 term of (2c-1)”. 


1\10 
14. The 7 term of (1 re a) ; 

x: 
15. The 6" term of (30+%). 


d 2 3 \6 
16, The middle term of (Fa ss =a : : 


25 


a 


17, The 23" term of (22+ *) : 
18. The 10%.term of (x?- <x)!" 
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19. Find the value of (# —./3)4+(@+,/3)*. 
20. Expand (V1 —2?+1)5- (V1 -2?-1)° 
21. Find the coefficient of 2! in (a?+2a)!, 


M4 
99. Find the coefficient of w in (22- 2) . 


12 
23, Find the term independent of « in (202 - +) : 


2 15 
94, Find the coefficient of a2-® in (=- =) . 


3 x 


362. In the expansion of (1+x) the coefficients of terms equi- 
distant from the beginning and end are equal. 
The coefficient of the (*+1) term from the beginning is "C,. 


The (7+1)" term from the end has n+1—(r+1), or n-+ 
terms before it; therefore counting from the beginning it is 
the (n—7+1)" term, and its coefficient is "C,_,, which has been 
shewn to be equal to "C.. [Art. 349.] Hence the proposition 
follows, 


363. To find the greatest coefficient in the expansion of 
(1+x)*. 


The coefficient of the general term of (1+.7)" is "C,; and we 
have only to find for what value of 7 this is greatest. 


By Art. 354, when x is even, the greatest coefficient is "Cn 5 ; 
and when 7 is odd, it is "Cy, or "Cr41; these two coefficients 


“2 a 
being equal. 


364. To find the greatest term in the expansion of (x +a)’. 
We have (7+a)" =." (1 4 £)"s 


therefore, since «” multiplies every term in (1 +2) , it will be 
sufficient to find the greatest term in this latter expansion. 


Let the " and (*+1)" be any two consecutive terms, 
The (r+1)" term is obtained by multiplying the 7“ term by 


et o . shette ie (st. ue [Art. 359.] 
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n+1 ‘ 
The factor - —1 decreases as * increases; hence the 


(7+1)" term is not always greater than the 7” term, but only 


] 
until (24) - 1)¢ becomes equal to 1, or less than 1. 


Now (Att Le ->1, so long as una =i Se; 
that is eee OTE ot aug tsa (1). 
Tr a L+a 
1 ‘ °. : 
if ae be an integer, denote it by p; then if r=p the 


multiplying factor becomes 1, and the (p+1)" term is equal to 
the p” ; and these are gr eater than any other term. 
If atte be not an integer, denote its integral part by q; 


tL 


then the greatest value of 7 consistent with (1) is g ; hence the 
(¢g+1)" term is the greatest. 


Since we are only concerned with the numerically greatest 
term, the investigation will be the same for (#—a)”; therefore 
in any numerical example it is unnecessary to consider the sign 
of the second term of the binomial. Also it will be found best 
to work each example independently of the general formula. 


Example. Find the greatest term in the expansion of (1+42)}, 


1 
when x has the value = 


5 
Denote the r** and (7 +1)" terms by 7’, and 7’,4; respectively; then 
pe salen. Ba Ex T, ; 
hence T,+1> T;, so long as a x 2 Salis 
that is, 36 — 4r > 3r, or 36> 77. 


The greatest value of 7 consistent with this is 5; hence the greatest 
term is the sixth, and its value : 


4\5 4\5 57344 
pest: 4) 8 S\= 3 
— Cs x (G) = C; x (5) 243 
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365. To find the sum of the coefficients in the expansion 
of (1+x). 
In the identity (1+.c)"=1+ Cyr + Cyc? + Cg +... + Cy, 
put 7=1; thus 
27=14+C,4+0,4+0,+...+C, 
=sum of the coefficients. 
Cor, CO; + C,4+Cy+...+0,=2"-1; 


that is, the total number of combinations of » things taking 
some or all of them at a time is 2"—1. 


366. To prove that in the expansion of (1+x)", the sum of the 
coefficients of the odd terms is equal to the sum of the coefficients of 
the even terms. 

In the identity (1+.27)"=1+ Cyrt Cyr? + Cy +... + C,0", 
put r= -—1; thus 

0O=1-C,+0,-C,+C,-C,+ eeeeee : 
1+C,+C,+ eeeeee =0,+C,+C,+ gerece . 


367. The Binomial Theorem may also be applied to expand 
expressions which contain more than two terms. 


Example. Find the expansion of (2? +2 - 1)*, 


Regarding 2x—1 as a single term, the expansion 
= (a?)8 + 3 (ac?)? (Qe — 1) + Bir? (Qu - 1)? + (Qa -1)8 
= xv + Gar? + 9.04 — 4a? — Oe? + 6. -— 1, on reduction. 


368. For a full discussion of the Binomial Theorem when 
the index is not restricted to positive integral values the student 
is referred to the Higher Algebra, Chap. xiv. It is there shewn 
that when w is less than unity, the formula 
n a (n —1)(n — 2) 


p)* =x v a ws eee 
(L+2)"=1+n0v+ = oe) yo 


is true for any value of x. 


When x is negative or fractional the number of terms in the 
expansion is unlimited, but in any particular case we may write 
down as many terms as we please, or we may find the coefficient 
of any assigned term. 
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Example 1. Expand (1+2)~* to four terms. 
(=a)0=35 1) (e, (a8hSese (a 3=2) 3 


(l+a)-§=1+(-3)a+ 


jaa 
Sie eae 
=] -3x+ 6x? -— 10a? + 


Example 2. Expand (44 3x)? to four terms. 


a (da (Oa 
3) 3a 22 ONS  DIND Wy 32 \3 
=8| 145. AF +o. | 


=s| ] 3 3x 3 9x7 1 Paes | 
e i yok SiG, <IG odes 


27 2 27 3 
16" 128° 


=8+9x+— 


869. In finding the general term we must now use the 


formula 
n(n ie Baga eine oO ee 


written in full ; for the aii "C,, cannot be employed when 2 
is fractional or negative. 


Example 1. Find the general term in the expansion of (1 +2), 


3(5-1)(5-2) PO (5-r+1) 


The (r+ 1)* ten =—————_ + 


= G3) = Se... (-2r+3) 
| a ae 3 


The number of factors in the numerator is 7”, and 7-1 of these 
are negative; therefore, by taking —1 out of each of these negative 
factors, we may write the above expression 


Ppa. Crab) 


(=) ae 
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Example 2. Find the general term in the expansion of (1 —2)~%. 


The (r+1)t finn DE EARS a ee CaS ait 


ks 
=(-1r3-4 Pes rar 
Bag: on ee aes! 
a+r +2) oy, 


by removing like factors from the numerator and denominator. 


370. The following example illustrates a useful application 
of the Binomial Theorem. 


Example. Find the cube root of 126 to five places of decimals. 


i a”. ie (BL at lary 
3° 109° 1081 10" 
5 404 _ 700082 | -0000128 _ 

3 9 81 
=5 + ‘013338 ... — 000035... +... 


=5°01329, to five places of decimals. 


EXAMPLES XXXVIII. b. 


In the following expansions find which is the greatest term : 
1, (v+y)" when x=4, y=3. 
2, (w-y)** when z=9, y=4. 


3. (1+2)* when t= 
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4. 
5. 
6 
ip 


(a — 4b) when a=12, b=2. 
(7+ 2y) when x=8, y=14 
(2a +3)” when n=, (= 5). 


In the expansion of (1+) the coefficients of the (27+1) 


and (r+5) terms are equal ; find r. 


8. 


Find n when the coefficients of the 16 and 26t8 terms of 


(1+2)” are equal. 


9, Find the relation between r and 7 in order that the coefficients 
of the (77+3) and (27-3) terms of (1+.«)*" may be equal. 
2m 
10. Find the coefficient of x” in the expansion of (22+) . 
1]. Find the middle term of (1 +)?” in its simplest form. 
12. Find the sum of the coefficients of (a +y)'*. 
13. Find the sum of the coefficients of (37+ y)°. 
14. Find the v* term from the beginning and the 7 term from 
the end of (a+2x)”. 
15. Expand (a?+2a+1)3 and (x?— 4a + 2). 
Expand to 4 terms the following expressions : 
3 2) 

16. (1+2)*. 17. (+ajt. 18, (1+a)*. 
19, ((-e32)-2 2) S(t). a (L-Fee)—s 

=i 8 
22, (2-Paye 3. 23, . (L-#2z)r4. 24, (a—2z) >. 
Write down and simplify : 
95. The 5 term and the 10 term of (1+) me 
96. The 34 term and the 11 term of (1 +n). 
97, The 4 term and the (r+1)® term of (1+2)-? 
98, The 7 term and the (r+1) term of (1 - 0), 

1 

99, The (r+1)® term of (a — bx), and of (1 —nzx)”. 


Find to four places of decimals the value of 


30. 122. 31, </620. Bo Nei 33. 1+/99. 


CHAPTER XxXxXIxX. 
LOGARITHMS. 


371. Derinition. The logarithm of any number to a given 
base is the index of the power to which the base must be raised 
in order to equal the given number. Thus if a*= J, wx is called 
the logarithm of V to the base a. 

Examples. (1) Since 3'=81, the logarithm of 81 to base 8 is 4, 

(2) Since 10'=10, 10?=100, 10°=1000, ...... 
the natural numbers 1, 2, 3,... are respectively the logarithms of 10, 
100, 1000, ... to base 10. 


372. The logarithm of V to base @ is usually written log, J, 
so that the same meaning is expressed by the two equations 
v=N; c=log, NX. 


Example. Find the logarithm of 32.2/4 to base 2 ,/2. 
Let x be the required logarithm ; then 
by definition, (2/2)? =32 5/4 ; 
(2. 2h)e=95 98 ; 


a 
x 5+ 
gr*_9 $ : 


hence, by equating the indices, et ; 
c= . =3'6, 


373. When it is understood that a particular system of 
logarithms is in use, the suffix denoting the base is omitted, 
Thus in arithmetical calculations in which 10 is the base, we 
usually write log 2, log 3, ...... instead of logy)2, logy3, ...... : 
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Logarithms to the base 10 are known as Common Loga- - 
rithms ; this system was first introduced in 1615 by Briggs, 
a contemporary of Napier the inventor of Logarithms. Before 
discussing the properties of common logarithms we shall prove 
some general propositions which are true for all logarithms 
independently of any particular base. 

374. The logarithm of 1 és 0. 

For a®=1 for all values of a; therefore log 1=0, whatever 
the base may be. 

375. The logarithm of the base ttself vs 1. 


For a!=a ; therefore log.a=1. 


376. To find the logarithm of a product. 


Let A/V be the product; let a be the base of the system, 
and suppose 
Ni eae Nea 


so that’ aloo, V—loot. 
Thus the product TNO de ars 
whence, by definition, log, J//V=x+y 
=log,M/+log.N. 
Similarly, log MN P=log,M+log.V + log ; 
and so on for any number of factors. 


Example. log 42=log (2 x 3x 7)=log2+log 3+log 7. 


377. To find the logarithm of a fraction. 
M 


Let — be the fraction, and suppose 


iV 
ear, N=o 
so that z=log.M, y=log.N. 
a M ar my. 
Thus the fraction Mia 
M 


S 


whence, by definition, logay=t— 
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5 


Example. log (21) =log -=log 15 - log 7 


ein teeters eirertn 
378. To find the logarithm of a number raised to any power, 
integral or fractional. 
Let log,(M”) be required, and suppose 
M=a*, so that r=log,M; 
then MP =(a*)?=aP* 5 
whence, by definition, log (Al”)=px ; 


that is, log.( JP?) =p log, MT. 
1 
Similarly, log,(M") =~ loga df. 


nae 


spe in terms of loga, logb, 


Example. Express the logarithm of 
and log c. 

(ih a B bee 

log wr =log ope log a* — log (c*b?) 


=5 log a — (log c° + log 62) =3 loga—5 loge -2logb. 


‘ 
=~ 


Common Logarithms. 


379. From the equation 10*= J, it is evident that common 
logarithms will not in general be integral, and that they will 
nottalways be positive. 


For instance, 3154>10% and <10'; 
. log 3154=3+a fraction. 
Again, ‘06>10-2 and <10-!; 
*. log ‘06= —2+a fraction. 
380. Derinitioy. The integral part of a logarithm is called 


the characteristic, and the fractional part when expressed as a 
decimal is called the mantissa, 
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381. The characteristic of the logarithm of any number to 
base 10 can be written down by inspection, as we shall now 
shew. 


(i) Yo determine the characteristic of the logarithm of any 
number greater than unity. 

It is clear that a number with two digits in its integral part 
lies between 10! and 107; a number with three digits in its in- 


tegral part lies between 10? and 10°; andsoon. Hencea number 
with # digits in its integral part hes between 10”! and 10”. 


Let VY be a number whose integral part contains n digits ; 
then 


V= 10 (%—-1)+a fraction : 
log V=(n —1)+a fraction. 


Hence the characteristic is n—1; that is, the characteristic of 
the logarithm of a number greater than unity is less by one than 
the number of digits in its integral part, and rs positive. 


Example. The characteristics of 
log 314, log 87-263, log 2-78, log 3500 
are respectively Ths Oy Bh. 
(ii) To determine the characteristic of the logarithm of a number 
less than unity. 


A decimal with one cipher immediately after the decimal 
point, such as ‘0324, being greater than ‘01 and less than ‘1, lies 
between 10-2 and 107!; a number with two ciphers after the 
decimal point lies between 10-3 and 10-*; and so on. Hence 
a decimal fraction with 2 ciphers immediately after the decimal 
point lies between 10-'"*) and 10-”. 

Let PD be a decimal beginning with 2 ciphers ; then 


D pee 1O-(e+1)+a fraction : 
log D= —(n+1)+a fraction. 

Hence the characteristic is —(n+1); this is, the characteristic 
of the logarithm of a number less than one is negative and one more 
than the number of ciphers immediately after the decimal point. 

Example. The characteristics of 

log 4, log °3748, log 000135, log 08 


are respectively lp aly ly ee 
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382. The mantisse are the same for the logarithms of all 
numbers which have the same significant digits. 


For if any two numbers have the same sequence of digits, 
differing only in the position of the decimal point, one must be 
equal to the other multiplied or divided by some integral power 
of 10. Hence their logarithms must differ by an integer. In 
other words, their decimal parts or mantissz are the same. 


Examples. (i) log 32700 = log (3°27 x 10*) = log 3-27 + log 10* 
=log 3°27 +4, 


(ii) log ‘0327 = log (3°27 x 10-*) = log 3:27 + log 10-* 
=log 3°27 - 2. 
(iii) log 000327 = log (3°27 x 104) = log 327 + log 10-4 
= log Sal = 4. 


Thus, log 32700, log 0327, log 000327 differ from log 3°27 only in 
the integral part ; that is the mantissa is the same in each case. 


Note. The characteristics of the logarithms are 4, - 2, ~ 4 respec- 
tively. The foregoing examples shew that by introducing a suitable 
integral power of 10, all numbers can be expressed in one standard 
form in which the decimal point always stands after the first significant 
digit, and the characteristics are given by the powers of 10, without 
using the rules of Art. 381. 


383. The logarithms of all integers from 1 to 20000 have 
been found and tabulated. In Chambers’ Mathematical Tables 
they are given to seven places of decimals, but for many prac- 
tical purposes sufficient accuracy is secured by using four-figure 
logarithms (available for all numbers from 1 to 9999), such as 
are contained in the Tables given on pages 348p to 348¢. 


384. Advantages of Common Logarithms. It will now 
be seen that it is unnecessary to tabulate the characteristics, 
since they can always be written down by inspection [Art. 381]. 
Also the Tables need only contain the mantissa of the logarithms 
of integers [ Art. 382]. 


In order to secure these advantages it is convenient always to 
keep the mantissa positive, and it is usual to write the minus sign 
over a negative characteristic and not before it, so as to indicate 
that the characteristic alone is negative. ‘Thus 4°30103, which 
is the logarithm of ‘0002, is equivalent to —4+4°30103, and must 


be distinguished from — 4°30103, in which both the integer and 
the decimal are negative. 
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385. In the course of work we sometimes have to deal with | 
a logarithm which is wholly negative. In such.a case an arith- 
metical artifice is necessary in order to write the logarithm with 
mantissa positive. Thus a result such as —3°69897 mav be 
transformed by subtracting 1 from the integral part and adding 
1 to the decimal part. Thus 

— 3°69897 = —3—1+(1 — 69897) 
= — 4+ °30103 = 430103. 
Example 1. Required the logarithm of -0002432. 


In the Tables we find that 3859636 is the mantissa of log 2432 
(the decimal point as well as the characteristic being omitted) ; and, 
by Art. 382, the characteristic of the logarithm of the given number 


is —4; log 0002432 = 43859636. 


Example 2. Find the value of %/-00000165, given 
log 165=2°2175, log 6974=3°8435. 
Let x denote the value required ; then 


1 ye 
log x= log (-00000165)° = log (00000165) = = (6-2175) 


the mantissa of log (00000165 being the same as that of log 165, and 
the characteristic being prefixed by the rule. 


le = = = 
Now 5 (6°2175) = 5 (10 + 4°2175)=2 8435 


and ‘8435 is the mantissa of log 6974; hence x is a number con- 
sisting of these same digits but with one cipher after the decimal 
point. [Art. 382.] 

Thus x= ‘06974. 


*386. It is sometimes necessary to transform logarithms 
from one base to another. 


Suppose for example that the logarithms of all numbers to 
base a are known and tabulated, it is required to find the 
logarithms to base 0. 

Let V be any number whose logarithm to base b is required. 

Let y=log,J, so that bY=N ; 

log,(b”)=log,N ; 
that is, y log.b=log,N ; 


or log, V= — LOG, ph Acicotaaneaieniak yet Ci 
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Now since Vand bare given, log,V and log,d are known from 
the Tables, and thus log,¥ may be found. 


Hence it appears that to transform logarithms from base @ 


to base b we have only to multiply them all by ae this is a 


constant quantity and is given by the Tables ; it is known as the 
modulus. 


Cor. If in equation (1) we put a for V, we obtain 


log,a= x log,a = 


ges itt. 
logab log,b’ 


ow 
log,a x log,b=1. 

387. In the following examples all necessary logarithms 
will be given. The use of four-figure Tables will be explained 
in a future section. 

Example 1. Given log3= 4771213, find log | (2°7) x (8i)* + (90)4}. 


i | 


The required value =3 log 10 + z log 100-4 


log 90 


=3 (log 3° - 1) +5 (log 3¢ - 2) ~? log 3+ 1) 


16 5 8 5 
= (9477-5) log3- (34847) 


97 : 
= Jo log 3 - 535 = 46280766 - 5°85 
= 2°7780766. 


Obs. The student should notice that the logarithm of 5 and 
its powers can always be obtained from log 2; thus 


log 5=log ty =log 10 -log 2=1 — log 2. 


Example 2. Find the number of digits in 875", given 
log 2='301, log 7= ‘845. 
log (875") = 16 log (7 x 125) = 16 (log 7 + 3 log 5) 
= 16 (log 7+ 3-3 log 2)=16 x 2:942 
=47'072's 
hence the number of digits is 48. [Art. 381.] 
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Example 3. Given log 2=°301 and log 3= °477, find to two places 
of decimals the value of x from the equation 


68-4 47t5—8. 
Taking logarithms of both sides, we have 
(3 — 4x) log 6 +(x +5) log 4=log 8 ; 
(3 — 4a) (log 2+log 3) +(%+5)2 log 2=38 log 2; 
x(—4 log 2~+4log 3+ 2log 2)=3 log 2-3 log 2-3 log 3—- 10log2; 
log 2 +3 log 3 
2log2+4log3 
_ 4d 
~ 2°51 


Se Tents 


EXAMPLES XXXIX. a. 


1, Find the logarithms of ,/32 and 03125 to base 3/2, and 100 
and ‘00001 to base ‘01. 
i 


2. Find the value of log,512, log;-0016, logsi 57) log 4,343. 


3. Write down the numbers whose logarithms 


to base Doyo) COZ a 4a OOO 
are a4 Becta ad oa =F respectively. 


Simplify the expressions : 
1 
(ab? 04) 6 act —3 \ —3 : ea tye\ 5 


9 oPaSR Sp 
Na-3h3¢8 ay 


6. Find by inspection the characteristics of the logarithms of 
3174, 625°7, 3°502, °4, °374, 000135, 23°22065. 


7, The mantissa of log 37203 is °5705780: write down the 
logarithms of 37°203, ‘000037203, 372030000. 


8. The logarithm of 7623 is 3°8821259: write down the numbers 
whose logarithms are *8821259, 6°8821259, 7°8821259. 
Given log 2=°3010300, log 3=°4771213, log 7= 8450980, find 
the value of 
9. log 729. 10. log 8400. Ti, > log256, 


12, log 5-832. 13, log 8/392. 14. log 3048. 
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S ‘J o 1 or 490 
15. Shew that log Ist log 307 ~ 


16, Find to six decimal places the value of 
225 _ 20 512 


lon == — 2 ee oe 
°8 554 ~ 2 log Eg + los ay 


17. Simplify log {(10°8)® x (-24)* + (90)-2, and find its numerical 
value. 
18. Find the value of 
log (4/126 . V108 + 4/1008 . 4/162). 
588 x 768 
686 x 972° 
20. Find the number of digits in 42”. 


See, 
21. Shew that (3) is greater than 100000. 


5 
19. Find the value of log \ 


22. How many ciphers are there between the decimal point and 


Seedy eo aes 
the first significant digit in (3) ? 


23, Find the value of 4/-01008, having given 
‘ log 398742 = 5°6006921. 
24. Vind the seventh root of ‘00792, having given 
log 11 = 1°0413927 and log 500-977 = 2°6998179. 


Wh re Pe 
25. Find the value of 2log o +log = —3log = 


Find the numerical value of 2 in the following equations, using 
the values of log 2 and log3 given in Ex. 3 of Art. 387. 
26, 37+?=405. Ry. 1" ar, 


ws, rr =s, 29, 12s, gr = 1458, 


Use of Four-Figure Tables. 
387,. To find the logarithm of a given number from the Tables. 


Example 1, Find log 88, log 380, log ‘0088. 

We first find the number 38 in the left hand column on page 348). 
Opposite to this we find the digits 5798. This, with the decimal 
point prefixed, is the mantissa for the logarithms of all numbers 
whose significant digits are 38. Hence, prefixing the characteristics 
we have 


log 38 =1°5798, log 380=2°5798, log 0038 =3°5798. 
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Example 2. Vind log 3°86, log :0386, log 386000. 

The same line as before will give the mantissa of the logarithms 
of all numbers which begin with 38, From this line we choose the 
mantissa which stands in the column headed 6. This gives ‘5866 
as the mantissa for all numbers whose significant digits are 386. 
Hence, prefixing the characteristics, we have 

log 3°86 = ‘5866, log ‘(386 =2°5866, log 886000 = 55866. 


387,. Similarly the logarithm of any number consisting of 
not more than 3 significant digits can be obtained directly from 
the Tables. When the number has 4 significant digits, use is 
made of the principle that when the difference between two 
numbers is small compared with either of them, the difference 
between their logarithms is very nearly proportional to the 
difference between the numbers. It would be out of place to 
attempt any demonstration of the principle here. It will be 
sufficient to point out that differences in the logarithms corre- 
sponding to small differences in the numbers have been 
calculated, and are printed ready for use in the difference columns 
at the right hand of the Tables. The way in which these 
differences are used is shewn in the following example. 


Example. Find (i) log 3°864; (ii) log ‘003868. 

Here, as before, we can find the mantissa for the sequence of 
digits 386. This has to be corrected by the addition of the figures 
which stand underneath 4 and 8 respectively in the difference 
columns. } 


(i) log 3°86 =-5866 (ii) log 00386 =3-5866 
diff. for 4 5 diff. for 8 9 
log 3°864 = ‘5871 “. log 003868 = 3°5875 


Note. After a little practice the necessary ‘correction’ from the 
difference columns can be performed mentally. 


387,. The number corresponding to a given logarithm is 
called its antilogarithm. Thus in the last example 3°864 and 
‘003868 are respectively the numbers whose logarithms are ‘5871 
and 3°5875. 

Hence antilog 5871 =3°864 ; antilog 3°5875 = 003868. 


387,. To find the antilogarithm of a given logarithm. 

In using the Tables of antilogarithms on pages 348,, 348,, it 
is important to remember that we are seeking nwmbers corre- 
sponding to given logarithms. Thus in the left hand column 
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we have the first two digits of the given mantisse, with 
the decimal point prefixed. The characteristics of the given 
logarithms will fix the position of the decimal point in the 
numbers taken from the Tables. 


Example. Find the antilogarithm of (i) 1°583; (ii) 28249. 


(i) We first find °58 in the left hand column and pass along the 
horizontal line and take the number in the vertical column headed 
by 3. Thus ‘583 is the mantissa of the logarithm of a number whose 
significant digits are 3828. 


Hence antilog 1°583 = 38°28. 


(ii) antilog 2-824 = -06668 

diff. for 9 14 

antilog 2°8249 = 06682 
Here corresponding to the first 3 digits of the mantissa we find 
the sequence of digits 6668, and the decimal point is inserted in the 
position corresponding to the characteristic 2. To the number so 
found we add 14 from the difference column headed 9, placing it 
under the fourth digit of the given mantissa. 


387,. The following examples illustrate the use of logarithms 
in abbreviating arithmetical calculations. 


Example 1. Find the value of 3274 x "0050 to four significant 
digits. 14°83 x ‘077 


By Art. 377, log /raction=log numerator — log denominator. 


Numerator. Denominator. 
log 3°27 = ‘5145 log 14°8 =1°1708 
diff. for 4 6 diff. for ee 
log 0059 =3°7709 log ‘077 =2°8865 
log numerator = 2-2859 log denominator = ‘0577 
2°2859 antilog 2-228 = -01690 
subtract — ‘0577 diff. for as. ot 
log fraction = 2° 2989 antilog 2°2282= ‘01691 
3:274 x ‘0059 
Thus 1483x077 > ‘O1691. 


XXXIX. ] LOGARITHMS. 3486 


Example 2. Find the value of (1:05) to four significant digits. 


log (1°05)!7=17 log 1:05 [Art. 378] 
= '0212 x 17, from the Tables, 
= 3604. 
And antilog *3604 =2°293 ; 
— thus (1°05)!7 = 2293. 


Note. Since ‘0212 is only the approximate logarithm of 1:05, the 
error (which may be in excess or defect) is increased when we 
multiply by 17. Hence there is a corresponding error in the final 
result. By using seven-figure logarithms it can be shewn that to 
four decimal figures the correct result is 2°2922. 


Example 3. Find a mean proportional between 27°23 and 3°276. 
Let x denote the mean proportional ; then 


a =/27 23 x 3-276 ; fArt. 297] 
log z= (log 27-23 + log 3'276). 


From the Tables, 


log 27:23 =1°4351 antilog ‘975 =9°441 
log 3°276= °5153 Ghittor | 2 
2| 11-9504 antilog ‘9752=9°445 
loga= ‘9752 
x=9'445. 


EXAMPLES XXXIX. b. 
[For Logarithms and Antilogarithms see pages 348y to 348¢. ] 


Find the values of the following products to four significant 
figures : 


te 1927 x ‘2501. 2. 175°6 x ‘2632. 3. 0035 x 39°87. 
4, :231 x 2:394 x 0157. By Oe Sl xls ole 
6. 7°302 x °7302 x 007302. O83 x V7 X'BB5 x “062! F 
Divide 
8. 2°803 by 0634. 9, 16°83 by 24°76. 10. 30°56 by 4:105. 
11. 01254 by -4105, 12, 2417 by 719. 13. 2891 by 3072. 


[Continued on page 348g. 
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Logarithms. 


123/456/)7 8 9 


17 21 25 | 29 33 37 
15 19 23 | 26 30 34 
1417 21 | 24 28 31 
13 16 19 | 23 26 29 
12 15 18 | 21 24 27 


— | ———S}|- | ——_ J | —_——_ | —_]} —____—_ 


11 14 17 | 20 22 25 

11 13 16 | 18 21 24 

10 1215 | 17 20 22 
912 14] 16 19 21 
91113 | 16 18 20 
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151719 
1416 18] 
141517 
Wb 17E 
121416 
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121415 
1113 15 
1113 14 
111214 
10 12 187 


aia 
wmocoo 


4594 
4742 


4886 
5024 
5149 
5289 
5416 


5539 
5658 
5775 
5866 5888 
5977 5999 


6085 6107 
6191 6212 
6294 6314 
6395 6415 
6493 6518 


6590 6609 
6684 6702 
6776 6704 
6866 | 6875 | 6884 
6955 6972 
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wCunmwe 
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1011 137 
10 11 12 
91112 


wwe tt 
td 
Oaanacn 
aannmt-t 
Cnr nsd 


tort tor 
Coase 


eS | sesee | seses | sassy | eases 
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ts toeoes 
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rotors es ro 
co ce toes to 
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7042 7059 
7126 7148 
7210 7226 
7292 7308 
7856 | 7 7872 17 7388 


sess | seach 


torr tere 
eo tons coe 
Oona 
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Logarithms. , 


7404 | 7412 7435 7451 f D6 | 7474 
7482 | 7490 | 745 é 7513 | 7520 | 7528 36 755) 
7559 | 7566 582 | 7589 | 7597 | 7604 | 7612 | 7619 | 7627 
7634 | 7642 | 764: j 7664 | 7672 | 7679 | 7686 | 7694 | 7701 
7709 | 7716 i 7738 1752 30 | 7767 | 7774 
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T7782 | 7789 96 7810 7825 $32 9 | 7846 
7853 | 7860 36 ) 7882 9 | 7896 TM17 
7924 | 7931 | 79 5 | 7952 | 7959 | 7966 { 7987 
7993 | 8000 8021 28 | $035 5 8055 
8062 | 8069 218089 96 | 8102 3 | 8122 


i Noel 3 oS) 
Oo Go 08 6) OO 
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oa oro cr 


8129 | $136 918156 32 | $169 8189 
$195 | 8202 | 8209 | 8: $222 | $228 | 8235 ? $254 
$261 | 8267 | 8: y 8287 | 82¢ 8209 3812 | 8319 
8325 | 8331 8351 $363 ‘ $382 
8388 | 8395 $414 8426 : 9 | 8445 


ew © > Oo 09 


8451 | 8457 7 : : 8506 
$513 | 8519 uy ‘ : { H 51 | 8567 
8573 | 8579 ‘ : 30: ¢ 8627 
8633 | 8639 | 86 5 357 | 866 569 8686 
8692 | 8698 5 2: : 9 | 8745 
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8751 | 8756 § ¢ 97 | 8802 
8808 } 8814 y : 5 $85!) 
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9036 $ 9053 | 90E 9063 | 9069 | ¢ 9079 
9090 | 9096 | § 9106 | § ¢ 122 | 9128 | 9133 
9143 a 59 | 916 { 9186 
9196 9206 | 92 i ; 92% 9238 
9248 53 | 9258 | 9263 | 926 92 9289 


9299 9309 | 9% 9325 | 9: 9340 
9350 | 9: 9360 15 | § ‘ 9390 
9395 | 9400 | 9405 | 9410 | 941¢ ‘ 9440 
9445 | 9450 | 9455 | 9460 é BM | M1 § 9489 
9494 | 9499 9509 | $ { 952% ! 9538 
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9542 | 9547 2 9562 | § ¢ 9586 
9590 | 9595 | 96 9609 | 96 9619 | 96 9628 | 9633 
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95 | 9777 | 9782 9791 | 9795 | ¢ 980: 9818 
96 | 9823 | 9827 | 98: 9 ¢ 9850 | 98: 9863 
97 | 9868 | 9872 | § ( 93 ( 9894 | 9899 | 9903 | 9908 
98 | 9912] 9917 ( 9930 | 95 9038 9948 | 9952 
99 | 9956 | 9961 469 | 95 9 ¢ 9987 | 9991 | 9996 
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Antilogarithms, 


1000 | 1902 | 1005 | 1007 | 1009 | 1012 | 1014} 1016 | 1019 | 1021 
1023 | 1026 | 1028 | 1030 | 1033 | 1035 | 1038 | 1040 | 1042 | 1045 
1047 | 1050 | 1052 | 1054 | 1057 | 1059 | 1062 | 1064 | 1067 | 1009 
1072] 1074 | 1076 | 1079} 1081 | 1024 | 1086 f 1089 | 1U91 | 1094 
1096 | 1099 | 1102 | 1104}. 1107 | 1109 | 1112 f.1114 | 1117 | 1119 
1122 } 1125 | 1127 | 1130 | 1132 | 1135 | 1138 | 1140 | 1143 | 1146 
1148} 1151 | 1153 | 1156}. 1159 | 1161 | 1164 | 1167 | 1169 | 1172 
1175 J 1178 | 1180 | 1183 | 1186 | 1189 | 1191 J 114 | 1197 | 1199 
1202 | 1205 | 1208 | 1211 | 1213 | 1216 | 1219 J 1222 | 1225 | 1227 
1230 | 1233 | 1236 | 1239 | 1242 | 1245 | 1247 J 1250 | 1253 | 1256 


ooocoo 
et 
wnmrenr 
mwwnwery 
bore torre 


ooo 


[lll eel sell elie 
rorrpr vee — 
RON bor 
to to bo bore 
to eo to tote 
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1259 | 1262 | 1265 | 1268 } 1271 | 1274 | 1276 | 1279 | 1282 | 1285 
1288 | 1291 | 1294 | 1297 | 1300 | 1308 | 1306 #1309 | 1312 | 1315 
1318 } 1321 | 1324 | 1327 | 1330 | 1384 | 1337 | 1340 | 1343 | 1346 
1349 | 1352 | 1855 | 1358 J 1361 | 1365 | 13868 }.1371 | 1374 | 1377 
1380 } 1384 | 1887 | 1390 } 1393 | 13896 | 1400 | 1403 | 1406 | 1409 
1413 [1416 | 1419 | 1422 | 1426 | 1429 | 1432 | 1435 | 1439 | 1442 
1445 | 1449 | 1452 | 1455 7 1459 | 1462 | 1466 J 1469 | 1472 | 1476 
1479 7 1483 | 1486 | 1489} 1493 | 1446 | 1500 J 158 | 1507 | 1510 
1514 }.1517 | 1521 | 1524] 1528 | 1531 | 1535 7 1538 | 1542 | 1545 
1549 ] 1552 | 1556 | 1560] 1563 | 1567 | 1570 | 1574 | 1578 | 1581 
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1585 | 1589 | 1592 | 1596 | 1600 | 1603 | 1607 | 1611 | 1614 | 1618 
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1738 | 1742 | 1746 | 1750 | 1754 | 1758 | 1762 | 1766 | 1770 | 1774 
1778 | 1782 | 1786 | 1791 | 1795 | 1799 | 1803 |. 1897 | 1811 | 1816 
1820 ] 1824 | 1828 | 1842 | 1837 | 1841 | 1845 | 1549 | 1854 | 1848 
1862 | 1866 | 1871 | 1875] 1879 | 1884 | 1888 J 1592 | 1897 | 1901 
1905 | 1910 | 1914 | 1919} 1923 | 1928 | 1932 7 1936 | 1941 | 1945 
1950 {1954 | 1959 | 1963 | 1968 | 1972 |,1977 | 1982 | 1986 | 1991 
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1995 | 2000 | 2004 2014 | 2018 | 2023 § 2028 | 2082 | 20387 
2046 | 2051 | 2056 | 2061 | 2065 | 2070 J 2075 | 2080 | 2084 
2004 | 2099 | 2 2109 | 2113 | 2118 | 2123 | 2128 | 2188 
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2239 | 2244 | 2249 f 2251) | 2265 | 2270 | 2275 | 2280 | 2286 
2201 | 2296 | 2301 2312 | 2317 | 2323 | 2328 | 2388 | 2389 
2344 | 2350 | 2355 2366 | 2371 | 2377 | 2382 | 2488 | 2393 
2399 | 2404 | 2410 5 | 2421 | 2427 | 2432 | 2448 | 2448 
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2512 | 2518 | 2523 | 252 | 2535 | 2541 | 2547 | 2558 | 2559 
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2761 | 2767 3] 2780 | 2786 | 2793 | 27 2805 


aaacuon 


Coco o 
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8147 | S166 | 8185 | 8204 | 8222 | 8241 | $260 | 8279 2A 6S S13! 16 17 
8337 | 8356 | 8375 | 8395 | S414 | 8433 J 8453 | 8472 254556 8 1012 | 4 16 17 
8531 | 8551 | S570 | 8590 | S610 | 8630 F 8650 | 8670 2 4 6/81012) 141618 
8730 | 8750 | 8770 J 8790 | 8810 | S831 | 8851 | 8872 2 4 6|81012] 141618 
$933 | 8954 | 8974 | 8995 | 9016 | 9036 | 9057 | 9078 2 4 6/81012) 151719 
9141 | 9162 | 9183 } 9204 | 9226 | 9247 1 9268 | 9290 4 4 6) 801718) 1517 19 
9354 | 9376 | 9897 | 9419 | 9441 | 9462 | 9484 | 9506 CAO eS dol ALO 
9572 | 9594 | 9616 | 9638 | 9661 | 9683 | 9705 | 9727 2 4 7/91113/)] 1618 20 
9795 | 9817 | 9840 | 9863 | 9886 | 9908 } 9931 | 9954 2 5 7/91114/16 18 20 
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Evaluate the following expressions to four significant figures : 
2°38 x 3°901 ° 14:72 x 88°05 


+7 433” = 3879 
925°9 x 1:597 15°38 x ‘0137 
16. ma0s 1%. 276 x ‘0038 * 
18, (097). 19, (7a 20. 51. 21. »/st. 
22. 8/127. 93, 8/27°2. 94, W1772, 25. N/27°82. 


26. Find a mean proportional between 2°87 and 30°08 ; and a third 
proportional to ‘0238 and 7°805. 


Evaluate 
Nie eel: za, (380% 2) 
st 22x70 


‘678 x 9°01 


29, Find the value of 4/— (234 to the nearest integer. 


30. Jind a mean proportional between 
A/347°3 and = 8/256°4. 
31. Find a fourth proportional to 
4/32°78, 4/357°8, 8/7836. 


[ Before attempting the following Hxamples the student shoud 
read Arts. 403-405. ] 


32. Tind to the nearest pound the amount of £35 in’ 25 years at 
3 p.c. Compound Interest. 


33, Find to the nearest pound the Present Value of £1000 due 17 
years hence at 4 p.c. Compound Interest. 


34. Find in how many years £1130 will amount to £3000 at 5 p.e. 
Compound Interest. 


35, Ifa farthing is put out at Compound Interest for 1000 years at 
5 p.c., how many digits will be required to express the amount 
in pounds ? 


36, A train starts with velocity ‘001 ft. per second, and at the end 
of each second its velocity is greater by one-third than at the 
end of the preceding second ; find to two places of decimals 
the rate of the train in miles per hour at the end of 25 seconds. 


CHAPTER. Xis 
SCALES OF NOTATION. 


388. Tue ordinary numbers with which we are acquainted 
in Arithmetic are expressed by means of multiples of powers of 
10; for instance 

25=2 <10=Foe 
4705 =4 x 10° +7 x 10?+0x10+5. 


This method of representing numbers is called the common 
or denary scale of notation, and ten is said to be the radix 
of the scale. The symbols employed in this system of notation 
are the nine digits and zero. 


In like manner any number other than ten may be taken as 
the radix of a scale of notation ; thus if 7 is the radix, a number 
expressed by 2453 represents 2x 7°+4x77+5x7+3); and in 
this scale no digit higher than 6 can occur. 


389. The names Binary, Ternary, Quaternary, Quinary, 
Senary, Septenary, Octenary, Nonary, Denary, Undenary, and 
Duodenary are used to denote the scales corresponding to the 
values two, three,...twelve of the radix. 


In the undenary, duodenary, ... scales we shall require symbols 
to represent the digits which are greater than nine. It is 
unusual to consider any scale higher than that with radix 
twelve ; when necessary we shall employ the symbols ¢, e, 7’ as 
digits to denote ‘ten,’ ‘eleven’ and ‘twelve.’ 


It is especially worthy of notice that in every scale 10 is the 
symbol not for ‘ten’, but for the radix itself. 


390. The ordinary operations of Arithmetic may be per- 
formed in any scale; but, bearing in mind that the successive 
powers of the radix are no longer powers of ten, in determining 
the carrying figures we must not divide by ten, but by the radix 
of the scale in question. 

B.A. 2A 
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Example 1. In the scale of eight subtract 371532 from 530225, 
and multiply the difference by 7, 


530225 136473 
371532 7 
136473 1226235 


Explanation. After the first figure of the subtraction, since we 
cannot take 3 from 2 we add 8; thus we have to take 3 from ten, 
which leaves 7; then 6 from ten, which leaves 4; then 2 from eight, 
which leaves 6; and so on. 


Again, in multiplying by 7, we have 
3x 7=twenty-one=2 x 8+5; 
we therefore put down 5 and carry 2. 
Next 7x 7+2=fifty-one=6 x8+3; 
put down 3 and carry 6; and so on. 


Example 2. Divide 15e20 by 9 in the scale of twelve. 
9 ) 15et20 
lee96 ... 6. 


Explanation. Since 15=1x 7'+5=seventeen=1 x 9+8, 
we put down 1 and carry 8. 


Also 8 x 7'+e=one hundred and seven=e x 9+8; 
we therefore put down e and carry 8; and so on. 


391. To express a given integral number in any proposed scale, 


Let V be the given number, and 7 the radix of the proposed 
scale. 

Let a, %, @2,...a, be the required digits by which J is to be 
expressed, beginning with that in the unit’s place ; then 

N= Ayr" + Ayn" 1 +... +077? + ayr+ ay. 
We have now to find the values of a, a, Ga, ... Gn. 
Divide NV by r, then the remainder is a), and the quotient is 
Ant” + Ay"? +... For +. 
If this quotient is divided by r, the remainder is a ; 


TE GHD TOKE CQUACIONY 5. cussascasscerenesoessanvecsesesencencs Ay; 


and so on, until there is no further quotient. 
Thus all the required digits a, a), @2,...@, are determined. 
by successive divisions by the radix of the proposed scale. 
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Example 1. Express the denary number 5213 in the scale of 
seven. 


od t 

S 

co 
mae WO 


Thus §2138=2 x 744+1x'734+1x727+2x7+5; 
and the number required is 21125. 


Example 2. Transform 21125 from scale seven to scale eleven. 


e ) 21125 
e)1244...¢ 
e€)61...0 
Bait 


*, the required number is 3/06. 


Explanation. In the first line of work 
91=2x7+l=filten=1xe+4; 
therefore on dividing by e we put down 1 and carry 4. 


Next 4x 7+1]1=twenty-nine=2 x e+7; 
therefore we put down 2 and carry 7; and so on. 


392. Hitherto we have only discussed whole numbers ; but 
fractions may also be expressed in any scale of notation ; thus 


2 5 
ee AN se hie 


‘25 in sez , re: 
25 in scale ten denotes 10+ 102 


: ‘ ind, 
‘25 in scale six denotes et ee? 
Ges 2 5 
25 in scale 7 denotes —+-—. 

i 
Fractions thus expressed in a form analogous to that of 
ordinary decimal fractions are called radix-fractions, and the 
point is called the radix-point. The general type of such 
fractions in scale 7 is 


where 0,, 05, 63, ... ave integers, all less than 7, of which any one 
or more may be zero. 
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393. To express a given radix-fraction in any proposed scale. 
Let / be the given fraction, and r the radix of the scale. 


Let 6, b,, b3,... be the required digits beginning from the 
left ; then 


1 be 
= , tat st eeeeee 
We have now to find the values of b,, by, by, ...... . 
Multiply both sides of the equation by 7; then 
r Fab, 484 pees ; 
a 


Hence }, is equal to the integral part of r#/’; and, if we 
denote the fractional part by /,, we have 


ba 10 
Fy=74+34...... : 
7 pd 


Multiply again by r; then 4, is the integral part of rf. 
Similarly by suecessive multiplications by 7, each of the 
digits may be found, and the fraction expressed in the proposed 
scale. 


Example 1, Express as a radix-fraction in scale six. 
Py fi ee oe 
8 eae ee ; 
ee Come, te 
zoey 
5x6=3 
: : 5 1,3 
. the required fraction =a tata 513. 


Example 2. Transform 1606-7 from scale eight to scale five. 
Treating the integral and the fractional parts separately, we have 


5 ) 1606 7 
5 ) 264 ...2 fi 
5 )44...0 43 
677 .a2 5 
24:5 17 


After this the digits in the fractional part recur; hence the 
required number is 12102°41. 
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Example 3. In what scale is the septenary number 2403 repre- 
sented by 735? 
Let r be the radix of the scale required ; then 
1? +3r+6=2x 7 +4 x 72+3=885 ; 
80 


that is, 77? + 3r —880=0; whence r=11 or — 7 


Thus the scale is the undenary. 


394. In any scale of notation of which the radix is vr, the sum 
of the digits of any whole number divided by r—1 will leave the 
same remainder as the whole number divided by r—1. 


Let WV denote the number, ao, a, do, ...... ad, the digits be- 
ginning with that in the unit’s place, and S the sum of the 
digits ; then 


N=aytayr+agr?+...... + Ayr + ant” 5 
S=dAjtay+agt...... + Qy,1+dn. 
N—-S=a,(r -1)+a,(77-1)+...... +n_3(7"-!-1)+a,(7"—1). 


Now every term on the right-hand side is divisible by r—1; 


Nice NS) : 
oe ee integer = J suppose ; 


Uae 
that is, oe =[+ _— ; which proves the proposition. 


Hence a number in scale 7 will be divisible by 7—1 when the 
sum of its digits is divisible by r—1. For example, in the 
ordinary scale a number is divisible by 9 when the sum of its 
digits is divisible by 9. 


EXAMPLES XL. 


1. Add together 352, 21435, 3505, 35 in the scale of six. 

2. From 35260013 take 7471235 in the scale of eight. 

3. Multiply 31044 by 4302 in the quinary scale. 

4, Find the product of the undenary numbers 9/83 and 3¢7. 
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- 


5. Divide 31664435 by 6541 in the scale of seven. 
6. Find the square of 3024 in the quinary scale. 
7. Express 75013 in the nonary, and 5210 in the quaternary 


8. Transform 987504 to the scale of twelve. 

9. Express the octenary number 76543 in the denary scale. 
10. Transform 54321 from scale six to scale seven. 
11, Express the duodenary number ¢e in the binary scale. 


Express a thousand and one in powers of two, and one 
hundred thousand in powers of eleven. 


13. Express the sum of the septenary numbers 532, 2106, 3261, 
53 in the undenary scale ; also express the difference of the ternary 
numbers 2021121 and 1221212 in the same scale, and find the product 
of the two results. 


14, Find the difference between 53774 in the scale of 8 and 32875 
in the scale of 9, expressing the result in the denary scale. 


15. Express 131°890625 in scale eight. 


16. Transform 100112211 from the ternary to the nonary 
scale. 


17. Express the octenary fraction ‘2037 in the scale of 4. 


18, Express el and ° 500 as radix fractions in seale 6. 


729 


19. Reduce the undenary fraction an to its lowest terms. 


20. In what scale is a hundred denoted by 400? 
21, In what scale is 647 the square of 25 ? 


22. In what scale are the numbers denoted by 482, 565, 708 in 
arithmetical progression ? 


23. In what scale are the numbers denoted by 22, 2°6, 34 in 
geometrical progression ? 


24. Find the square root of 443001 in the seale of 5; 24384524 in 
the seale of 7 ; a 1985679 in the scale of eleven. 


CHAPTER XLI. 
EXPONENTIAL AND LOGARITHMIC SERIES. 


395. Tue advantages of common logarithms have been ex- 
plained in Art. 383, and in practice no other system is used. 
But in the first place these logarithms are calculated to another 
base and then transformed to the base 10. 

In the present chapter we shall prove certain formule 
known as the Exponential and Logarithmic Series, and 
give a brief explanation of the way in which they are used 
in constructing a table of logarithms. 


396. To expand aX in ascending powers of x. 


By the Binomial Theorem, if 2 >1, 


(1) 

n 
_ 1 na(nz—-1) 1 , na(nv—1)(nv—-2) 1 
SSR 3 sr. 2 mi E eee S taene 


(o-3) #lera)le-a) 
'elea—-—) #2\ 2-—)(e-- 
es n n n 
2 is 
By putting z=1, we obtain 
ye ee Gisaiee) 
( ) Sue ore B TF ins ste (2): 


Bat foal ah (anh 


hence the series (1) is the x power of the series (2) ; that is 
Pp ) 


ofe-}) fe Dled 


il ED cc | eens erence | oeeeus 
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and this is true however great » may be. If therefore n be 
indefinitely increased we have 


The series erry tare: eae 


is usually denoted by e; hence 


2 3 4 
f=l+et+ Gtr iyt we 


Write cx for x, then 
3 
e*e=1+cr+ Cet ara ate wishe-we 


Now let e°=a, so that c=log,a; by substituting for ¢ we 
obtain 


x? (logea)* 4 2 (log. ay 


[2 Pies te eeee 


This is the Exponential Theorem. 


a =1+rlog.a+ 


397. The series 


Cee eee lated ; 


Ea EMC 


which we have denoted by e, is very important as it is the base 
to which logarithms are first calculated. Logarithms to this 
base are known as the Napierian system, so named after Napier 
their inventor, ‘They are also called natural logarithms from 
the fact that they are the first logarithms which naturally come 
into consideration in algebraical investigations. 


When logarithms are used in theoretical work it is to be 
remembered that the base e is always understood, just as in 
arithmetical work the base 10 is invariably employed. 


From the series the approximate value of e can be determined 
to any required degree of accuracy ; to 10 places of decimals it 
is found to be 2°7182818284. 
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Example 1. Find the sum of the infinite series 


Poe re 
ey [4 =o ceeeee . 

1 L 1 

We have e=1+1l+5 ue} aaa aay 
e*B*E 

and by putting «= — 1 in the series ie e”, we obtain 

18 og LGR: 

l=] — —=—_ - — — — 

e 1-—1+ 2 is” emia . 


ereta2 (1+ J 


etre as S000 )s 
[2 [4 [6 


hence the sum of the series is depen). 


2 

Example 2. Find the coefficient of x” in the expansion of © =e 

Gest (a — bx)e-* 
e 
ce ae (-—1)"a" ) 
=(a — ba {1 w+ ———-—4+...4+ ee 
ae r —_ ]\r-1 
The coefficient nequived =: pete DES, 


398. To expand log.(1+x) in ascending powers of x. 


From Art. 396, 
ys 3 
gp aie ae Dr Pe 
[2 [3 


In this series write 1+. for a; thus (14-7) 


av¥=1+y log. 


ke 


3 
Boe lor la) -ee Een el +a) fy {loge +a} + et aD) 
Also by the Binomial Theorem, when <1 we have 


(+a2y=1 tye et a seein (2). 
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Now in (2) the coefficient of 7 is 


Da, GUCE Ae 


ne i ee ee eT: a eine 
‘ we ot at 
that 1s, ade PLE aes he veces . 
Equate this to the coefficient of y in (1); thus we have 
vod 
log (1+4)=e-Z+yg-Gt Vinee : 


This is known as the Logarithmic Series. 


399. Except when w is very small the series for log,(1+.) 
is of little use for. numerical calculations. We can, however, 
deduce from it other series by the aid of which Tables of Logar- 
ithms may be constructed. 


400. In Art. 398 we have proved that 


ee 
log(l+2)=t- P+ —- ; 
replacing # by —x, we have 
wm oe 
log.(1 —2)=—a- ee to 
By subtraction, | 
: 1+a_ ( w., a ) 
loge; =2 tote te. ; | 
l+a n+l 1. . 
Put = =» 80 thate= 553 we thus obtain 
log, (n-+1)—logen=2{ 1 Peon er eae ee mr }. 
a Qn+1° 3(Qn+1)% 5(Qn+1) °°" 


From this formula by putting n=1 we can obtain log,2. 
Again, by putting n=2 we obtain log,3—log,2; whence log,3 
is found, and therefore also log,9 is known. 


Now by putting »=9 we obtain log,10—log,9 ; thus the 
value of log, 10 is found to be 2°30258509.... 


To convert Napierian logarithms into logarithms to base 10 
we multiply by , Which is the modulus [ Art. 386] of the 


| 
log, 10 
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common system, and its value is Sa0SEEGO or 43429448... ; 


we shall denote this modulus by pz 


By multiplying the last series throughout by uw we obtain a 
formula adapted to the calculation of common logarithms. Thus 


1 1 1 
2 oe are 
pce Cart) =p logen Maecttaeecitseeeiet } 


that is, 
ae pe pb ‘4 
ral 2n+1 +3 @n+ 18 Bn Det ea 
From this result we see that if the logarithm of one of two 
consecutive numbers be known, the logarithm of the other may 
be found, and thus a table of logarithms can be constructed. 


EXAMPLES XLI. 


1. Shew that 
ue o4 aan 


(1) e-2=1- age ol ee : 
[3 ce ce 

Oy et a ee 

(2) 5e Sen al ay we a 


2. Expand logV1+2 in ascending powers of a. 
1 i i 
- 9 a 
3. Prove that log.2=5+ tsotset- 


4, Shew that 


id Vee ae ob 
$0\T—2/ Tog, 10\” a) 


5, Prove that 


1+ 28 
1G cepted pete oS “4 
0g i a =4a + 4a" + 3 H 64 + 2027 4- eeeees . 
6. Shew that if «> 1, 
=— 1 1 1 
a = = = an 
log Vx? - 1=log x Sn? dat Gab : 


7. Shew that 


+a a 
log 4/1 #® —1og af = = 2(e+G+F+...). 
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b2 BB pA 
8. Tf entity bay ag cesnee > 


express b in ascending powers of a. 
9. Calculate the value of ,/e to 4 places of decimals. 


10. Prove that 
Tas 1"Tat 


log, (1+ # — 2x?) = =a le UY eats s 


and find the general term of the series. 


11. Prove that etno(t ++ot...... ). 


sist 


1 1 
12. Prove that log. 3=1 tempts mtr et Raho A 
18. Shew that 
5a Vat | 


loge (1 — Bar + 2a®)— = Bae + + Ba + Tt oe, : 


and find the general term of the series. 
14, Prove that the expansion of log, (1 - « +2?) is 
wx at ee 
. 2 3 4 ‘5 ei aeeeee . 


15. If «>1, prove that 


=z-1 2(a-1)* 3(@-1 


CHAPTER. Chi. 
MISCELLANEOUS EQUATIONS... 


401. Many kinds of miscellaneous equations may be solved 
by the ordinary rules for quadratic equations as explained in 
Art. 202; but others require some special artifice for their 
solution. These will be illustrated in the present chapter. 


Example 1. Solve a a 


x? -6 
Write y for ne, thus 
5 2 
fae or y —6y+5=0; 
whence Y=), Orele 
v?-6 G=6 
= 9) (OE =| 
x x 
that is, x? —5x2—6=0, or «2-2 —-6=0. 
Thus %x=6, —1; or w=3, —2: 


Example 2. Solve 37*+3 — 55 =28 (3 - 2). 
This equation may be written 3°. 3°*- 28 . 3*+1=0. 
By writing y for 3”, we obtain 


Q7y? —- 28y+1=0; that is, (27y-1)(y-1)=0; 


whence y= # or Ie 
Thus a5 =3-4, or 3° =l=3), 


and therefore a= -3, or 0. 
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Example 3. Solve 2x2-3/2x2—7x+7=7x—3. 
On transposition, (22° - 7x) -3 2a? —Ta+7=-3. 
By putting V2x2-72+7=y, so that 2a2-7a+7=y", we obtain 
(y? -7) -3y= -3, or 7?-3y-4=0; 


whence y=4, or -1. 
Thus J2a2—JFx+7=4, or N2a*-7Te+7=-1; 
that is, Qa°—Fa-9=0, or 2x?-7x+6=0. 


From the first of these quadratics we obtain n=2, or —1, and from 


the second #=2, or 3. 


It should be noticed that in this solution we have tacitly assumed 
y to be the positive value of the expression 2x? —72+7, so that the 


roots obtained from the solution of V2x?—7x+7=-1 will only 


satisfy the original equation in the modified form obtained by 
changing the sign of the radical. 


Thus n=%, or — 1 satisfies 22% - 3/22? -7x+7=72 - 3, 


and v=2, or 3 


satisfies 2a? + 3/20? —7x+7=7a-3. 


EXAMPLES XLII. a. 


Solve the following equations : 


_ 42 2 =) 23 
ke +o} l= ae “ue oft Bae. 
3. (v+2)'-4(2+4)=5, 4, 8x9 +6523+8=0. 

Fy Ht 
x+8 5 3a +14 ee 2: " 
S alee ware Se teen 
oz-6 1ll-2e 43 - = 
% Soa tigcae eee 
9. (-S)" 44-75, 10. O7at — 1 = 26et, 


ll, 7Vr-8-V2le4+12=2,/3. 12, 4°414+16=65. 4*, 
13, 2+2=V4euN8-z. 14, 8749 7=2, 
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15. 2x? - Qu + 2/2? — 7x +6 = 5a - 6. 
16. 22+ 622 —2e+5=1142z. 
17. 2N2?- 6x +24 4a+1=2? - Qe, 
18. V4a24 20 +7 = 1227+ 6a - 119. 
19, 3x(3-a)=11-4N2?- Bat5. 
20, x?-a+3V2x— 824 8=5+7. 


Dx Pe 8 a x a-l 
Be 4A gf BE 2: Seriwigy NN oe 
938, (a—b)a?+(b-c)a+c-—a=0. 
24, a(b-c)a?+b(c—a)x+ce(a—b)= 
9. Na—-x+Nb—a=Na+b —2Qz. 
\! 1 1 1 
a—x pa 


7. Nx-ptNu-gq= 


= qd rer —p 
28. Vea By e= 3) + 5A] EERE, 


99, J/x2 44a —44N 22+ 4a -10=6. 
30. Jxz—-a-Jz—b=A/b—a. 


402. No general methods can be given for the solutiom 
of simultaneous equations containing two or more unknowns. 
The simpler cases have been considered in Chapter xxvr.; the 
following examples illustrate useful artifices to be employed in. 
special cases. 


Example 1. Solve PEO © 2 iaudeationpueniys tras eon Rete (ie 


We have e+y=(et+y)—-2ry=16 -2xy ; 
and wB+yp=(at+y)> — 3xy (x+y) =64 - 12xy. 
By substituting in (2), we obtain 
(16 — Quy) (64 - 12xy)=280; that is, 32°y?-402y+93=0; 
whence Uy= dy, OF a 


3 


364 ALGEBRA. (CHAP. 


4 =4 = : 
Thus i saa whence we obtain’ ” once \ 


xy=3;f y=1, or 3; 
x+y=4, aN ee 


or 31 ¢ whence oe 
i y=2F \ = = 


xy = 
Example 2. Solve x?y°z=225, xy?z?=75, a®yz?=45. 


By multiplying the three equations together, we have 
wiyz§ = 295 x 75 x 45=5° x 35; 
whence myjZ=5 *3=16. 
By squaring this equation and dividing by each of the given 
equations in succession, we obtain 
Reais) 


Example 3. Solve the equations 
x+eyt+rz=48, eyty?+yz=12, xz+yz2+2=84. 
These equations may be written 
a(ety+z)=48, y(xty+z)=12, z(et+y+z)=84. 
By addition, (a+y+z)(e+y+z)=144; 
whence etyt2=+12. 


On dividing each of the given equations in turn by this last 
equation, we obtain 
w=24, y=, 2=+£7. 


It is clear that the roots must be taken either all positively or all 
negatively. 


Example 4. Solve ae egy esd Biieriiices Aerapeon ts eeev ene (1), 
Goa mT AG iar eer Gan Nks Sans (2), 
SD 9 ccxcisvteahatiks sh eheeees (3). 
From (2) and (3), (y —2)?-— 22 =28, 
Put « for y—z; then this equation becomes 
u? — x2=98, 
Also from (1), ute=14; 
by division, u-x=2; 
whence z=6, and uw=8, 


Thus y -z=8, and yz=9; whence y=9, or -1; z=1, or -9; and 
the solution is z=6, y=9, z=1; or z=6, y= -1, z= -9, 


\ 
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EXAMPLES XLII. b. 
i. gar = Sy = TI, 2 wm 4 4°=Ol) oa = radon, 
9a? — 44? = 209. xy + xy? = 84. ay—xy2= TO. 
4, w+ xyt+y?=84, 5. a+ xyt+y?=189, 
we +Nay+y =14. 2 —Naxy+y = a 
a ol Br <2 XX 8 eo 
6. 2 ay yt 9 he a xy yP Wie 
3.2 4 1 2 
bik ti eat | 
ie) ee 
Sey oa =20, 9, 2° -Try+4y?=34, 
Seen Ug ene 
S oy 4 Gaoy Qopy o 
10, x-2y+2=35, Il. , (@+y)? +3(2—y)=30, 
xy —y?+y=15. xy+3(x-y)=11. 
12; (2 —y)?=3 — 2x — 2y, 13, 2?+1=81(y°+y), 
y(w@-y+l)=a(y-ax+1). x+e= 9(y>+1). 
14. Find the rational roots of 
(1) Cee — 2 (2) C—y— 2 
(x2 + y®) (x3 + 8) =455 J’ (ac? + y?) (a3 — y*) =260 J” 
a0 ae a ey ee 
15, afer a[Z=at, 16, (2tY + af2t= & 
x y 1 x+y x-y 1652 
— +  =16¢. = or — 
Jy % : Na-y Naty 15 
i) eye= (2, wy e—48, Wye 86: 
18; oy72=30, ayu=120, g21=20; you—24. 
19. yztev=13, zx+uy=25, xy+yz=20. 
B.A, 2B 
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20, y(e+z)=112, z(x+y)=132, a(y+z)=90. | 
21. (x+a)(y—b)=2, (y—b)(z+c)=3, (z+¢)(x+a)=6. 

22. («+y)(w+z)=63, (y+z)(y+x)=42, (2+x%)(z+y)=54. 

23, x®-ay-az=14, xy-y?-yz=6, xz-yz-2=4. 

24, «(3z-2y)=42, y(x-2z)=4, <(w+5y)+34=0. 

2. cytet+y=ll, yetyt+2=3, ze+z+x=2. 

26. (x+y)?-22=65, a?-(y+z)P?=18, x+y-z2=5. 

27. z+x=9ryz, xt+y=Seyz, ytz=S8ryz. 


28. a? +y?+227=84, atyt+z=14, xy=2*. 


29. x+y-z=1, 2-y?+2 


80. yt2-x=9, 2?-y?-2=15, yz=3. 


31. ‘a? +y2+22=133, yt+ze-x=7, yz=2%. 

32. 3*=9"-1, 16°-7=gv-2 ) 
83, W=161, 3=9', SIA WRHE 

34. 2*-(y-z)*=a%, y®-(z-2)P=)%, 2?-(x2-y)?=c*. 


CHAPTER X LID, 
INTEREST AND ANNUITIES. 


403. QveEsTions involving Simple Interest are easily solved 
by the ordinary rules of Arithmetic ; but in Compound Interest 
the calculations are often extremely laborious. We shall now 
shew how these arithmetical calculations may be simplified by 
the aid of logarithms. Instead of taking as the rate of in- 
terest the interest on £100 for one year, it will be found more 
convenient to take the interest on £1 for one year. If this be 
denoted by £7, and the amount of £1 for 1 year by £R, we have 
R=1+r. 


404. To find the interest and amount of a given sum in a 
given time at compound interest. 

Let P denote the principal, 2 the amount of £1 in one year, 
nm the number of years, J the interest, and M/ the amount. 

The amount of P at the end of the first year is PR; and, 
since this is the principal for the second year, the amount at the 
end of the second year is P2 x Ror PAR*. Similarly the amount 
at the end of the third year is P/%, and so on; hence the amount 
in » years is Ph” ; that is, 

Marie 
and therefore I=P(R?—1). 


Example. Find the amount of £100 in a hundred years, allowing 
‘compound interest at the rate of 5 per cent., payable quarterly ; 
haying given 


log 2= 3010300, log 3= "4771213, log 14°3906=1°15808. 
; : Te 0 81 
The amount of £1 in a quarter of a year is £ (1 a iw) or fay" 
The number of payments is 400. If JZ be the amount, we have 


8] \ 400 
M=100 (5) 3 
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log M = log 100 + 400 (log 81 — log 80) 
=2+ 400 (4 log 3-1-3 log 2) 
=2 +400 (:0053952) =4°15808 ; 
whence M =14390°6. 
Thus the amount is £14390, 12s. 


Note. At simple interest the amount is £600. 


405. To find the present value and discount of a given sum 
due in a given time, allowing compound interest. 


Let P be the given sum, V the present value, ) the discount, 
R the amount of £1 for one year, x the number of years. 


Since V is the sum which, put out to interest at the present 
time, will in x years amount to P, we have 


Pe VR ; 
— Peon 
and D=P—-V=P(1-R-"). 


Annuities. 


406. An annuity is a fixed sum paid periodically under 
certain stated conditions; the payment may be made either once 
a year or at more frequent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. ; 


407. To find the amount of an annuity left unpaid for a 
given number of years allowing compound interest. 


Let A be the annuity, & the amount of £1 for one year, 
the number of years, M the amount. 


At the end of the first year A is due, and the amount of this 
sum in the remaining n—1 years is AR"! ; at the end of the 
second year another 4 is due, and the amount of this sum in the 
remaining n—2 years is A/”~* ; and so on. 

M= AR" + AR"? +..,... +AR?+AR+A 
=A(1+R+ R*+...... to terms) 
k-1 


408. To find the present value of an annuity to continue for 
a given number of years allowing compound interest. 

Let A be the annuity, 2 the amount of £1 in one year, x 
the number of years, V the required present value. 
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The present value of A due in 1 year is AR-!; 
the present value of A due in 2 years is AR-?; 
the present value of dA due in 3 years is AR-*; and so on. 
[Art. 405. ] 


Now V is the sum of the present values of the different pay- 

ments ; 
V=AR"+ AR@+ AR? + ...... to n terms 
toi 
1-#&1 
1-h™ ; 

hae eG 

Note. This result may also be obtained by dividing the value of 
M, given in Art. 407, by Rk”. [Art. 404.] 


=AR 


Cor. If we make x infinite we obtain for the present value 
of a perpetual annuity 


409. If m4 is the present value of an annuity A, the annuity 
is said to be worth m years’ purchase. 


In the case of a perpetual annuity mA =“ ; hence 


julie ae ei ne 
rate per cent. ’ 


that is, the number of years’ purchase of a perpetual annuity is 
obtained by dividing 100 by the rate per cent. 

A good test of the credit of a Government is furnished by 
the number of years’ purchase of its Stocks; thus the 23 p.c. 
Consols at 924 are worth 37 years’ purchase; Russian 4 p.c. 
Stock at 96 is worth 24 years’ purchase ; while Austrian 5 p.c. 
Stock at 80 is only worth 16 years’ purchase. 


410. A freehold estate is an estate which yields a perpetual 
annuity called the rent ; and thus the value of the estate is equal 
to the present value of a perpetual annuity equal to the rent. 

It follows from Art. 409 that if we know the number of 
years’ purchase that a tenant pays in order to buy his farm, 
we obtain the rate per cent. at which interest is reckoned by 
dividing 100 by the number of years’ purchase. . 
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EXAMPLES XLIII. 


[The Examples marked * may be solved directly by 
use of the Tables. | 


1, If in the year 1600 a sum of £1000 had been left to aceumu- 
late for 300 years, find its amount in the year 1900, reckoning 
compound interest at 4 per cent. per annum. Given 


log 104=2°0170333 and log 12885°5=4-10999. 


*2, Vind in how many years a sum of money will amount to 
one hundred times its value at 5} per cent. per annum compound 
interest. Given log 1055=3:023. 


3. Find the present value of £6000 due in 20 years, allowing 
compound interest at 8 per cent. per annum, Given 


log 2= 30103, log 3= "47712, and log 12875 =4°10975. 
4, Find at what rate per cent. per annum £1200 will amount 
to £20000 in 15 years at compound interest. Given 
log 2=°30103, log 3=°47712, and log 12063=4:08145. 
5, Find the amount of an annuity of £100 in 15 years, allowing 
compound interest at 4 per cent. per annum. Given 
log 1°04=-01708, and log 180075 =5°25545. 


6. A freehold estate worth £280 a year is sold for £7000; find 
the rate of interest. 


*7, Ifa perpetual annuity is worth 40 years’ purchase, find what 
an annuity of £300 will amount to in 10 years at the same rate of 
interest. Given log 10°25=1°'01072, and log 1280=3°1072. 


8, Find the present value of an annuity of £900 to continue for 
20 years at 44 per cent. compound interest. Given 


log 1°045= 01912, and log 41458 =4°6176. 


*9, A man borrows £20000 at 5 per cent. compound interest. If 
the principal and interest are to be paid by 20 equal annual instal- 
ments, find the amount of each of these ; having given 


log 105 =2°0212, and log 3767 =3°576. 
*10, A man has a capital of £100000, for which he receives 


interest at 34 per cent. ; if he spends £7000 a year, find in what 
time he will be ruined. Given 


log2= "301, log3=°477, and log 23=1°362. 


CHAPTER XLIV. 
. GRAPHICAL REPRESENTATION OF FUNCTIONS. 


[A considerable portion of this chapter may be taken at an early 
stage. For example, Arts. 411-416 may be read as soon as 
the student has had sufficient practice in substitutions in- 
volving negative quantities. Arts. 417-424 may be read in 
connection with Hasy Simultaneous Equations. With the 
exception of a few articles the rest of the chapter should be 
postponed until the student is acquainted with quadratic 
equations. | 


411. Derinition. Any expression which involves a variable 
quantity 2, and whose value is dependent on that of 2, is called 
a function of x. 

Thus 37+8, 22?+62—7, «*—373+.2?-—9 are functions of x of 
the first, second, and fourth degree respectively. [Art. 24.] 


412. The symbol f(x) is often used to briefly denote a 
function of w If y=/(x), by substituting a succession of 
numerical values for 7 we can obtain a corresponding succession 
of values for y which stands for the value of the function. 
Hence in this connection it is sometimes convenient to call x 
the independent variable, and v the dependent variable. 


413. Consider the function w(9—.?), and let its value be 
represented by y. 


Then, when 2—0, 70 9— 0; 
As e=l1, y=1x8= 8, 
5 “2=2, y=2x5=10, 
s r=3, y=3x0= 0, 
” w=4, y=4x(-7)=—28, 


and so on. 
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By proceeding in this way we can find as many values of the 
function as we please. But we are often not so much concerned 
with the actual values which a function assumes for different 
values of the variable as with the way in which the value of the 
Junction changes. These variations can be very conveniently 
represented by a graphical method which we shall now explain. 


414. Two straight lines YON’, YOY’ are taken intersecting 
at right angles in V, thus dividing the plane of the paper into 
four spaces YOY, YOX', X’UY’, Y’OX, which are known as the 
first, second, third, and fourth quadrants respectively. 


Fig. 1. 


The lines XOX, YOY’ are usually drawn horizontally and 
vertically ; they are taken as lines of reference and are known 
as the axis of x and y respectively. The point 0 is called the 
origin. Values of # are measured from O along the axis of 2, 
according to some convenient scale of measurement, and are 
called abscisse, positive values being drawn to the right of O 
along OX, and negative values to the left of O along O.\". 


Values of v7 are drawn (on the same scale) parallel to the axis 
of y, from the ends of the corresponding abscisse, and are 
called ordinates. These are positive when drawn above X'X, 
negative when drawn below XX. 


415. The abscissa and ordinate of a point taken together 
are known as its coordinates. A point whose coordinates are 
x and y is briefly spoken of as “ the point (2, y).” 

_ The coordinates of a point completely determine its position 
in the plane. Thus if we wish to mark the point (2, 3), we 
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take «=2 units measured to the right of 0, y=3 units measured 
perpendicular to the z-axis and above it. The resulting point 
P is in the first quadrant. The point (—3, 2) is found by taking 
«=3 units to the left of O, and 7=2 units above the z-axis. The 
resulting point @ is in the second quadrant. Similarly the 
points (—3, —4), (5, —5) are represented by / and S in Fig. 1, 
in the third and fourth quadrants respectively. 


This process of marking the position of a point in reference 
to the coordinate axes is known as plotting the point. 


416. In practice it is convenient to use squared paper ; 
that is, paper ruled into small squares by two sets of equi- 
distant parallel straight lines, the one set being horizontal and 
the other vertical. After selecting two of the intersecting lines 
as axes (and slightly thickening them to aid the eye) one or 
more of the divisions may be chosen as our unit, and points 
may be readily plotted when their coordinates are known. 
Conversely, if the position of a point in any of the quadrants is 
marked, its coordinates can be measured by the divisions on 
the paper. 

In the following pages we have used paper ruled to tenths of 
an inch, but a larger scale will sometimes be more convenient. 
See Art. 436. 


Example. Plot the points (5, 2), (—3, 2), (-3, —4), (5, —4) on 
squared paper. Jind the area of the figure determined by these 
points, assuming the divisions on the paper to be tenths of an inch. 


Taking the points in the 
order given, it is easily 
seen that they are repre- aan cl 
sented by P, Q, R, S in 
Fig. 2, aid that they form SHi 5 Gee BAe SA 
a rectangle which contains 
48 squares. Each of these 
is one-hundredth part of a 
squareinch. Thus the area 
of the rectangle is ‘48 of a 
square inch. 
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EXAMPLES XLIV. a. 


[The following examples are intended to be done mainly by actual 
measurement on squared paper; where possible, they should 
also be verified by calculation. | 


Plot the following pairs of points and draw the line which joins 
them : 


ii, (3, 0), (0, 6). 2. (—2 0), (0, <7 8). 
ae (3, a 8), ( —2, 6). 4, (5, 5), =z, ~2). 
5, (= 2, 6), Ue - 3). 6. (4, 5), ( wv 1, 5). 


7. Plot the points (3, 3), (-3, 3), (—3, -3), (8, —3), and find 
the number of squares contained by the figure determined by these 
points. 


8. Plot the points (4, 0), (0, 4), (-4, 0), (0, —4), and find the 


number of units of area in the resulting figure. 


9. Plot the points (0, 0), (0, 10), (5, 5), and find the number of 


units of area in the triangle. 


10. Shew that the triangle whose vertices are (0, 0), (0, 6), (4, 3) 
contains 12 units of area. Shew also that the points (0, 0), (0, 6), 
(4, 8) determine a triangle of the same area. 


11. Plot the points (5, 6), (-5, 6), (5, -—6), (-5, -—6). If one 
millimetre is taken as unit, find the area of the figure in square 
centimetres. 


12. Plot the points (1, 3), (-—3, —9), and shew that they lie ona 
line passing through the origin. Name the coordinates of other 
* points on this line. 


13. Plot the eight points (0, 5), (3, 4), (5, 0), (4, -3), (-5, 0), 
(0, —5), (-4, 3), (—4, -3), and shew that they are all equidistant 
from the origin. 

14, Plot the two following series of points : 

(i) (5, 0), (5, 2), (5, 5), (5, -1), (5, —4); 
(ii) (-4, 8), {- hy 8), (0, 8), (3, 8), (6, 8). 


Shew that they lie on two lines respectively parallel to the axis of y, 
and the axis of a Find the coordinates of the point in which they 
intersect. 
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15. Plot the points (13, 0), (0, — 18), (12, 5), (—12, 5), (-18, 0), 
(—5, —12), (5, -12). Find their locus, (i) by measurement, (ii) by 
calculation. 

16. Plot the points (2, 2), (-3, -—3), (4, 4), (-5, —5), shewing 
that they all le on a certain line through the origin. Conversely, 
shew that for every point on this line the abscissa and ordinate are 
equal. 


Graph of a Function. 


417. Let f(x) represent a function of x, and let its value be 
denoted by y. If we give to va series of numerical values we 
get a corresponding series of values for y. If these are set off 
as abscissee and ordinates respectively, we plot a succession’ of 
points. If adi such points were plotted we should arrive at a 
line, straight or curved, which is known as the graph of the 
function f(x), or the graph of the equation y=f(x). The varia- 
tion of the function for different values of the variable x is 
exhibited by the variation of the ordinates as we pass from 
point to point. 


In practice a few points carefully plotted will usually enable 
us to draw the graph with sufficient accuracy. 


418. The student who has worked intelligently through the 
preceding examples will have acquired for himself some useful 
preliminary notions which will be of service in the examples on 
simple graphs which we are about to give. In particular, 
before proceeding further he should satisfy himself with regard 
to the following statements : 


(i) The coordinates of the origin are (0, 0). 
(ii) The abscissa of every point on the axis of 7 is 0. 
(iii) The ordinate of every point on the axis of w is 0. 


(iv) The graph of all points which have the same abscissa is 
a line parallel to the axis of y. (eg. v=2.) 


(v) The graph of all points which have the same ordinate is 
a line parallel to the axis of z (eg. y=5.) 


(vi) The distance of any point P(z, y) from the origin is 
given by OP?=27+y. 
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Example 1. Plot the graph of y=z. 
When x=0, y=0; thus the origin is one point on the graph. 
Also, when ea 28) 57. ly er oes 

Pee Ae eee Wee Set 8 Be | 


Thus the graph passes through O, and represents a series of points 
each of which has its ordinate equal to its abscissa, and is clearly 
represented by POP’ in Fig. 3. 

Example 2. Plot the graph of y=a+3. { 


Arrange the values of x and y as follows : | 


| 
By joining these points we | 
obtain aline MN parallel to — 
that in Example 1. 


The results printed in — 
larger and deeper type 
should be specially noted 

|_| | | [xl and compared with the 
ARERES graph. They shew that the 
distances ON, OM (usually 
called the intercepts on the 
axes) are obtained by separ- 
ately putting a=0, y=0 in 
the equation of the graph. 


Note. By observing that in Example 2 each ordinate is 3 units 
greater than the corresponding ordinate in Example 1, the graph 
of y=x+3 may be obtained from that of y=a by simply producing 
each ordinate 3 units in the positive direction. 


In like manner the equations 
y=x+5, y=u-5 


represent two parallel lines on opposite sides of y=x and equi- 
distant from it, as the student may easily verify for himself. 
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Example 3. Plot the graphs represented by the following equa- 
tions : 
; (iii) y= 2a —- 5. 


(li) y=2u+4; 


(i) y= 2a ; 


Here we only give the diagram which the student should verify 
in detail for himself, following the method explained in the two 
preceding examples. 


EXAMPLES XLIV. b. 


[In the following examples Nos. 1-18 are arranged in groups of 
three; each group should be represented on the same diagram 
so as to exhibit clearly the position of the three graphs rela- 
tively to each other. | 


Plot the graphs represented by the following equations : 


Lyon. 2. y=5u-4. o Y=orTo, 
4. g=—8e. 5, y=-34+3. 6. y= -3x-2. 
7 ytx=0. 8. ytu=8. 9, yt4=a. 
10; 4e=3y. ll, 3y=4x+6. 12, 4y¥+32=8. 
13, «-5=0. 14, y-6=0. 1. Sy=6x. 
16. 3x+4y=10. 17, 4e+y=9. 18. 5a-2y=8. 
19. Shew by careful drawing that the three last graphs have a 


common point whose coordinates are oe ik 


20. Shew by careful drawing that the equations 
sy =10;,. y=u—4 
represent two straight lines at right angles. 
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21. Draw on the same axes the graphs of x=5, «=9, y=3, y=11. 
Find the number of units of area enclosed by these lines. 


22. Taking one-tenth of an inch as the unit of length, find the — 
area included between the graphs of e<=7, x= —3, y= -2, y=8. | 


23, Find the area included by the graphs of 
y=e+6, y=u-6, y=—x+6, y=-x-6. 


24, With one millimetre as linear unit, find in square centimetres — 
the area of the figure enclosed by the graphs of 


=24+8, y=2e-8, y=-2v+8, y=-2x-8. 


419. The student should now be prepared for the following 
statements : 


(i) For all numerical values of a the equation y=az re- 
presents a straight line through the origin. 


(ii) For all numerical values of a and 6 the equation | 
y=ax+b represents a line parallel to y=azx, and 
cutting off an intercept ) from the axis of y. ; 


420. Conversely, since every equation involving # and y 
only in the first degree can be tbe to one of the forms 
y=ax, y=ax+b, it follows that every simple equation connecting 
two variables represents a straight line. . For this reason an 
expression of the form az +6 is said to bea linear function of «, 
and an equation such as y=az+b, or ax+by+c=0, is said to be 
a linear equation. 


Example. Shew that the points (8, —4), (9, 4), (12, 8) lie on a 
straight line, and find its equation. 


Assume y=ax +h as the equation of the line. If it passes through 
the first two points given, their coordinates must satisfy the above 
equation. Hence 

-4=8a+b, 4=9a+b. 


These equations give a=5, b= -8. 

Hence yaar -8, or 4u-3y=24, 
is the equation of the line passing through the first two points. 
Since w= 12, y=8 satisfies this equation, the line also passes through 
(12, 8). This example may be verified graphically by plotting the 


line which joins any two of the points and shewing that it passes 
through the third. 


| 


‘ 
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Application to Simultaneous Equations. 


421. It was shewn in Art. 100 that in the case of a simple 
equation between x and y, it is possible to find as many pairs of 
values of w and 7 as we please which satisfy the given equation. 
We now see that this is equivalent to saying that we may find 
as many points as we please on any given straight line. If, 
however, we have two simultaneous equations between 7 and y, 
there can only be one pair of values which will satisfy both 
equations. This is equivalent to saying that two straight lines 
can have only one common point. 


Example. Solve graphically the equations : 
se-+Ty=27, de+2y=16. 


If carefully plotted it will be found that these two equations 
represent the lines in the annexed diagram. On measuring the 
coordinates of the point at which they intersect it will be found that 
x=2, y=3, thus verifying the solution given in Art. 103, Idee 1, 


422. It will now be seen that the process of solving two 
simultaneous equations is equivalent to finding the coordinates 
of the point (or points) at which their graphs meet. 


_ 428. Since a straight line can always be drawn by joining 
any two points on it, in solving Jinear simultaneous equations 
graphically, it is only necessary to plot two points on each line. 
The points where the lines meet the axes will usually be the 
most convenient to select. 
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424. Two simultaneous equations lead to no finite solution 
if they are inconsistent with each other. For example, the 
equations 

a+3y=2, 32+97=8 


are inconsistent, for the second equation can be written 
x+3y=23, which is clearly inconsistent with #+3y=2. The 
graphs of these two equations will be found to be two parallel 
straight lines which have no finite point of intersection. 
Again, two simultaneous equations must be independent. 
The equations 
4v+3y=1, 16v+12y=4 


are not independent, for the second can be deduced from the 
first by multiplying throughout by 4. Thus any pair of values 
which will satisfy one equation will satisfy the other. Graphi- 


. 


cally these two equations represent two coincident straight lines — 


which of course have an unlimited number of common points. 


EXAMPLES XLIV. c. 


Solve the following equations, in each case verifying the solution 
graphically : 


1. y=2xu+3, 2. y=3a+4, 3. y=4e, 
yt+x=6. y=x+8. 2a + y=18, 
4, 2e-y=8, 5. 3x+2y=16, 6. 6y-5x=18, 
4a + 3y=6. 5x - 3y= 14. dar = By. 
7, 2u+y=0, 8. 2a-y=3, 9, 2y=—5a+165, 
' y=4(x+5), 3x - 5y=15. 3y — 4x =12. 


10. Prove by graphical representation that the three points (3, 0), 
(2, 7), (4, -7) lie on a straight line. Where does this line cut the 
axis of y? 


jl. Prove that the three points (1, 1), (-—38, 4), (5, —2) lie on a 
straight line. Find its equation, Draw the graph of this equation, 
shewing that it passes through the given points. 


12. Shew that the three points (3, 2), (8, 8), (-2, -4) lie on a 
straight line. Prove algebraically and graphically that it cuts the 
axis of w at a distance 14 from the origin. 
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425. We shall now give some graphs of functions of higher 
degree than the first. 


Example 1. Plot the graph of 2y=2?. 
Corresponding values of w and y may be tabulated as follows : 


Here, in order to obtain a figure on a sufficiently large scale, it 
will be found convenient to take two divisions on the paper for our 
unit. ; 


BDGANy Ate 
gt 
12.0, 


If the above points are plotted and connected by a line drawn 
freehand, we shall obtain the curve shewn in Fig. 6. This curve 


is called a parabola. 
There are two facts to be specially noted in this example. ~ 


(i) Since from the equation we have x= +/2y, it follows that 
for every value of the ordinate we have two values of the abscissa, 
equal in magnitude and opposite in sign. Hence the graph is sym- 
metrical with respect to the axis of y; so that after plotting with 
care enough points to determine the form of the graph in the first 
quadrant, its form in the second quadrant can be inferred without 
actually plotting any points in this quadrant. At the same time, in 
this and similar cases beginners are recommended to plot a few 
points in each quadrant through meen the graph passes. 

H.A. Cc 
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(ii) We observe that all the plotted points lie above the axis of z. 
‘This is evident from the equation ; for since x* must be positive for 


all values of 2, every ordinate obtained from the equation y=5 
must be positive. 

In like manner the student may shew that the graph of 2y= — 2 
is a curve similar in every respect to that in Fig. 6, but lying entirely 
below the axis of x. 


Note. Some further remarks on the graph of this and the next 
example will be found in Art. 431. 


Example 2. Find the graph of y=20+ 


Here the following arrangement will be found convenient : 


y 8°25) 5 |2°25| 0| - 1°75) —3|-3°75| —4|-—3°75| -3 |-1°75| 0 


BP ckp me et he Ss 
ES ee ee 
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From the form of the equation it is evident that every positive 
~value of x will yield a positive value of y, and that as a increases y 
also inereases. Hence the portion of the curve in the first quadrant 
lies as in Fig. 7, and can be extended indefinitely in this quadrant. 
In the present case only two or three positive values of # and y need 
be plotted, but more attention must be paid to the results arising 
-out of negative values of a. 
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na 
When y=0, we have 7 2=0; thus the two values of a in the 
grant which correspond es y=0 furnish the roots of the equation 


7+ 2n= 0. 

426. If f(x) represent a function of x, an approximate 
solution of the equation f(#)=0 may be obtained by plotting 
the graph of y=/(2), and then measuring the intercepts made 
on the axis of w. These intercepts are values of « which make 
y equal to zero, and are therefore roots of /(v)=0. 


427. If f(x) gradually increases till it reaches a value a, 
which is algebraically greater than neighbouring values on 
either side, a is said to be a maximum value of f(z). 

If f(~) gradually decreases till it reaches a value 6, which is 
algebraically less than neighbouring values on either side, 0 is 
said to be a minimum value of (Ge): 

When 7=/(2) is treated graphically, it is now evident that 
maximum and minimum values of f(w) occur at points where 
the ordinates are algebraically greatest and least in the im- 
mediate vicinity of such points. 


Example. Solve the equation x? —72+11=0 graphically, and find 
the minimum value of the function x?—7x+11. 


Put y=x?-—7x+11, and find the graph of this equation. 


z| 0 | 2{3s| a5 [4] s 


y |u| 5 | a | -1|-1-25] -1] ie fa 


The values of « which make the 
function «?—7x+11 vanish are PAS 174 A Pa a 
those which correspond to y=0. He} EH 
By careful measurement it will be 
found that the intercepts OW and Teall 


ON are approximately equal to Le 
2°38 and 4°62. ppt | Ia 
The algebraical solution of hae RU 
x? —Te+11=0 Seo ellie 
Y 
gives = (74/5). DADAM 2a 


op 


If we take 2'236 as the approximate 
value of ,/5, the values of x will 
be found to agree with those ob- 
tained from the graph. 
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2 2 
Again, a Tat = (2-5) -}: Now ( -3) must be positive 


for all real values of x except x= oy in which case it vanishes, and 
the value of the function reduces to — a which is the least value it 
can have. 

The graph shews that when 2=3'5, y= — 1°25, and that this is 
the algebraically least ordinate in the plotted curve. 


428. The following example shews that points selected for 
graphical representation must sometimes be restricted within 
certain limits. 


Example. Find the graph of a? + y?=36. 
The equation may be written in either of the following forms : 
(i) y=4n/36-22; (ii) w= 436-72 


Tn order that y may be a real quantity we see from (i) that 36 -2* 
must be positive. Thus x can only have values between —6 and +6. 
Similarly from (ii) it is evident that y must also lie between —6 and 
+6. Between these limits it will be found that all plotted points 
will lie at a distance 6 from the origin. Hence the graph is a circle 
whose centre is O and whose radius is 6. 


This is otherwise evident, for the distance of any point P(x, y) 
from the origin is given by OP=V22+y*. [Art. 418.] Hence the 


equation x? + %°=36 asserts that the graph consists of a series of 
points all of which are at a distance 6 from the origin. 
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Note. To plot the curve from equation (ii), we should select a 
succession of values for y and then find corresponding values of a. 
In other words we make y the independent and «x the dependent 
variable. The student should be prepared to do this in some of the 
examples which follow. 


EXAMPLES XLIV. d. 


1. Draw the graphs of y=x", and x=y?, and shew that they 
have only one common chord. Find its equation, 


2 
2. From the graphs, and also by calculation, shew that y= 
cuts «= —y” in only two points, and find their coordinates. 8 


3. Draw the graphs of 
(i) y?=-4a; (ii) y=20— 2 (iii) y=" +e-2 
4, Draw the graph of y=x%+2?. Shew also that it may be 
deduced from that of y=", obtained in example 1. 
5. Shew (i) graphically, (ii) algebraically, that the line y=2x —3 
meets the curve y= = +a-—2inone point only. Find its coordinates. 


6. Find graphically the roots of the following equation to 2 
places of decimals : 


(i) Ztu-2=0; (ii) a2-Qu=—4; (iii) 4a2-16%+9=0; 
and verify the solutions algebraically. 

7, Find the minimum value of 2?—2x-4, and the maximum 
value of 5+ 4a — 22. ‘ 


8. Draw the graph of y=(#-—1)(x-2) and find the minimum 
' value of (w-—1)(a#-2). Measure, as accurately as you can, the values 
of « for which (x - 1) (~—2) is equal to 5and 9 respectively. Verify 
algebraically. 
9, Solve the simultaneous equations 
v4 = 100) xty=14; 

and verify the solution by plotting the graphs of the equations and 
measuring the coordinates of their common points. 


10. Plot the graphs of «?+y?=25, 3x+4y=25, and examine 
their relation to each other where they intersect. Verify the result 
algebraically. 


‘ 
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429. Infinite and zero values. Consider the fraction “ 


in which the numerator a has a certain fixed value, and the 
denominator is a quantity subject to change ; then it is clear that 
the smaller 2 becomes the larger does the value of the fraction 


a : 
— become. For instance 
x 


10 1000 1000000 
By making the denominator «x sufficiently small the value of 
the fraction “ can be made as large as we please ; that is, if w is 
v 


made less than any quantity that can be named, the value of & 
x 


will become greater than any quantity that can be named. 


A quantity less than any assignable quantity is called zero 
and is denoted by the symbol 0. 


A quantity greater than any assignable quantity is called 
infinity and is denoted by the symbol «. 


We may now say briefly 


a. 
when x =0, the value of = is wo. 
= 


Again if x is a quantity which gradually increases and finally 
becomes greater than any assignable quantity the fraction becomes 
smaller than any assignable quantity. Or more briefly 


a. 
when x=, the value of — is 0. 
x 


430. It should be observed that when the symbols for zero 
and infinity are used in the sense above explained, they are 
subject to the rules of signs which affect other algebraical 
symbols. ‘Thus we shall find it convenient to use a concise 
statement such as “ when #= +0, y7= +0” to indicate that when 
a very small and positive value is given to x, the corresponding 
value of y is very large and positive. 


431. If we now return to the examples worked out in Art. 
425, in Example 1, we see that when «= +0, y=+ ; hence 
the curve extends upwards to infinity in both the first and 
second quadrants. ee Example 2, when w=+0, y= +o. 
Again y 1s negative between the values 0 and —8 of x. For all 


> 
; 
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negative values of w numerically greater than 8, v is positive, 
and when w= — ,¥= +a. Hence the curve extends to infinity 
in both the first and second quadrants. 


The student should now examine the nature of the graphs in 
Examples XLIV. d. when x and y are infinite. 


Example. Find the graph of xy=4. 
The equation may be written in the form 
4 


TE 


a 

from which it appears that when #=0, y= and when w=, y=0. 
Also y is positive when « is positive, and negative when « is ae Pa 
Hence the graph must lie entirely in the first and third quadrants. 


It will be convenient in this case to take the positive and negative 
values of the variables separately. 


(1) Positive values : 


|| 

Partha Ji LS OS al a 
RDA EARS 
SE Se ES 
at pa Tbe ilhsabcue beast} 
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Graphically these values shew that as we recede further and 
further from the origin on the x-axis in the positive direction, the 
values of y are positive and become smaller and smaller. That is 
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the graph is continually approaching the x-axis in such a way that 
by taking a sufficiently great positive value of 2 we obtain a point 
on the graph as near as we please to the x-axis but never actually 
reaching it untila=o. Similarly, as x becomes smaller and smaller 
the graph approaches more and more nearly to the positive end of 
the y-axis, never actually reaching it as long as 2 has any finite 
positive value, however small. 


(2) Negative values: 


The portion of the graph obtained from these values is in the third 
quadrant as shewn in Fig. 10, and exactly similar to the portion 
already traced in the first quadrant. It should be noticed that as 
x passes from +0 to —0 the value of y changes from +o to —. 
Thus the graph, which in the first quadrant has run away to an 
infinite distance on the positive side of the y-axis, reappears in the 
third quadrant coming from an infinite distance on the negative side 
of that axis. Similar remarks apply to the graph in its relation to 
the a-axis. 


432. When a curve continually approaches more and more 
nearly to a line without actually meeting it until an infinite 
distance is reached, such a line is said to ‘be an asymptote to 
the curve. In the above case each of the axes is an asymptote. 


433. Every equation of the form y=" or «y=c, where ¢ is 


constant, will give a graph similar to that exhibited in the 
example of Art. 431. The resulting curve is known as a 
rectangular hyperbola, and has many interesting properties. 
In particular we may mention that from the form of the 
equation it is evident that for every point (a, 7) on the curve 
there is a corresponding point (—«, —y) which satisfies the 
equation. Graphically this amounts to saying that any line 
through the origin meeting the two branches of the curve in 
P and ?” is bisected at O. 


434. In the simpler cases of graphs, sufficient accuracy can 
usually be obtained by plotting a few points, and there is little 
difficulty in selecting points with suitable coordinates, But in 
other cases, and especially when the graph has infinite branches, 
more care is needed. The most important things to observe 
are (1) the values for which the function f(a) becomes zero or 


na 


x A CO tp lf 
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infinite ; and (2) the values which the function assumes for 
zero and infinite values of z In other words, we determine 
the general character of the curve in the neighbourhood of the 
origin, the axes, and infinity. Greater accuracy of detail can 
then be secured by plotting points at discretion. The selection 
of such points will usually be suggested by the earlier stages of 
our work. 


The existence of symmetry about either of the axes should 
also be noted. When an equation contains no odd powers of w, 
the graph is symmetrical with regard to the axis of y. Similarly 
the absence of odd powers of y indicates symmetry about the 
axis of x Compare Art. 425, Ex. 1. 


Example. Draw the graph of yt 1 . [See fig. on next page. ] 
ts 
We have y=, the latter form being convenient for 
infinite values of a. % 
(i) When == 0h, ai - | 
% oe 


“. the curve cuts the axis of x at a distance —3°5 from the origin, 
and meets the line x=4 at an infinite distance. 


If 2 is positive and very little greater than 4, y is very great and 
positive. If x is positive and very little less than 4, y is very great 
and negative. Thus the infinite points on the graph near to the line 
x=4 have positive ordinates to the right, and negative ordinates to 
the left of this line. 

(ii) When x=0, yg=—1"75, | 
C=O, Y=2?2; J 


39 


. the curve cuts the axis of y at a distance - 1°75 from the origin, 
and meets the line y=2 at an infinite distance. 


By taking positive values of y very little greater and very little 


BY 
“ 


less than 2, it appears that the curve lies above the line y=2 when 


«= +o, and below this line when x= —- 0. 


The general character of the curve is now determined : the lines 
PO'P’ (x«=4) and QO’Q (y=2) are asymptotes ; the two branches of 
the curve lie in the compartments PO’Q, ,?’O'Q', and the lower 
branch cuts the axes at distances —3°5 and — 1°75 from the origin. 
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To examine the lower branch in detail values of x may be selected 
between —o and —3°5 and between — 3:5 and 4. 


eT -6|- 39 SFO eg are 


1-25/-75| 5 | 0 |-1|-1-75|-55] -131...[-0 
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The upper branch may now be dealt with in the same way, 
selecting values of a between 4 and «, The graph will be found to 
be as represented in Fig. 11. 


435. When the equation of a curve contains the square or 
higher power of y, the calculation of the values of y correspond- 
ing to selected values of # will have to be obtained by evolution, 
or else by the aid of logarithms. We give one example to 
illustrate the way in which a table of four-figure logarithms 
may be employed in such cases. 


XLIV. | USE OF LOGARITHMS. 


Example. Draw the graph of y¥=2x(9- 2°). 


For the sake of brevity we shall confine our attention to that part 
of the curve which lies to the right of the axis of y, leaving the other 


half to be traced in like manner by the student. 


When «=0, y=0; therefore the curve passes through the origin. 
Again, y is positive for all values of « between 0 and 3, and vanishes 
when «=3; for values of w greater than 3, y is negative and con- 
tinually increases numerically. 


File) | AY, il 2 3 4 5 6 
a) 0) ] 4 9 16 ASS 36 
9-2?) 9 8 5 0 -7 - 16 —27 


These points will be suf- 
ficient to give a rough ap- 
proximation to the curve. 
For greater accuracy a few 
intermediate values such as 
wb, 2°5,.3°5 .1 should 
be taken, and the resulting 
curve will be as in Tig. 12, 
in which we have taken 
two-tenths of an inch as our 
linear unit. 


*TIn taking logarithms of the successive values of y*, the negative 
sign is disregarded, but care must be taken to insert the proper 


Nm 
| ARES 
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signs in the last line which gives the successive values of y. 


391 


392 ALGEBRA. (CHAP. 


Measurement on Different Scales. 


436. For convenience on the printed page we have supposed 
the paper to be ruled to tenths of an inch, generally using one 
of the divisions as our linear unit. In practice, however, it will 
often be advisable to choose a unit much larger than this in 
order to get a satisfactory a For the sake of simplicity 
we have hitherto measured abscissee and ordinates on the same . 
scale, but there is no necessity for so doing, and it will often be 
found convenient to measure the variables on different scales 
suggested by the particular conditions of the question. 


Art. 425. If with the same unit as before we plot the graph 
of y=x*, it will be found to be a curve similar to that drawn on 
page 11, but elongated in the direction of the axis of y. In fact, — 
it will be the same as if the former graph were stretched to 
twice its length in the direction of the y-axis. 


As an illustration let us take the graph of y=, given in | 


—— 


437. Any equation of the form y=az*, where a is constant, 
will represent a parabola elongated more or less according to the 
value of a; and the larger the value of @ the more rapidly will 
y increase in comparison with #2 We might have very large 
ordinates corresponding to very small abscisse, and the graph 
might prove quite unsuitable for practical applications. In 
such a case the inconvenience is obviated by measuring the 
values of y on a considerably smaller scale than those of .. 


Speaking generally, whenever one variable increases much 
more rapidly than the other, a small unit should be chosen for 
the rapidly increasing variable and a large one for the other. 
Further modifications will be suggested in the examples which 
follow. 


438. On the opposite page we give for comparison the graphs 
y= (Fig. 13), and y=82? (Fig. 14). 


In Fig. 13 the unit for # is twice as great as that for y. 


of 


In Fig. 14 the z-unit is ten times the y-unit. 


It will be useful practice for the student to plot other similar 
graphs on the same or a larger scale. For example, in Fig. 14 
the graphs of y=162? and y=2a" may be drawn and compared 


with that of y=82. 
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EXAMPLES XLIV. e. 
1. Plot the graph of y=2*. Shew that it consists of a con- 
tinuous curve lying in the first and third quadrants, crossing the 
axis of x at the origin. Deduce the graphs of 


(i) y=-2®; i) yada 


2. Plot the graph of y=a-a*. Verify it from the graphs of 
10 OM Ys 00". 


382 Plot the graph of y= ae shewing that it consists of two 


branches lying entirely in the first and second quadrants. Examine 
and compare the nature and position of the graph as it approaches 
the axes. 


4, Discuss the general character of the graph of v= where @ 


has some constant integral value. Distinguish between two cases 
in which @ has numerical values, equal in magnitude but opposite 
in sign. 


5, Plot the graphs of 
10 
a4 


| 


; ! = 
Go gates th), peer. 
; : 10 
Verify by deducing them from the graphs of y=, and y= 


6. Plot the graph of y=a°—3x. Examine the character of the 
curve at the points (1, -2), (-1, 2), and shew graphically that the 
roots of the equation ‘23 —82=0 are approximately ~1°732, 0, and 
1°732. 


7. Solve the equations : 
3x +2y=16, y=, 


and verify the solution by finding the coordinates of the points 
where their graphs intersect. 


8. Plot the graphs of 


~ x? ~ 
(i) y=P=2, iy wa Me¥, 
Y 
and thus verify the algebraical solution of the equations 2° + ary = 15, 


y+ay=10 
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9. Trace the curve whose equation is YF ere shewing that it 


has two branches, one lying in the first and third quadrants, and the 
other entirely in the fourth. Find the equations of its asymptotes. 


Plot the graphs of 


oe ae 
10. ¥=;— Lt 7 
_a-165 _(%-1)(x-2) 
2 i ae tS. Or eer 
etetl x" + 5a2+6 
a oY De UT ey 
16. y=x*- 627+ 1llx-6. 17. 10y=a3 - 5a? +2 -5. 
_ 20 — 40x (8: — 2) 
18. Y= 4D 19. ~ e+10° 20. y= CES 
_.(w—2)(@—3) _ (%—1)(%—2)(a+1) 
21. lash Ce UAE i oe 22, y= 4 . 
93, y® =a" = 5+ 4, 94, 4y2=27(5—2). 
_ «(3 —2) (x -8) __(%#+7) (a - 4) (x - 10) 
95, ya 26, y%= ae 
_ 22(49 — a2) o_ (81 — x®) (a2 - 4) 
ai. Vi aE 28. 4 F00 
29. dy3=ax(x? - 64). 30. 5y? =a? (36 — a). 


Plot the graphs of y=2°, and of y=22?+x%-2. Hence find 
the roots of the equation 2° — 22?-x«+2=0. 


32. Find graphically the roots of the equation 
x3 — 442 — 52% +14=0 


to three significant figures. 
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439. Besides the instances already given there are several of 
the ordinary processes of Arithmetic and Algebra which lend 
themselves readily to graphical illustration. 


For example, the graph of y=2* may be used to furnish 
numerical square roots. For since =,/y, each ordinate and 
corresponding abscissa give a number and its square root. 
Similarly cube roots may be found from the graph of y=.2*. 


Example 1. Find graphically the cube root of 10 to 3 places of 
decimals. 


The required root is clearly a little greater than 2. Bisnoe it will 
be enough to plot the graph of y=2* taking w=2'1, 2°2,... The 
corresponding ordinates are 9°26, 10°65, 

When x=2, y=8. Take the axes Sheonsh this point and let the ~ 
units for x ant y be 10 inches and ‘5 inch respectively. On this 
scale the portion of the graph differs but little from a straight line, 
and yields results to a high degree of accuracy. 
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When y=10, the measured value of a will be found to be 2°154. 


Example 2. Shew graphically that the expression 4x°+ 4a -3 is 
negative for all real values of 2 between ‘5 and —1°5, and positive 
for all real values of x outside these limits. [Fig. 16.] 


Put y=42? + 4x - 3, and proceed as in the example given in Art. 427, 
taking the unit for # four times as great as that for y. It will be 
found that the graph cuts the axis of # at points whose absciss 
are ‘5 and —1°5; and that it lies below the axis of a between these 
points. That is, the value of y is negative so long as x lies between 

5 and -1°5, and positive for all other values of a. 
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Or we may proceed as follows : 


Put y,=4e", and y,= —4x+3, and plot the graphs of these two 
equations. At their points of intersection y,=y,, and the values 
of x at these points are found to be ‘5 and -1°5. Hence for these 
values of « we have 

4x2 = —4e+3, or 4a7+42-3=0. 


Thus the roots of the equation 4a? +4x —-3=0 are furnished by the 
absciss of the common points of the graphs of 4a and —4a+3. 


Again, between the values *5 and —1°5 for x it will be found 
graphically that y, is less than y,, hence y,—y,, or 4x?+4x-3 is 
negative. 
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Fig. Hh 


Both solutions are here exhibited. 


The upper curve is the graph of y=42?; PQ is the graph of 
y= —4x+3,; and the lower curve is the graph of y=4a2 + 4% —3. 


440. Of the two methods in the last Example the first is the 
more direct and instructive ; but the second has this advantage : 

If a number of equations of the form #*=px+q have to be 
solved graphically, y=«? can be plotted once for all on a con- 
venient scale, and y=pv+q can then be readily drawn for. 
different values of p and gq. 

Equations of higher degree may be treated similarly. 

E.A. 2D 
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For example, oe: solution of oe equations as 
=pet+g, or w=axr?+br+e 


can be made % depend on mn intersection of y=2> with 
other graphs. 


Example. Find the real roots of the equations 
(i) a -2°5¢a-3=0; (ii) a2 -32+2=0. 
Here we have to find the points of intersection of 
(i) y=o", (ii) y=a*, 
Y¥=2°5x+3 ; = 3x -2. 


Plot the graphs of these equations, choosing the unit for a five 
times as great as that for y. 
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Fig. 17. 


It will be seen that y=2°5x+3 meets y=2* only at the point for 
which «=2. Thus 2 is the only real root of equation (i). 

Again y=3x-2 touches y= at the point for which #=1, and 
cuts it where x= 9, 

Corresponding to the former point the equation a -3x+4+2=0 has 
two equal roots. Thus the roots of (ii) are 1, 1, -2. 
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441. In Art. 421 we have given the graphical solution of 
two linear simultaneous equations, As the principle is the 
same for equations of any degree, the few examples of this kind 
on pages 385, 394 have been given without special explanation. 
It may, however, be instructive here to shew the graphical 
solution of some of the equations discussed in Chap. XXVI. 


Example. Solve the following equations graphically : 


(i) e-y= 2) (li) a? +y°=74) 
G30) | xy =o J - 
(Compare Art. 203, Ex. 2.) (Compare Art. 204, Ex. 1.) 


RNG Mesh ae ea 
SN /4ai ee eee ae 


my eae sa 

A222 eee eee eae 
saestcatst ontactenestiarts 
\ a eae nee 


Fig. 18. 
Here xy =35 is represented by a rectangular hyperbola [Art. 431]; 
x -y=2 is the line QS, and «?+y7?=74 is represented by the circle. 
The roots of (i) are the coordinates of Q and S; that is, 
C= ys OL, B=) Y= — 1 
The roots of (ii) are the coordinates of P, Q, R, and S; that is, 
x=5, y=7T; %=7, Y=5; B=-T, Y=-53 B=-5, Y= -T. 
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EXAMPLES XLIV. f. 


1. Draw the graph of y=2* on a scale twice as large as that in 
Fig. 13, and employ it to find the squares of hn 1°7, 3°4; and the 
square roots of 7°56, 5°29, 9°61. 


2. Draw the graph of y=,/x taking the unit of y five times as 
great as that for x. 


By means of this curve check the values of the square roots found 
in Example 1. 


3. From the graph of y=2° (on the scale of the diagram of 
Art. 29) find the values of £/9 and 3/9°8 to 4 significant figures. 


4, A boy who was ignorant of the rule for cube root required — 
the value of 4/14-71. He plotted the graph of y=23, using for x 
the values 2:2, 2°3, 2°4, 2°5, and found 2°45 as the value of the cube 
root. Verify this process in detail. From the same graph find the 
value of 9/13°8. 


5. Find graphically the values of a for which the expression 
x*—2x-8 vanishes. Shew that for values of x between these limits 
the expression is negative and for all other values positive. Find 
the least value of the expression. 


6. From the graph in the preceding example shew that for any 
value of a greater than 1 the equation «?-2x+a=0 cannot have 
real roots. 


7. Shew graphically that the expression «?-4x+7 is positive 
for all real values of a. 


8. On the same axes draw the graphs of 
y=", y=xt+6, y=x-6, y=-2+6, y=-2-6. 
Hence discuss the roots of the four equations 
-2-6=0, 2?-7+6=0, 2+2-6=0, 2?+246=0. 


9. If is real, prove graphically that 5- 4x - 2° is not greater 
than 9; and that 4a?-4a+3 is not less than 2. Between what 
values of a is the first expression positive ? 


10. Solve the equation a*=32°+6x-8 i age and shew 
that the function a°-32°-6x+8 is positive for all values of x 
hetween —2 and 1, and negative for all values of w between 1 and 4. 


11, Shew graphically that the equation a*+px+q=0 has only 
one real root when p is positive. 
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12. Trace the curve whose equation is y=2*. Find the 
approximate values of 247 and 25%, Express 12 as a power of 2 
approximately. 

Prove also that log, 26°9 + log, 38=10. 


13. By repeated evolution find the values of 10%, 10%, 108, 102°. 


By multiplication find the values of 1078, 107%, 101°, 107°, 10%, 
Use these values to plot a portion of the curve y=10* on a large 
scale. Find correct to three places of decimals the values of log 3, 
log 1°68, log 2°24, log 34:3. Also by choosing numerical values for 
a and b, verify the laws 
logab=loga+logb; log Fa loga- log b. 

[By using paper ruled to tenths of an inch, if 10 in. and 1 in. be 
taken as units for x and y respectively, a diagonal scale will give values 
of x correct to three decimal places and values of y correct to two. ] 


14, Calculate the values of «(9 — 2)? for the values 0, 1, 2, 3, ...9 
of z Draw the graph of #(9-2)? from «=0 to x=9. 


If a very thin elastic rod, 9 inches in length, fixed at one end, 
swings like a pendulum, the expression 2(9-.2)* measures the 
tendency of the rod to break at a place x inches from the point of 
aa From the graph find where the rod is most likely to 

reak. 


15. Ifa man spends 22s. a year on tea whatever the price of tea 
is, what amounts will he receive when the price is 12, 16, 18, 20, 24, 
28, 33, and 36 pence respectively ? Give your results to the nearest 
quarter of a pound. Draw a curve to the scale of 4 lbs. to the inch 
and 10 pence to the inch, to shew the number af pounds that he 
would receive at intermediate prices. 


16. The reciprocal of a number is multiplied by 2°25 and the 
product is added tothe number. Find graphically what the number 
must be if the resulting expression has the least possible value. 


17, Shew graphically that the expression 4x? + 2. — 875 is positive 
for all real values of « except such as lie between 1°25 and -—1°75. 
For what value of x is the expression a minimum ? 

18. find graphically the real roots of the equations : 

(i) z?+xa2-2=0. (li) 2° —7r+6=0. 
19. Draw the graphs of 
x+y=93, xy=12, x?-7?=32, 
on the same axes. Hence find the solutions of the following pairs of 
simultaneous equations : 


(i) w+y=92) (ii) a®—y®=82) (ili), e®@- = 82) 
Aye ee 94) cy =12) 
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20. Draw the graphs of y=2* and y=3x*?-—4 on the same axes, 
and find the roots of the equation 2 —-3z*+4=0. 

Shew that the expression a°-—3x?+4 is negative for values of x 
less than —1, and positive for all other values of a. 


21. From a graphical consideration of the following pairs of 
simultaneous equations : 
(i) ateqe=a, (ii) x+y=a, 
ey — b, cy= b, 
explain why (i) has either four solutions or none, while (ii) has two 
solutions or none. 


22. Draw the graphs of y=23 and y=? + 3x —3 on the same axes. 

Hence find the roots of the equation a°—2?-32+3=0 to three 
places of decimals, and discuss the sign of the expression 
x — x“? -3a+3 for different values of x. 


Practical Applications. 


442. In all the cases hitherto considered the equation of the 
curve has been given, and its graph has been drawn by first 
selecting values of 2 and y which satisfy the equation, and then 
drawing a line so as to pass through the plotted points. We 
thus determine accurately the position of as many points as we 
please, and the process employed assures us that they all lie on 
the graph we are seeking. We could obtain the same result 
withont knowing the equation of the curve provided that we 
were furnished with a sufficient number of corresponding values 
of the variables accurately calculated. 


Sometimes from the nature of the case the form of the equa- 
tion which connects two variables is known, For example, if 
a quantity y is directly proportional to another quantity a it 
is evident that we may put y=az, where a is some constant 
quantity. Hence in all cases of direct proportionality between 
two quantities the graph which exhibits their variations is a 
straight line through the origin. Also since two points are 
sufficient to determine a straight line, it follows that in the 
cases under censideration we only require to know the position 
of one point besides the origin, and this will be furnished by 
any pair of simultaneous values of the variables. 


Example \. Given that 55 kilograms are roughly equal to 12:125 
unds, shew graphically how to express any number of pounds in 
ilograms. Express 74 lbs. in kilograms, and 4} kilograms in pounds. 


ala 
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Here measuring pounds horizontally and kilograms vertically, the 
required graph is obtained at once by joining the origin to the 
point whose coordinates are 12°125 and 5:5. 


| 
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iere milboundala tele faledbal tite FE ledeie ela] 
8) 5 t 10 12:125 x 
Fig. 19. 
By measurement it will be found that 74 lbs. = 3-4 kilograms, and 
44 kilograms = 9°37 lbs. 


Hxample 2. The expenses of a school are partly constant and 
partly proportional to the number of boys. The expenses were 
£650 for 105 boys, and £742 for 128. Draw a graph to represent 
the expenses for any number of boys ; find the expenses for 115 boys, 
and the number of boys that can be maintained at a cost of £710. 


If the expenses for x boys are represented by £y, it is evident 
that w and y satisfy a linear equation y=ax+b, where a and b are 
constants. Hence the graph is a straight line. 
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Fig. 20. 


600 


As the numbers are large, it will be convenient if we begin 
measuring ordinates at 600, and abscisse at 100. This enables us 
to bring the requisite portion of the graph into a smaller compass. 
The points P and @ are determined by the data of the question, and 
the line PQ is the graph required. 

By measurement we find that when x=115, y=690; and that 
when y¥=710, x=120. Thus the required answers are £690, and 
120 boys. 
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443. Sometimes corresponding values of two variables are 
obtained by observation or experiment. In such cases the data 
cannot be regarded as free from error; the position of the 
plotted points cannot be absolutely relied on; and we cannot 
correct irregularitfes in the graph by plotting other points selected 
at discretion. All we can do is to draw a curve to lie as evenly 
as foe. among the plotted points, passing through some 
perhaps, and with the rest fairly distributed on either side of 
the curve. As an aid to drawing an even continuous curve a 
thin piece of wood or other flexible material may be bent into 
the requisite curve, and held in position while the line is drawn.* 
When the plotted points lie approximately on a straight line, 
the simplest plan is to use a piece of Se aN or celluloid 
on which a straight line has been drawn. en this has been 
placed in the right position the extremities can be marked on 
the squared paper, and by joining these points the approximate 
graph is obtained. 

Example 1. The following table gives statistics of the population — 


of a certain country, where P is the number of millions at the 
beginning of each of the years specified. 


Year 


1830 | 1835 | 1840 | 1850 1860 | 1865 | 1870 | 1880 


P | | 22-1 | 23-5 29-0 | 342 | 38:2 | 41-0 | 49-4 


Let ¢ be the time in years from 1830. Plot the values of P 
vertically and those of ¢ horizontally and exhibit the relation between 
P and ¢ by a simple curve passing fairly evenly among the plotted 
points. Find what the population was at the beginning of the 
years 1848 and 1875. 

The graph is given in Fig. 21 on the opposite page. The popula- 
tions in 1848 and 1875, at the points A and B respectively, will be 
found to be 27'8 millions and 45°3 millions. 


Example 2. Corresponding values of x and y are given in the 
following table : 
x [1/4] 68|8| 95 }12| 144 


y|4|8 | 122/13] 15:3 | 20 


24°8 


Supposing these values to involve errors of observation, draw the 
raph approximately and determine the most probable equation 
tween wand y. [See Fig. 22 on p. 406.] 


* One of ‘‘ Brooks’ Flexible Curves” will be found very useful. 


a= 
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After carefully plotting the given points we see that a straight 
line can be drawn passing through three of them and lying evenly 
among the others. This is the required graph. 
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Fig. 22. ; 


Assuming y=ax +b for its equation, we find the values of a and 6 
by selecting two pairs of simultaneous values of a and y. 

Thus substituting «=4, y=8, and x=12, y=20 in the equation, we 
obtain a=1°5, b=2. Thus the equation of the graph is y=1*5a +2. 


444. In the last Example as the graph is linear it can be 
produced to any extent within the limits of the paper, and so 
any value of one of the variables being determined, tlie corre- 
sponding value of the other can be read off, When large values 
are in question this method is not only inconvenient but unsafe, 
owing to the fact that any divergence from accuracy in the 
portion of the graph drawn is increased when the curve is 
produced beyond the limits of the plotted points. The follow- 
ing Example illustrates the method of procedure in such cases. 


Example. Tn a certain machine P is the force in pounds required 
to raise a weight of W pounds. The following corresponding values 
of P and W were obtained experimentally : 


oa a ree eer 
Py | 3-08 | 3-9 | 68 | ss | 92 | ii 133 


wl a1 | 36-25 | 66-2 2 | 87°5 


| 152°5 


By plotting these values on squared paper draw the graph con- 
necting P and W, and read off the value of P when W=70. Also 
determine a linear law connecting P and W; find the force necessary 
to raise a weight of 310 lbs., and also the weight which could be 
raised by a force of 180°6 lbs. 
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As the page is too small to exhibit the graphical work on a 
convenient scale we shall merely indicate the steps of the solution, 
which is similar in detail to that of the last example. 

Plot the values of P vertically and the values of W horizontally. 
Tt will be found that a straight line can be drawn through the points 
corresponding to the results marked with an asterisk, and lying 
evenly among the other points. From this graph we find that when 
te 200 =F. 

Assume P=alWV+b, and substitute for P and W from the values 
corresponding to the two points through which the line passes. 
By solving the resulting equations we obtain a=-08, b=1°4. Thus 
the linear equation connecting P and Wis P=08W+1-4. 

This is called the Law of the Machine. 

From this equation, when W=310, P=26°2, and when P=180°6, 
W = 2240. 

Thus a force of 26°2 lbs. will raise a weight of 310 lbs.; and when 
a force of 180°6 lbs. is applied the weight raised is 2240 lbs. or 1 ton. 


Note. The equation of the graph is not only useful for determin- 
ing results difficult to obtain graphically, but it can always be used 
to check results found by measurement. 


445. The example in the last article is a simple illustration 
of a method of procedure which is common in the laboratory or 
workshop, the object being to.determine the law connecting two 
variables when a certain number of simultaneous values have 
been determined by experiment or observation. 

Though we can always draw a graph to lie fairly among the 
plotted points corresponding to the observed values, unless 
the graph is a straight line it may be difficult to find its 
equation except by some indirect method. 


For example, suppose v and vy are quantities which satisfy an 
equation of the form wy=ar+by, and that this law has to be 
discovered. 


By writing the equation in the form 
—+—=]1, or au+bv=1; 


where fea v== it is clear that wu, v satisfy the equation of a 


straight line. In other words, if we were to plot the points 
corresponding to the reciprocals of the given values, their linear 
connection would be at once-apparent. Hence the values of 
aand 6 could be found as in previous examples, and the required 
Jaw in the form 7y=ax+ by could be determined. 
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Again, suppose x and y¥ satisfy an equation of the form #"y=<e, 
where 7 and ¢ are constants. 


By taking logarithms, we have 
n log x+log y=log ce. 
The form of this equation shews that logx and logy satisfy 
the equation to astraight line. If, therefore, the values of log x 


and logy are peri a linear graph can be drawn, and the 
constants 7 and ¢ can be found as before. 


Example. The weight, y grammes, necessary to produce a given 
deflection in the middle of a beam supported at two points, x centi- 
metres apart, is determined experimentally for a number of values 
of x with results given in the following table : 


x | 50 | 60 | 70 | 80 | 90 | 100 
eee Ses es. eee ee ee ee 
y | 270 | 150 | 100 | 60 | 47 | 32 
Assuming that # and y are connected by the equation a"y=c, 
find n and ec. 
log x logy 
From pages 348), 348, we obtain the annexed —————— —— re 
values of logw and logy corresponding to the 1°699 | 2-431 


observed values of x and y. By plotting these 1°78 2176 
we obtain the graph given in Fig. 23, and its 1845 | 2-000 


equation is of the form 1:903 | 1°778 
1:954 1°672 
n log x + log y=log C. 2-000 1°519 


To obtain n and ¢, choose two extreme points through which the line 
passes. It will be found that when 


logx=1'642, logy=2°6 
and when log#=2°1, log y=1°21. 
Substituting these values, we have 
BO 90 6 DORR lg 6 vise veces voeessssectetsvianevvensd (i), 
Leah ae Dil IO Ga viveritas teh hers vanve sivas an (ii) ; 
*, 1:39 -0°458n=0; 
whence n= 3°04. 
“. from (ii) log ¢=6'38 + 1°21 
=7°59 ; 
. c=39 x 108, from the tables. 
Thus the required equation is a y=39 x 108, 
The student should work through this example in detail on a 


larger scale. The adjoining figure was drawn on paper ruled to 
tenths of an inch and then reduced to half the original scale, 
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EXAMPLES XLIV. g. 


1. Given that 6°01 yards=5'5 metres, draw the graph shewing 
the equivalent of any number of yards when expressed in metres. 


Shew that 222 yards=20°3 metres approximately. 
2. Draw a graph shewing the relation between equal weights in 
grains and grams, having given that 18°] grains=1°17 grams. 
Express (i) 3°5 grams in grains. 
(ii) 3°09 grains as a decimal of a gram. 
3. If 3:26 inches are equivalent to 8°28 centimetres, shew how 
to determine graphically the number of inches oblige Baa: to 
a given number of centimetres. Obtain the number of inches in 


a metre, and the number of centimetres in a yard. What is the 
equation of the graph? 


4, The following table gives approximately the cireumferences 
of circles corresponding to different radii : 


52°2 


C | 15°7 | 20°] | 31-4 | 44 


r | 25 


s2) 6 | 7 | 3 | 
ee Fe ee 


Plot the values on squared paper, and from the graph determine 
the diameter of a circle whose circumference is 12°l inches and the 
circumference of a circle whose radius is 2°8 inches. 


5. For a given temperature, C degrees ona tna 2 wo are equal 
to F' degrees on a Fahrenheit thermometer. The following table 
gives a series of corresponding values of / and C: 

C -10| -5 | 0 | 5 | 10 | 15 | 25 | 40 | 


r| 14 | 23 | 32 | 41 | 50 | 59 | 7 | 104 

Draw a graph to shew the Fahrenheit reading corresponding to 
a given Centigrade temperature, and find the Fahrenheit readings 
corresponding to 12°5°C. and 31°C. 


By observing the form of the graph find the algebraical relation 
between F and C. 


6, For a certain book it costs a publisher £100 to prepare the 
type and 2s. to print each copy. Find an expression for the total 
cost in pounds of a copies. Make a diagram on a seale of 1 inch to 
1000 copies, and 1 inch to £100 to shew the total cost of any number 
of copies up to 5000. Read off the cost of 2500 copies, and the 
number of copies costing £525. 
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_ 7. At different ages the mean after-lifetime (‘‘expectation of 
life”) of males, calculated on the death rates of 1871-1880, was 
given by the following table : 


Age | 6 | 10 | 14 | 18 | 22 | 26 | 27 
Expectation | 50-38 47-60 44-26 (40-96 | 37-89 34-96 34-24 


Draw a graph to shew the expectation of any male between the 
ages of 6 and 27, and from it determine the expectation of persons 
aged 12 and 20. 


8. In the Clergy Mutual Assurance Society the premium (£P) to 
Bee £100 at different ages is given approximately by the following 
table : 


30 | 35 40 (45 50 | 55 


9-3| 2-7 3:1 | 36 | 44 55 | 


Illustrate the same statistics graphically, and estimate to the 
nearest shilling the premiums for persons aged 34 and 43. 


9, If W is the weight in ounces required to stretch an elastic 
string till its leneth is 7 inches, plot the following values of Wand/: 


From the graph determine the unstretched length of the string, 
and the weight the string will support when its length is 1 foot. 


10. In the following table P and A (expressed in hundreds of 
pounds) represent the Principal and corresponding Amount for 1 
year at 3 per cent. simple interest. 


1 
P| 23 | 27 | 30 | 3% | 39 | 52 | 76 | 


2-369 2-781 | 3-090 (3°605 


4-017 | 5°356 


| 4 


7828 


Plot the values of P and 4 ona large scale, and from the graph 
determine the Principal which will amount to (i) £329. 12s. ; 
(ii) £597. 8s. 
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11. The highest and lowest marks gained in an examination are 
297 and 132 respectively. These have to be reduced in such a way 
that the maximum for the paper (200) shall be given to the first 
candidate, and that there shall be a range of 150 marks between the 
first and last. Find the equation between x, the actual marks 
gained, and y, the corresponding marks when reduced. 

Draw the graph of this equation, and read off the marks which 
should be given to candidates who gained 200, 262, 163 marks in the 
examination. 


12. A body starting with an initial velocity, and subject to an 
acceleration in the direction of motion, has a velocity of v feet per 
second after ¢ seconds. If corresponding values of v and ¢ are given 
by the annexed table, 


» | 9] 13 | 17] 2 | 25 | 29 | 93 | a7 | a1 | 45 | 


BBA 


lot the graph exhibiting the velocity at any given time. Find 
rom it (i) the initial velocity, (ii) the time which has elapsed when 
the velocity is 28 feet per second. Also find the equation between 
v and ¢. 


13. The connection between the areas of equilateral triangles and 
their bases (in corresponding units) is given by the following table: 


Area | 43 | 1-73 | 3-90 | 6°93 | 10°82 | 15°59 


Base| 1 | 2] 3 | 4 | 5 | 6 


Illustrate these results see Seon and determine the area of an 
equilateral triangle on a base of 2-4 ft. 


14, A body falling freely under gravity drops s feet in ¢ seconds 
from the time of starting. If corresponding values of s and ¢ at 
intervals of half a second are as follows : 


t | 3 | i E 2 }2°5 3 |35 | 4 | 


8 | 4 [16 | 96 | 68 | 100/ 144 | 196 | 256| 


draw the curve connecting s and ¢, and find from it 
(i) the distance through which the body has fallen after 1°8”. 


(ii) the depth of a well if a stone takes 3°16” to reach the 
bottom. ; 
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15. A body is projected with a given velocity at a given angle 
to the horizon, and the height in feet reached after ¢ seconds is 
given by the equation h=64¢-160. Find the values of Ah at 
intervals of tth of a second and draw the path described by the 
body. Find the maximum value of h, and the time after projection 
before the body reaches the ground. 


16. The keeper of a hotel finds that when he has G' guests a day 
his total daily profit is P pounds. If the following numbers are 
averages obtained by comparison of many days’ accounts determine 
a simple relation between P and G, 


@ | a | 27 | 29 | 92 | 35 


P| -18) 2 


32 | 5 | 66 


For what number of guests would he just have no profit ? 


17. A man wishes to place in his catalogue a list of a certain class 
of fishing rods varying from 9 ft. to 16 ft.in length. Four sizes have 
been made at prices given in the following table : 


16 ft. 


9 ft. | Hite nue | iaereade 


15s. | Os. | 31s. | 38s. 


Draw a graph to exhibit prices for rods of intermediate lengths, 
and from it determine the probable prices for rods of 13 ft. and 
Meyettenc Lids 


18. The following table gives the sun’s position at 7 a.m. on 
different dates : 


Mar. 23| Ap. 3 | Ap. 20 | May 8 | May 27 | June 22| July 18| Aug. 5 | Aug. 25 


so? B. | s2°H. | soo B. | soo. | 92°. | 95°. 04° B, | 91°, | 85° R, 


Shew these results graphically, and estimate approximately the 
sun’s position at the same hour on June 8th. 


19, Ata given temperature p lbs. per square inch represents the 
pressure of a gas which occupies a volume of v cubic inches. Draw 
a curve connecting p and v from the following table of corresponding 
values : 
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20. Plot on squared paper the following measured values of x and 
y, and determine the most probable equation between x and y: 


x |3| 5 [83] 11/18 


155 | 18°6 23 | 28 


y|2 |22|34|38| 4 | 46 | 5-4 | 6-2 | 7-25 


21. Corresponding values of x and y are given in the following 
table : 


x | 1 ESy 6 | 9-5 | 125 


16 | 19 | 23 
y | 2 |28|42|/53/ 66 |83| 9 | 108 


Supposing these values to involve errors of observation, draw the 
raph approximately, and determine the most probable equation 
ees xandy. Vind the correct value of y when 2=19, and the 
correct value of « when y=2'8. 


22. The following corresponding values of # and y were obtained 
experimentally : 


x (0° 17 30/47 | 57/71] 87] 9-9] 106/118 
y 148 | 186 265) 326 | 388 | 436 520| 562) 611 | 652 


It is known that they are connected by an equation of the form 
y=ax+h, but the values of w and y involve errors of measurement. 
Find the most probable values of a and b, and estimate the error in 
the measured value of ¥ when «=9°9. 


23. In a certain machine P is the force in pounds required t 
raise a weight of W pounds. The following corresponding values o 
P and W were obtained experimentally : 


P 


28 |3-7| 48 | 55 65 | 73 | 8 | 95 104 | 11°75 


W 52°4 | 57°5 


25 | 31-7 | 35°6 | 45 


65 | 7 


20 


Draw the graph connecting P and W, and read off the value of 
when W=60. Also determine the law of the machine, and find fror 
it the weight which could be raised by a force of 31-7 lbs. 
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24, The following values of a and y, some of which are slightly 
inaccurate, are connected by an equation of the form y=ax* + b. 


« 


1 16 3 37 | 4 | 


5-7 | 6 |5°3 | 


~ 
me 


10°5 


25 


y | 3-25 


5 | 6% 


By plotting these values draw the Pea and find the most 
probable values of a and b. 


Find the true value of « when y=4, and the true value of y 
when «=6. 


25. The following table gives corresponding values of two variables 
xand y: 


Br (275 


3 332 


7 | 8 | 10 


y y | 1 | 98 | 8 65/64 54! 5 aes 


a 4 39) 


These values involve errors of observation, but the true values are 
known to satisfy an equation of the form ay=ax+by. Draw the 
graph by plotting the points determined by the above table, and 
find the most probable values of a and b. Find the correct values of 
y corresponding to «=3'5, and x=7. 


26. Observed values of x and y are given as follows: 


x | 100 | 90 | 70 | 60 


50 | 40 


y | 30 


5 | 35-56 | 37°8 | 40°7 


Assuming that x and y are connected by an equation of the form 
ey"=c, find » and c. 


27. The following values of x and y involve errors of observation : 


51°52 “36 


a | 66°83 | 63:10 


dard 


y | 144-5 


309-0 
“3 


If x and y satisfy an equation of the form x"y=c, find n and ¢. 
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Miscellaneous Applications of Linear Graphs. 


446. When two quantities « and y¥ are so related that a 
change in one produces a proportional change in the other, their 
variations can always be expressed by an equation of the form 
y=acx, where a is some constant quantity. Hence in all such 
cases the graph which exhibits their variations is a straight line 
through the origin, so that in order to draw the graph it is only 
necessary to know the position of one other point on it. Such 
examples as deal with work and time, distance and time (when 
the speed is uniform), quantity and cost of material, principal 
and simple interest at a given rate per cent., may all be 
illustrated by linear graphs through the origin. 


ExamMpLE 1. AtS8a.m. A starts from P to ride to Q which is 48 
miles distant. At the same time B sets out from Q to meet A. If A 
rides at 8 miles an hout, and rests half an hour at the end of every 
hour, while B walks uniformly at 4 miles an hour, find graphically 


(i) the time and place of meeting ; 
(ii) the distance between A and Bat 11 a.m. ; 
(iii) at what time they are 14 miles apart. 


In Fig. 24, on the opposite page, let the position of P be chosen 
as origin; let time be measured horizontally from 8 a.m. (1 inch to 
1 hour), and let distance be measured vertically (1 inch to 20 miles), 


In 1 hr. A rides 8 mi.; therefore the point D (1, 8) marks his 
position at 9 a.m. In the next half-hour he makes no advance 
towards Q; therefore the corresponding portion of the graph is 
DE. The details of A’s motion may now be completed by the 
broken line PDEFGHKX. 


On the vertical axis mark PQ to represent 48 mi. and mark the 
hours on the horizontal line through Q. At 9 a.m. B has walked 
4 mi. towards P. Measuring a distance to’represent 4 mi. down- 
wards we get the point R, and QR produced is the graph of B’s 
motion. It cuts A’s graph at X. Hence the point of meeting is X, 
which is 28 mi. from B. and the time is 1 p.m. 


The distance between A and B at any time is shewn by the 
difference of the ordinates. Thus at 1] a.m. their distance apart is 
MG, which represents 20 mi. 

Lastly, NT represents 14 mi.; thus A and B are 14 mi. apart 
at 11,30 a.m. 
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Exampie 2, A, B, and Cruna race of 300 yards. A and C start 
From scratch, and A covers the distance in 40 seconds, beating C by 
60 yards. B, with 12 yards’ start, beats A by 4 seconds. Supposing 
the rates of running in each case to be uniform, find graphically 
the relative positions of the runners when B passes the winning post. 
Find also by how many yards B is ahead of A when the latter has 
run three-fourths of the course. 


In Fig. 25 let time be measured horizontally (0°5 inch to 10 
seconds), and distance vertically (1 inch to 60 yards). O is the start- 
ing point for A and C; take OP equal to 02 inch, representing 
12 yards, on the vertical axis ; then P is B’s starting point. 


A’s graph is drawn by joining O to the point which marks 40 
seconds. From this point measure a vertical distance of 1 inch 
downwards to Q. Then since 1 inch represents 60 yards, Q is C’s 
position when A is at the winning post, and OQ is C’s graph. 


Along the time-axis take 1°8 inch to R, representing 36 seconds ; 
then PR is B’s graph. 
Through R draw a vertical line to meet the graphs of A and C in 


S and T respectively. Then S and T mark the positions of A and 
C when B passes the winning post. 


By inspection RS and ST represent 30 and 54 yards respectively. 
Thus B is 30 yards ahead of A, and A is 54 yards ahead of C. 


Again, since A runs three-fourths of the course in 30 seconds, the 
difference of the corresponding ordinates of A’s and B’s graphs after 
30 seconds will give the distance between A and B. By measure- 
ment we find VW 0-45 inch, which represents 27 yards. 


The student is recommended to draw a figure for himself on a 
scale twice as large as that given in Fig. 25. 


447. Whena variable quantity vis partly constant and partly 
ee ack to a variable quantity 2, the algebraical relation 
vetween xv and y is of the form y=ar+b, where a and b are 
constant. The corresponding graph will therefore be a straight 
line ; and since a straight line is completely determined when 
the Sage of two points are known, it follows that, in all 
problems which can he illustrated by linear graphs, it is 
sufficient if the data furnish for each graph two independent 
pairs of simultaneous values of the variable quantities. 


Some easy examples of this kind have already been given on 
page 403 and in Examples XLIV. g. We shall now work out 
two more examples, 
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Exampee 1. Jn a certain establishment the clerks are paid an 
initial salary for the first year, and this is annually increased by a 
fixed bonus, the initial salary and the bonus being diferent in diferent 
departments. A receives £130 in his 10™ year, and £220 in lus 19". 
B, in another department, receives £140 in his 5" year and £180 in his 
13%, Draw graphs to shew their salaries in different years. In 
what year do they receive equal salaries? Also find in what year A 
earns the same salary as that received by B for his 21" year. 


In Fig. 26 let each horizontal division represent 1 year ; and let the 
salaries be measured vertically, beginning at 130, with 1 division to 
represent £2. 

If the salary at the end of x years is denoted by £y, it is evident 
that in each case we have a relation of the form y=ax+b, where 
aand b are constant. Thus the variations of time and salary may 
be represented by linear graphs. 

Since no bonus is received for the first year, c=9, when y=180, 
and x=18, when y=220. Thus the points P and Q are determined, 
and by joining them we have the graph for A’s salary. Similarly 
the graph for B’s salary is found by joining P’ (4, 140) and Q’ 
(12, 180). 

These lines have the same ordinate and abscissa at L, where 
x=16, y=200. Thus A and B have the same salary when each have 
served 16 years, that is in their 17" year. Again &’s salary at the 
end of 20 years is given by the ordinate of M, which is the same as 
that of Q which represents A’s salary after 18 years. 


Thus A’s salary for his 19 year is equal to B's salary for his 
21" year. ; 


Exame.e 2. Two swms of money are prt out at simple interest at 
different rates per cent. In the first case the Amounts at the end of 
6 years and 15 years are £260 and £350 respectively. In the second 
case the Amounts for 5 years and 20 years are £330 and £420. Draw 
graphs from which the Amounts may be read off for any year, and 
jind the year in which the Principal with accrued Interest will amount 
to the same in the two cases. Also from the graphs read off the value 
of each Principal. 


When a sum of money is at simple interest for any number of 
years, we have 


Amount = Principal + Interest, 


where ‘ Principal’ is constant, and ‘ Interest’ varies with the number 
of years. Hence the variations of Amount and Time may be 
represented by a linear graph in which 2 is taken to denote the 
number of years, and y the number of pounds in the corresponding 
Amount. 


Here as the diagram is inconveniently large we shall merely 
indicate the steps of the solution which is similar in detail to that — 
of the last example. The student should draw his own diagram, 
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Measure time horizontally (1 inch to 10 years), and Amount 
vertically (1 inch to £40) beginning at £260. 


The first graph is the line joining L (6, 260) and M (15, 350). The 
second graph is the line joining L’ (5, 330) and M’ (20, 420). In 
each of these lines the ordinate of any point gives the Amount for 
the number of years given by the corresponding abscissa. 


Again LM, L’M’ intersect at a point P where x=25, y=450. 
Thus each Principal with its Interest amounts to £450 in 25 years. 


When x2=0 there is no Interest; thus the Principals will be 
obtained by reading off the values of the intercepts made by the 
two graphs on the y-axis. These are £200 and £300 respectively. 


Note. To obtain the result y=200 it will be necessary to continue 
the y-axis downwards sufficiently far to shew this ordinate. 


EXAMPLES XLIV. h. 


1. At noon A starts to walk at 6 miles an hour, and at 1.30 p.m. 
B follows on horseback at 8 miles an hour. When will 2 overtake 
A? Also find 


(i) when A is 5 miles ahead of B; 
(ii) when A is 83 miles behind B. 


(Take 1 inch horizontally to represent 1 hour, and 1 inch vertically 
to represent 10 miles. ] 


2. By measuring time along OX (1 inch for 1 hour) and distance 
along OY (1 inch for 10 miles) shew how to draw lines 


(i) from O to indicate distance travelled towards Y at 12 miles 
an hour ; 


(ii) from Y to indicate distance travelled towards O at 9 miles 
an hour. 


If these are the rates of two men who ride towards each other 
from two places 60 miles apart, starting at noon, find from the 
graphs when they are first 18 miles from each other. Also find (to 
the nearest minute) their time of meeting. 


3. Two bicyclists ride to meet each other from two places 95 
miles apart. A starts at 8 a.m. at 10 miles an hour, and B starts 
at 9.30 a.m. at 15 miles an hour. Find graphically when and where 
they meet, and at what times they are 374 miles apart. 
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4. Aand B start at the same time from London to Blisworth, 
A walking 4 miles an hour, B riding 9 miles an hour. #& reaches 
Blisworth in 4 hours, and immediately rides back to London. After 
2 hours’ rest he starts again for Blisworth at the same rate. How 
far from London will he overtake A, who has in the meantime 
rested 64 hours ? 


5. At what distance from London, and at what time, will a 
train which leaves London for Rugby at 2.33 p.m., and goes at the 
rate of 35 miles an hour, meet a train which leaves Rugby at 
1.45 p.m. and goes at the rate of 25 miles an hour, the distance 
between London and Rugby being 80 miles ? 


Also find at what times the trains are 24 miles apart, and how far 
apart they are at 4.9 p.m. 


6. A, B, and C set out to walk from Bath to Bristol at 5, 6, 
and 4 miles an hour respectively. C starts 3 minutes before, and B 
7 minutes after A. Draw graphs to shew (1) when and where A 
overtakes C; (ii) when and where B overtakes A ; (iii) O’s position 
relative to the others after he has walked 45 minutes. 


[Take 1 inch horizontally to represent 10 minutes, and 1 inch to 
the mile vertically. ] 


7. Xand Y are two towns 35 milesapart. At 8.30 p.m.°A starts 
to walk from X to Y at 4 miles an hour; after walking 8 miles he 
rests for half an hour and then completes his journey on horseback 
at 10 miles an hour. At 9.48 a.m. B starts to walk from Y to X at 
3 miles an hour; find when and where A and B meet. Also find 
at what times they are 6§ miles apart. 


8. A can beat B by 20 yards in 120, and B can beat C by 
10 yards in 50. Supposing their rates of running to be uniform, 
find graphically how much start A can give Cin 120 yards so as to 
run a dead heat with him. If A, B, and C start together, where 
are A and C when B has run 80 yards? 


9. A, B, and C run a race of 200 yards. A gives B a start of 
8 yards, and C starts some seconds after A. A runs the distance in 
25 seconds and beats C by 40 yards. B beats A by 1 second, and 
when he has been running 15 seconds, he is 48 yards ahead of C. 
Find graphically how many seconds C’ starts after A. Shew also 
from the graphs that if the three runners started level they would 
run a dead heat. 


[Take 1 inch to 40 yards, and I inch to 10 seconds. ] 


10. A cyclist has to ride 75 miles. He rides for a time at 9 
miles an hour and then alters his speed to 15 miles an hour covering 
the distance in 7 hours. At what time did he change his speed ? 
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11. A and Bride to meet each other from two towns X and Y 
which are 60 miles apart. A starts at 1 p.m., and B starts 
36 minutes later. If they meet at 4 p.m., and A gets to Y at 6 p.m., 
find the time when B gets to X. Also find the times when they are 
22 miles apart. When 4 is half-way between X and Y, where is B? 


12. ‘The distance from London to Bristol is 119 miles ; if I were 
to set out at noon to cycle from London, riding 26 miles the first 
hour and decreasing my pace by 3 miles each successive hour, find 
graphically how long it would take me to reach Bristol. Also find 
approximately the time at which I should reach Faringdon, which 
is 48 miles from Bristol. 


13. At8a.m. A begins a ride on a motor car at 20 miles an hour, 
and an hour and a half later B, starting from the same point, follows 
on his bicycle at 10 miles an hour. After riding 36 miles, A rests 
for 1 hr. 24 min., then rides back at 9 miles an hour. Find graphi- 
cally when and where he meets 2. Also find (i) at what time the 
riders were 21 miles apart, (ii) how far B will have ridden by the 
time A gets back to his starting point. 


14. I row against a stream flowing 14 miles an hour to a certain 
point, and then turn back, stopping two miles short of the place 
whencesI originally started. If the whole time occupied in rowing 
is 2 hrs. 10 mins. and my uniform speed in still water is 44 miles an 
hour, find graphically how far upstream I went. 


[Take 12 of an inch horizontally to represent 1 hour, and 1 inch 
to 2 miles vertically. ] 


15. One train leaves Bristol at 3 p.m. and reaches London at 
6 p.m.; a second train leaves London at 1.30 p.m. and arrives at 
Bristol at 6 p.m. ; if both trains are supposed to travel uniformly, 
at what time will they meet? Shew from a graph that the time 
does not depend upon the distance between London and Bristol. 


16. At 7.40 a.m. the ordinary train starts from Norwich and 
reaches London at 11.40 a.m.; the express starting from London 
at 9 a.m. arrives at Norwich at 11.40 a.m.: if both trains travel 
uniformly, find when they meet. Shew, as in Ex. 15, that the time 
is independent of the distance between London and Norwich, and 
verify this conclusion by solving an algebraical equation. 


17. A boy starts from home and walks to school at the rate of 
10 yards in 3 seconds, and is 20 seconds too soon, ‘The next day he 
walks at the rate of 40 yards in 17 seconds, and is half a minute 
late. Find graphically the distance to the school, and shew that he 
would have been just in time if he had walked at the rate of 20 yards 
in 7 seconds, 
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18. The annual expenses of a Convalescent Home are partly 
constant and partly proportional to the number of inmates. The 
expenses were £384 for 12 patients and £432 for 16. Draw a graph 
to shew the expenses for any number of patients, and find from it 
the cost of maintaining 15. 


In a rival establishment the expenses were £375 for 5, and £445 
for 15 patients. Find graphically for what number of patients the 
cost would be the same in the two cases. 


19. <A body is moving in a straight line with varying velocity. 
The velocity at any instant is made up of the constant velocity with 
which it was projected (measured in feet per second) diminished by 
a retardation of a constant number of feet per second in every 
second. After 4 seconds the velocity was 320, and after 13 seconds 
it was 140. Draw a graph to shew the velocity at any time while 
the body is in motion. 


A second body projected at the same time under similar conditions 
has a velocity of 450 after 5 seconds, and a velocity of 150 after 15 
seconds. Shew graphically that they will both come to rest at the 
same time. Also find at what time the second body is moving 100 
feet per second faster than the first, and determine from the graphs 
the velocity of projection in each case. 


20. ‘To provide for his two infant sons, a man left by his will two 
sums of money as separate investments at different rates of interest, 
on the condition that the principal sums with simple interest were 
to be paid over to his sons when the amounts were the same. After 
5 years the first sum amounted to £451, and after 15 years to £533. 
After 10 years the second sum amounted to £432, and after 20 years 
to £544. Draw graphs from which the amounts may be read off for 
any year, and find after how many years the sons were entitled to 
receive their legacies. 

Also determine from the graphs what the original sums were at 
the father’s death. 


21. Ina certain examination the highest and lowest marks gained 
in a Latin paper were 153 and 51. These have to be reduced so that 
the maximum (120) is given to the first candidate, and the minimum 
(30) to the lowest. This is done by reducing all the marks in a 
certain ratio, and then increasing or diminishing them all by the 
same number. In a Greek paper the highest and lowest marks 
were 161 and 56; after a similar adjustment these become 100 and 
40 respectively. Draw graphs from which all the reduced marks 
may be read off, and find the marks which should be finally given 
to a candidate who scored 102 in Latin and 126 in Greek. 

Shew also that it is possible in one case for a candidate to receive 
equal marks in the two subjects both before and after reduction, 
What are the original and reduced marks in this case ? 


426 ALGEBRA. 


Miscellaneous Graphs. 


1. Plot the graphs of 
2y=3(a — 4), 3y=1-52, 
obtaining at least five points on each graph. Find the coordinates 
of the point where they meet. 


2. Draw the graphs represented by 
y=5-3x, y=h(e+5); 
and find the coordinates of their point of intersection. 


3. By finding the intercepts on the axes draw the graphs of 
(i) 15a+20y=6; (ii) 12e+2ly=14. 
In (i) take 1 inch for unit, and in (ii) take six tenths of an inch as 
unit. In each case explain why the unit is convenient. 


4, Solve y=10x+8, 7x+y=25 graphically. 
[Unit for x, one inch ; for y, one-tenth of an inch. ] 


5. From the graph of the expression lla+6, find its value 
when x=1°8. Also find the value of « which will make the 
expression equal to 20. 


6. With the same units as in Ex. 4 draw the graph of the 
. 36-54 
function ‘ 


From the graph find the value of the function 


when «=1'8; also find for what value of # the function becomes 
equal to 8. 
7, Shew that the straight lines given by the equations 
9y=5x 4-65, 5x2+2y+10=0, x+38y=11, 
meet ina point. Find its coordinates. 
8. Draw the triangle whose sides are given by the equations : 
3y-x=9, w+7y=11, 32+y=13; 
and find the coordinates of its vertices. 
9. Shew graphically that the values of # and y which satisfy 
the equations 
5x=2y -18, 5y=6 - 7x, 
also satisfy the equation x +y=2. 
10, Draw the graphs of (i) y=2*, (ii) y=S8a*. 
In (i) take 0°4’ as unit for 2, 0-2” as unit for y. 
In (ii): ps. aa Bigg OL, nppntustunots y- 
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11. On the same seale as in Ex. 10. (ii) draw the graph of y = 162°. 
Shew that it may also be simply deduced from the graph of 
Px.. 10. (ii): 

12. Plot the graph of y=", taking 1 inch as unit on both axes, 
and using the following values of a. 

—0°4, -0°3, -0:2, -O'l, 0, Ol, 02, 0°3, O04. 

13. Draw the graph of x=y?, from y=0 to y=5, and thence find 
the square roots of 7 and 3°6. 

[Take 0-2” as unit for x, 1” as unit for y.] 

14. Draw the graph of y=5+az-2? for values of « from —2 to 
+3, and from the figure obtain approximate values for the roots of 
the equation 5+a«-27=0. 

[Take 1” as unit for xv, 0°2” as unit for y.] 


15. Draw the graphs of 
(i) 5u+6y=60, (ii) 6y—x=24, (iii) 2e-y=7; 
and shew that they represent three lines which meet in a point. 
16. If 1 cwt. of coffee costs £9. 12s., draw a graph to give the 


price of any number of pounds. Read off the price (to the nearest 
penny) of 13 lbs., 21 lbs., 23 lbs. 


17. If 60 eggs cost 4s., find graphically how many can be bought 
for half-a-crown, and the cost of 26 eggs to the nearest penny. 


18. If 1 ewt. of sugar costs £1. 6s. 8d., draw a graph to find the 
price of any number of pounds. Find the cost of 26 lbs. How 
many pounds can be bought for 4s. 10d. ? 


19. Solve the following equations graphically. 


(i) a+7?=53, (ii) 2+ y?=100, 
y-x=5; ct+y=14; 
(iii) 2?+y°=34, (iv) 2?+y?=36, 
2e-+y=11 5 4a + 3y=12. 


[Approximate roots to be given to one place of decimals. ] 


20. Solve the equation 3+6x=a? graphically, and find the 
maximum value of the expression 3 + 62 — 2*. 


21. <A basket of 65 oranges is bought for 4s. 2d. Draw a graph 
to shew the price for any other number. How many could be 
bought for 3s. 4d.? Find the price (to the nearest penny) which 
must be paid for 36 and for 78 oranges respectively. 
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22. If the wages for a day’s work of 8 hours are 4s. 6d., draw a 
graph to shew the wages for any fraction of a day, and find (to the 
nearest penny) what ought to be paid to men who work 2}, 34, 
64 hours respectively. Hore many hours’ work might be expected 
for 2s. 10d. ? 

(Take 1 inch to represent 1 hour, and one-tenth of an inch to 
represent 1 penny. ] 


23. Draw the graphs of 2? and 32+1. By means of them find 
approximate values for the roots of 2? -—3a-—1=0. 


24, If 24 men can reap a field of 29 acres in a given time, find 
roughly by means of a graph the number of acres which could be 
reaped in the same time by 15, 33, and 42 men respectively. 


25. The highest marks gained in an examination were 136, and 
these are to be raised so that the maximum is 200. Shew how this 
may be done by means of a graph, and read off, to the nearest 
integer, the final marks of candidates who scored 61 and 49 
respectively. 


26. Draw a graph which will give the square roots of all numbers 
between 25 and 36, to three places of decimals. 

{Plot the graph of y=x®, beginning at the point (5, 25) with 10” 
and 0:5” as units for x and y respectively. } 


27. I want a ready way of finding approximately 0°866 of any 
number up to 10. Justify the following construction. Join the 
origin to a point P whose coordinates are 10 and 8°66 (1 inch bein 
taken as unit); then the ordinate of any point on OP is 0°866 o 
the corresponding abscissa. Read off from the diagram, 


‘ . ‘5 0: , 1 + 
0°866 of 3, 0°866 of 6:5, 0°866 of 4°8, and 0806 of 5. 

98. A starts from London at noon at 8 miles an hour; two hours 
later B starts, riding at 12 miles anhour. Find graphically at what 
time and at what distance from London B overtakes A. At 
what times will A and B be 8 miles apart? If C rides after B, 
starting at 3 p.m. at 15 miles an hour, find from the graphs 

(i) the distances between A, B, and C at 5 p.m. ; 
(ii) the time when C is 8 miles behind B. 


99, If O and Y represent two towns 45 miles apart, and if A 
walks from Y to O at 6 miles an hour while B walks from O to Y at 
4 miles an hour, both starting at noon, find graphically their time 
and place of meeting. 

Also read off from the graphs 

(i) the times when they are 15 miles apart ; 
(ii) B’s distance from Y at 6.15 p.m. 


MISCELLANEOUS GRAPHS. 499 


30. At 8 a.m. A starts from P to ride to Q which is 48 miles 
distant. At the same time B sets out from Q to meet A. If A 
rides at 8 miles an hour, and rests half an, hour at the end of every 
hour, while B walks uniformly at 4 miles an hour, find graphically 

(i) the time and place of meeting ; 
(ii) the distance between A and B at ll a.m.; 


(ili) at what time they are 14 miles apart. 
31. The following table gives statistics of the population of a 


certain country, where P is the number of millions at the beginning 
of each of the years specified. 


Year | 1830 | 1835 | 1840 | 1845 


1850 | 1855 | 1860 


P | 20 | 22 | 24:5 


23 | a1 | 36 | 41 


Let ¢ be the time in years from 18380. Plot the values of P 
vertically and those of ¢ horizontally and shew the relation between 
P and ¢ by a simple curve passing fairly evenly among the plotted 
points. Find what the population was at the beginning of the 
years 1847 and 1858. 


32. The salary of a clerk is increased each year by a fixed sum. 
After 6 years’ service his salary is raised to £128, and after 15 years 
to £200. Draw a graph from which his salary may be read off for 
any year, and determine from it (i) his initial salary, (ii) the salary 
he should receive for his 21st year. 


33. Draw the graphs of y=2? and 2y=x+3 on the same diagram. 
Deduce the roots of the equation 2x?-«#-3=0, 


34, Taking 1 inch as unit, plot the graph of y=2'- 32x, taking 
the following values of x : 

0, +£:2,-+°4, +°6, +°8, +1, 412, +1°4 +16, +1°8, +2. 

Find the turning points, and the value of the maximum or 
minimum ordinates between the limits given. 


35. From the graph in Ex. 34 find to two places of decimals the 
roots of #? - 3x=0. 
36. Solve the following pairs of equations graphically : 
(i) wty=15, (ii) e-y=38, (iii) a® +y2= 13, 
acy = 36 ; xy=18; y=. 


B.A. or 
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37. An india-rubber cord was loaded with weights, and a 
measurement of its length was taken for each load as tabulated. 
Plot a graph to shew the relation between the length of the cord 
and the loads. : 


Load in pounds - -| 10 | 12 | 7 | 21 | 23 | 25 


Length in centimetres | 36°4 | 37°7 | 40°5 | 430 | 44:3 | 45-4 


What was the length of the cord unloaded ? 


38, A manufacturer has priced a certain set of lathes ; the largest 
sells at £176, and the smallest at £40. He wishes to increase his 
prices so that the largest will sell at £200 and the smallest at £50. 
By means of a graph find an algebraical relation between the new 
price (?) and the old price (Q), and find to the nearest pound the 
new prices of lathes originally priced at £150, at £125. 10s., and at 
£78. 

39. The mean temperature on the first day of each month, on an 
average of 50 years, had the following values : 

Jan. 1, 37°; May 1, 50°; Sept. 1, 59°; 
Feb. 1, 38°; June 1, 57°; Oot; 1, 647+ 
Mar. I, 40°; July 1, 62°; Nov. 1, 46°; 
April 1, 45°; Aug. 1, 62°; Dec. 1, 41°. 
Represent these variations by means of a smooth curve. 
[The difference of length of different months may be neglected. ] 


40. The price in pence of a standard Troy ounce of silver on 
January Ist in each of the ten years 1891-1900 was 


45, 40, 36, 29, 30, 3), 28, 27, 27, 28. 
Draw a smooth curve shewing its value approximately at any time 
during these ten years, 


41, A manufacturer wishes to stock a certain article in man 
sizes ; at present he has five sizes made at the prices given below : 


| Length in inches | 20 | 27 | 33 | 45 | 54 


Price in shillings | 11 | 145 | 20 | 35 485 


Draw a graph to shew suitable prices for intermediate sizes, an 
find what the prices should be when the lengths are 30 in, and 461i 
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42. A party of tourists set out for a station 3 miles distant and 
go at the rate of 3 miles an hour. After going half a mile one of 
them has to return to the starting point ; at what rate must he now 
walk in order to reach the station at the same time as the others ? 


43. A motor car on its way to Bristol overtakes a cyclist at 
9 a.m.; the car reaches Bristol at 10.30 and after waiting 1 hour 
returns, meeting the cyclist at noon. Supposing the speeds of car 
and cyclist to be uniform, find when the cyclist will reach Bristol. 
Also compare the speeds of the car and cyclist. 


44, ‘Two trains start at the same time, one from Liverpool to 
Manchester, and the other in the opposite direction, and running 
steadily complete the journey in 42 min. and 56 min. respectively. 
How long is it from the moment of starting before they meet? 


45. The table below shews the distances from London of certain 
stations, and the times of two trains, one up and one down. 
Supposing each run to be made at a constant speed, shew by a graph 
the distance of each train from London at any time, using 1 inch to 
represent 20 miles, and 3 inches to represent an hour. 


Distance 
in miles. 
London, 4.30 p.m. 7.0 p.m. 
54 Willesden, arrive AEB8y hus 
depart dees ae (No intermediate 
66 Northampton, arrive DOO! ee, stop.) 
depart Y 5.04 
113 Birmingham, AO ss 5.0 p.m. 


At what point do they pass one another, and how far is each from 
London at 5.30? Which of the three runs by the stopping train is 
the fastest ? 


MISCELLANEOUS EXAMPLES VI. 


Simplify 6-{b-(a+b)—-[b-(b-a—6)]+2a}. 
Find the sum of 

a+b-2(c+d), b+c-3(d+a), and c+d-4(a+5). 
Multiply satay by n—3y. 
If «=6, y=4, z=3, find the value of Rx + By +z. 
Find the square of 2-32 +2. 


+8 o-4 
Solve a ae a =2. 


Find the H.C.F. of a*-2a-4 and d-a?-4. 
2a 2b a®+b? 


Simplify ap aa ee 
Re dts 
Solve Be+= 13 
ee 
37 = 8 = 3 


Two digits, which form a number, change places when 18 
is added to the number, and the sum of the two numbers 
thus formed is 44: find the digits. 

If a=1, b= -2, c=3, d= —4, find the value of 

ab? + be + d(a —b) 
10a —(c +6)? 

Subtract -a?+y?-2* from the sum of 

i 1 ] i 1 


Le a ee ee 
gu tay’, a and 3 


Write down the cube of a + 8y. 
implify ~t2¥, V4 Ly 
Simplify aie x ae xe 
3 2 4v +1 
Solve (2m — 7)- 3(% - 8)= — +4. 


Find the H.C.F. and L.C.M. of 
a +a54+2x-4 and a3 +32°-4, 


2 — 1a 


Mi, 
18, 


19, 


20. 


21. 


22. 


23. 
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Find the square root of 4a*+9(1 — 2a) +3a2(7 -4a). 


: ata b 
Solve y= ts 
_yt+b a 

a aca) Sane 


Simplify ( ape )+5t5. 


wt+ta w-—a/) ~ x+axr 
When 1 is added to the numerator and denominator of a 
certain fraction the result is equal to os and when 1 is 


subtracted from its numerator and denominator the result 
is equal to 2: find the fraction. 


Shew that the sum of 12a+6b-—c, —7a—b+c, and a+b+6e, 
is six times the sum of 25a+13b-—8c, —138a-—138b-c, and 
—lla+b+10e. 


Divide aay 9 y by et 


4 
. 22 1 (/2y_,\\ 
Add together 18 le 6 (3+)} , 
2 zm Tz 
24 (= as US), and 30 {eg 


Find the factors of 
(1) 10x2+792-8. (2) 72925— yf, 
Qx-1 52+3 4x7 -—118 


BO ee ke ao apr 


Find the value of 
(5a — 3b) (a —b) — b{3a —c(4a —b) - b?(a +0)}, 
when a=0, b= -1, c=} 
Find the H.C.F. of 
Ta? — ae 10 and 223 —2?-27+1. 
— Tay +12y? , x? — Bay + 4y/? 
a sae 7 24 ay — Dy? 
Solve 3abe+ y= wa 
dabx + 3y=17b J 


Find the two times between 7 and 8 o’clock when the hands 
of a watch are separated by 15 minutes. 


Simplify * 


434 ALGEBRA. 


31. If a=1, b= -—2, c=3, d= —4, find the value of 
Jd? — 4b + a2 - VN +08+a4d. 


32. Multiply the product of ta? - sty +y? and satu by 2x3 - 8y°, 


33. Simplify by removing brackets 
at — {4a - (6a? -4a+1)} 
-[ -2-{a4-(-4a3- 6a? —4a)} - (Sa -1)}. 
384. Find the remainder when 524—72°+3a?-xz+8 is divided 
by w#-4. 


oe Re 
35. Simplify ay * tay 


36. Solve —— +y=18 


37. Find the square root of 42% — 12a4 + 2823 + 9x? - 42a +49. 
38. Solve 006% — °491 + °723a= — :005. 
39, Find the L.C.M. of a+ y°, 3x°+2ay—y?, and x - a®y + ay’. 


40. A bill of 25 guineas is paid with crowns and _half-guineas, 
and twice the number of half-guineas exceeds three times 
that of the crowns by 17: how many of each are used ? 


41, Simplify 
(a+b+c)?-(a—b+c)?+(a+b—-c)?-(-a+b+ce)?. 


42. Find the remainder when a‘-—3a%b+2a*h?-b* is divided 
by a? — ab + 2b", 


43, Ifa=0, b=1, c= -2, d=3, find the value of 
(Babe — 2hed)X/a*be — c®bd + 3. 


44, Find an expression which will divide both 4a*+3x -10 and 
42° + 7x” —3x% —15 without remainder. 


a+ oo 

45. Simplify —7 T 
a*+h? a b 

ay 

46. Find the cube root of 8a — Qa%y + - a 


~ 216 
47. Solve 9x + 8y= ABary | 
Sa + Oy = 42xy | 


48. 
49, 


61. 
62. 
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3 2 iol 
—-4 2-5 (x—2)(x%—-3) 
Find the ee of 8x3 + 38x? + 59x + 30 
and 6x3 — 13a? — 13x + 30. 
A boy spent half of his money in one shop, one-third of the 


remainder in a second, and one-fifth of what he had left in a 
third. He had one shilling at last: how much had he at first ? 


Simplify — 


Find the remainder when «z’ —10x°+8a°—7a°+3xa-11 is 
divided by w?-5x+4. 


Simplify t{a-3(6-F) fa (2a — »)+2()-o)} 


3 
If a=T@ vse C=], prove that 


a4 
(o- yWaetpNest— 22 = 
JVa—¢ 
Find the L.C.M. of a? —'7~a+12, 3a? -—6a-—9, and 2u?-6x-8. 


Find the sum of the squares of ax+by, be-ay, ay+ba, 
by —ax ; and express the result in factors. 


Solve 2. ¥ — 3% — 52 _ gd a 


4 4 =5t 16 
CEA) GUC DF ae by 
at—bt a?—-b? 2\a4+8? a 3 


o 
Solve x - (0-29) 2 +67) + +3(1 3 | 
Add together the following fractions : 
2 — dic ek — a" 
A man agreed to work for 30 a on condition that for every 
day’s work he should receive 3s. 4d., and that for every day’s 


absence fron: work he should forfeit 1s. 6d.; at the end of the 
time he received £3. lls.: how many days did he work? 


43x? eMC OCT, a 
4 Bis: ae mas Ff Yot3-«x. 


Find rh value of 


ou—4y lf, 9 
a e(apt x) ats hee 101 BRY 7 (re ~4y)} | 


when #= - : and y= 


Simplify 


Divide 2 eae 2s Oifc= 
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«ase 1LOe—-I1 10x -1 x? —-2e+5 
ik SUOpHly Sos i) ee) a te 
64. Find the cube root of OO ss Sate 5, 3ab 4 Us 
bs b c ce 
de -17 10-13 _8e-30, Bu-4. 
Gay, Bolve “ea * Me-§ eo) “eo 
66, Find the factors of 
(1) a3 +5a?+0+5. (2) w®-Qxy - 323y?. 
67. Solve 3e+y)+22=21 
Bn ~3(y +2) =65 


a+3(e+y-2)=38 


ee VEQY 3x2 + 63xy +70? 
68. Simplify ae Dat Bay = 35ye 
ie 
69, Find the square root of — (3b - 2c —2a)®{2(a+c) - 3b}. 


70, ‘The united ages of a man and his wife are six times the united 
ages of their children. Two years ago their united ages were 
ten times the united ages of their children, and six years 
hence their united ages will be three times the united ages of 
the children. How many children have they ? 


71. Find the sum of 
a2 — Bay -2y", ye — Sys 23, ny -% e+’, and ory — hy. 


72. From {(a+b)(a-«)-(a-b)(b-«)} subtract (a+b)? -2Qbe. 
73, If a=5, b=4, c=8, find the value of 

V6abe + (b +0) + (c+ a) + (a+b) (a+b +e), 
74, Vind the factors of 


(1) 323+ 622-1892. (2). a®+2ab +b? 4+a+0. 
75, Solve pe=qy\ 
(p+q)x-(q-p)y=r J 
2 
a+ ¥ a. © 


76 Simplify -—-— - : 
2a? + ay + 4| 2? - ¥) 


hs 


78. 
79. 


80. 


81. 


82. 


83. 


84, 


85. 


86. 
87. 


88. 


89. 
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rive oo On 1 _ 2x =e 
t+ 


1 ‘2(e@+7) Ya 6 


yt — 92 Oy 1 O 

by x v2) 7 : 

Reduce se itabi* = to its lowest terms. 
Q2° -a«2-] 


Add together the fractions : 


at } and 
Dx? — da +2? DOa%+ da +2? l =a? 


A number consists of three digits, the right-hand one being 
zero. If the left-hand and middle digits be interchanged the 
number is diminished by 180; if the left-hand digit be halved 
and the middle and right-hand digit be interchanged, the 
number is diminished by 336: find the number. 


152, 106, 28. 14 
i oe 9 Og 


Divide 1-5 
ivide Dae ++ is 


Li -o='t, q=5) find the value of 


(p?+ 4°) —(p— 4) p? + 2pqt+ @ 
2p+q-{p-(q-p)} 


: Bere ae 8 a 
Multiply 9 OW + 7+ 9 by i +3. 
Find the L.C.M. of 
(ab —2ab?)?, 2a?- 3ab-—2b?, and 2(2a?+ab)*. 


Q2e+3 4¢4+5 324+3 


Solvy 
ah x+l1 ted Sua 


5a? — 1442416 
Red 
a Sy GG aS 


Find the square root of 


4at+9(a?+4,)+120(a+1)+18. 


to its lowest terms. 


Solve sot apaath 
Bu Qy 
H -—6(b- a)| 
Multiply 
Sa 4.4y pe by 10x- a pas 


438 
90. 


91. 


101. 
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A bag contained five pounds in shillings and half-crowns; 
after 17 shillings and 6 half-crowns were taken out, thrice 
as many half-crowns as shillings were left: find the number 
of each coin, 


Find the value of 
5(a — b) -2{3a—(a+b)}+7{(a — 2b) — (5a - 2b)}, 


when a= -— a9 


9 
Divide 3x4 - 52> +7a?-llx-13 by 3x —-2. 
Find the L.C.M. of 
15(p>+q*), 5(p?-pqt+q), 4(p?+pqtq*), and 6(p’—q°), 
Resolve into factors : 
(1) a®—8b», (2) —a®+2e-—1l+at. 


x+a_ x+3a 


Sole a See 
Simplify 
(1) 35a7)?c? — 496503 (2) yf? - Ty? + 8y* — 12y_ 
65a°be — 91a%b*c? 2y? — 2y — 60 
Solve Tx -9y +4z2=16 
pee Mee ken. 4 9 
a: 48 
Qu -3y+42-5=0 
Simplif y*- 2 y?-5y-6 y-2 
oe ale + (eee) 
yt+1 
Find the square root of 
4a* — 12ab — 6be + 4ac + 9b? +c? 
4a? + 9c? — 12ac 
The express leaves Bristol at 3 : ap and reaches London at 6 
the ordinary train leaves London at 1.30 p.m. and arrives a 
Bristol at 6. If both trains travel uniformly, find the tim 
when they will meet. 
Solve (1) ‘6a + ‘75a -*16=a -— 583a 45. 


37 4 ‘é 


) Br Gen0tz-8" 8-2" 


102. 


103. 


104. 
105. 


110. 


Nene 


112. 


113. 
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a+nx a-x 2x8 
a+acte a*-av+a?  at+a%x?+ 24 


(2) (l4+a)?+ fs _ I 
84 Tare 


Simplify (1) 


Find the square root of 
a +75-6( at) +15( a+ 2) —20; 
a a a 
also the cube root of the result. 
Divide 1-2a by 1+3z to 4 terms. 


I bought a horse and carriage for £75; I sold the horse at a 
gain of 5 per cent., and the carriage at a gain of 20 per cent., 
making on the whole a gain of 16 per cent. Find the original 
cost of the horse. 


Find the divisor when (4a%+7ab+5b?)? is the dividend, 
8(a+2b)? the quotient, and b?(9a+11b)? the remainder. 
Solve (1) 5x(x-3)=2(x-7). 
1 3 y 

@) ay @—2) * eee eT 
(a —b)2 _at+b ab 
AOE ane eal rs? 
prove that («-—a)?-(y—b)?=b?. 


Tf x=a+b+ 


Find the square root of 


105122 14a? 6x 
Se 19: 


4 
49204 + oF 5 5 


SHIes ata af Ca 3a 
a +axn+a?  a®-ax+a x(a4+a2x? +24)" 
x+3 w+4 
bic ——_—_——— on ——————— 
Su x? 4-2 —12 x? —x¢-12’ 
2 (a? — 12) 
e+ Tae +12" 


and divide the difference by 1+ 
Find the H.C.F. and L.C.M. of 
2x7 + (6a —10b)x-30ab and 3x?- (9a+15b)x+45ab. 
Solve (1) 2ca?-—abx+2abd=4cdzx. 


TOAD Sot Stel 
722 = Ale —3) 
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114. 


115. 


116. 


117. 
118. 


119. 
120. 


121. 


122. 


123. 


124. 


125. 


126. 
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If a=1, b=2, c=3, d=4, find the value of 
a’+be+ct : ae *) 
E+ aty bra my tet Gaur ; 


I rode one-third of a journey at 10 miles an hour, one-third 
more at 9, and the rest at 8 miles an hour ; if I had ridden 
half the journey at 10, and the other half at 8 miles per _ 
hour, I should have been half a minute longer on the way : 
what distance did I ride? 


The product of two factors is (3x +2y)' - (2a+3y)*, and one 
of the factors is a—y; find the other factor. 


If a+b=1, prove that (a? - b?)?=a' +b? - ab. 
Resolve into factors : 
(1) a+y3+3ay(a+y). (2) m®- nn - m(m?-n?)+n(m—-n) 
Solve (1) one | (2) saa ha 
etayty=T fj x—38y=1f" 
Find the square root of 
(a — b)4-— 2(a? +b?) (a — 5)? + 2(a4+ BS). 
Simplify the fractions : 


1 ] 1\2 
(1) rs . (2) (143)* (1-3). aa 
i ee 
OTT o+= 


Find the H.C.F. of 
ab +-b?e —abe—ab® and ax? +ab—a?— ba. 
A constituency had two-thirds of its number Conservatives : 
in an election 25 refused to vote, and 60 went over to the 


Liberals; the voters were now equal. How many voters 
were there altogether ? 


x4 Qax 
vor > cept ae 
es ee ee 
(2) a+o=6(<-5.)=2 
Simpli : +( ety =) 
Simplify (1) (1+ . \. ] a : 


(x+1)3—(a—-1)8 
(2) (a+1)*-(@—1)* 
Divide 
a4 4 (a—1)a3 — (Qa 4-1) a* + (a? + 4a -5)a4+8a46 
by x? -3x+a42. 


‘127. 


. 128. 
129. 


130. 


181. 


132. 


133. 


134. 


135. 


136. 


137. 
138. 
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Resolve into factors : 


(1) w?+5ay — 249? +a - 3y. (2) aa 


Find the square root of p?— 3q to three terms. 


a-5 «2-6 


y—l w=2 
a ae 


SS). 
(2) aw+l=by+l=ay+bu. 
Find the H.C.F. of 3x?+ (4a —2b)a2—2ab+a? and 


x? + (2a — b) a? — (2ab - a?) a — ab. 


Solve (1) 


Simplify 
fy one eld aaa aa (ey. 


pote ~ geta~ path 


At a cricket match the contractor provided dinner for 24 
persons, and fixed the price so as to gain 124 per cent. 
upon his outlay. Three of the cricketers being absent, the 
remaining 21 paid the fixed price for their dinner, and the 
contractor lost 1ls.: what was the charge for the dinner ? 

y 


Prove that x(y+2)+ = - 


is equal to a, if 


y eo, 
eat and y= 5) 


i 


Find the cube root of 


i 19et Bde Tone SEE 8 | 
ce ww a 


Find the H.C.F. and L.C.M. of 
x3 + 2aa?+ a2x+2a% and 2° -2ax?+ ax —2a%. 


Simplify 


4a-3y 3u-—4y {2574 2a — 3y) 
2 = pe ee EL 
(1) of 3 2 Ub tease mei 
4b+a a-4b | a? — 3d? 
3b+a a—3b' a®— 9b? 


Resolve 4a? (x? + 18ab?) — (32a° + 9672) into four factors. 


(2) 


Solve (1) 5V3¢-1=N75x - 29. 


ee we aa 
(2) pag U+2Z Be Yrs =: 


141. 


142, 


143, 


144, 


145. 


146. 


147, 


148. 


149. 


ALGEBRA. 


Shew that the difference between 
ies ee =, o and 0 Oe ee 
%-a x-b w-c w-a x-b x-c 


is the same whatever value « may have. 
Multiply at 4 Qy? + 32? by at -Qy + _ 3,8, 


Walking 44 miles an hour, I start 1} hours after a friend 
whose pace is 3 miles an hour: how long shall I be in over- 
taking him? 

Express in the simplest form 

1 
gr, 3? x Si 27" 
1) (88 +43) x16-%, 2 La 
(1) (88 +43) x (2) —— 


Find the square root of 


= 4¥43-24/0— 2a]. 
x y x 


sg a 

(1) (4 1 a) B=1. (e- 1)? (@+1)? +27 
x-1 ae x +1 ata +] 

(2) {x5 ~e+ay| {oe eee ; 
a? — tet a-y Jf \a@+y>* @-ay+y? 


Find the value of 
(1) V8 + 50 - V18 + 48. (2) 35+ 14,/6. 
x-b x-a_ 2(a-b) 
“iia \O Sa oak a= 
2) eae Aull 4 
4x? + 9ry + 9y?=11 


Shew that 
(a+bP-e , +eP—at, (e+a)—0 


(a+b)-c  b+ce-a ° c+a-b 
isequal to 2(a+b+c)*+a24b24 ce? 


Divide a-x+4ata? -4atat 
by at +2ataxt - xt, 
Find the square root of 
(a — 1)*+ 2(a* +1) — 2(a® +1) (a -1)*. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


161. 
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How much are pears a gross when 120 more for a sovereign 
lowers the price 2d. a score ? 


Shew that if a number of two digits is six times the sum of 
its digits, the number formed by interchanging the digits is 
five times their sum. 

Find the value of 

1 _ 1 ao 1 
(a—b)(b-c) (b-c)(a-c) (c-—a)(b-a) 


Multiply 


12+41a+ 36x? 26x — 8a? — 14 
e Se, = — 2, y st 
3+ 9x aaah by 5-2a +4 ese Far 


be : aon ik be a 
Tf ih, prove that x teva and a ao 


3a 23 
Solve (1) il eee =5(2+5). 


(2) 2Qx?- By? = 23) 
Quy —3y?= 3 _ 
Simplify 


1 Nx (NY 
1320-38 ale ©) n=O aaa 
) . Ni NE ir ‘ 


ms oe 
Find the H.C.F. of (y?- 1)a?+ (3p —- 1)” -—p(p-1) and 
p(p+1)a?—(p?—2p—1)x—(p—1). 
Reduce to its simplest form 


an +" as, (oy - IDs 


4 
ae 
es, ba aR 3 (e*y" 1) 


Find the square root of 
(1) ] — 22nt+1 + 42n, (2) gor — 29, 6+ 4”, 


A clock gains 4 minutes aday. What time should it indicate 
at 6 o'clock in the morning, in order that it may be right at 
7.15 p.m. on the same day ? ? 


If «=2+,/2, find the value of 2?+— 


Lb 
162. 


163. 


164. 


165. 
166. 


167. 


168. 


169. 


170. 


171. 
172. 


ALGEBRA. 
Soive 4 
Ju+a /e-a@ Ji+e@+NI-@_, 
1 = bl 2 sD 
(1) Jx-b . Jax @) Vli+a-N1-2 : 
Simplify 


eS ee, ee RY 2 
(b—a)(c—a) * (e—b)(a—b) * (ae)(b-e) 


Find the product of ENB, 5a, 8/80, 8/5, and divide 


8-4/5, 35-7. 
J5+1 Y S+ J7 
Resolve 9xy? — 576y? — 4a8 + 256x? into six factors. 
Simplify 
a - 
 (x+a)? ._ v(%+2a) 
(e+a)(v—a) * (a? —a®)(x2+a)? 
6x*y? , [3(m—n)a , [A(r—s), 12-8 } 
m+n°L_ T(r+s) Qlay? * 4(m? — n?) 


(1) 


(2) 
a 
Simplify @) (at) "+ \ Cat 
(2) ./14=,/132. 
Find the H.C.F. and L.C.M. of 
20a*+a2-1, Q5at+5a3-a—1, QWart- 10x%?+4- 1. 


Solve (1) a+a+N2ax+a2=b. 
(2) +98 +— a =8, 
a) 


The price of iar ag is raised 3s, per dozen, and cus- 
tomers consequently receive seven less than before for a 
guinea: what were the prices charged ? 


1\2 1 
If (a+;) =3, prove that aP+ —5=0. 


Find the value of 


w+2a x2-2a 4ab ab 
Gat hae t ape Va ee 


173. 


174. 


175. 


176. 


Lit. 
178. 


179, 


180. 


181. 


182. 
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Reduce to fractions in their lowest terms 
ele me 1 
(1) (+ ¥ J+( pee dae ee \41. 
oC ¥ 2 Waratah: — Oy eee Oe eit 


9 _ _56_ 1) SHG. See. 
() (1 me eee Ped x—3 


Express as a whole number 


(27)8 +16)? - 2+ 8? 
(gy? (ay? 
Simplify 
n n 7 
Oat re (2) /97=56,/3. 


Solve 
(1) aw — 4a «—5a_«+6a x+5a_ 
x—3a x-4a xuw-4da x-3a 
(2) 3a2+ay+3y?=84 
8x — Bay + 8y?=173 


Pon Deh Ind 1. dar 
Find the square root of eee Ue ; 

2M 4. Dymgan 4. g2n 
Simplify 


1 


(1) sD e Riad sis ag ae (2) | orth asa 


A boat’s erew can row 8 miles an hour in still water; what is 
the speed of a river’s current if it take them 2 hours and 40 
minutes to row 8 miles up and 8 miles down? 


If a=2?-yz, b=y?-2zu, e=z?-axy, prove that 
a? —be=ax (ax + by + cz). 
Find a quantity such that when it is subtracted from each 


of the quantities a, b, c, the remainders are in continued 
proportion. 


Simplify at 
(1) w+ ty gE 
xy x-y 
+y-—— 
L+Y 
3 = = Didne 
ips ae ee ee UE Ze Wy. 


6x? Vato Gee de%=1 


a. A. j 26 
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183. Find the sixth root of 
729 — 2916.x? + 486024 — 432025 + 216028 — 576.9 + 64a. 
184, Simplify . 


(1) ee ee 
; etNat—-1l a2—-No2-1 


(2) 4/164 8/81 - &/ - 512+ 8/192-7 4/9. 


185, Solve _—(1) ==, 
6- 
6_ >. 
6-x 
(2) a®y?+192=282xy)_ 
x+y=8 
186, Simplify 
b-c c-a a-h 


a@—(b- oP B—(c-aP @-(a-b)? 
187. Solve (1) w= a PT 

(2) 2(e+y)=3(a71 -y) =4. 
183, If xy=ab(a+b) and 2° — xy +y? =a +b prove that 


EH) §-2)-0 


189. Find the H.C.F. of 
(2a? - 3a - 2)a® + (a? + 7a +2) -—a? -2a 
and (4a? + 4a + 1) a* - (4a? + 2a) a 4a”. 


190. Multiply 2x +2 (2x -1) - 


1 9: See 42 
by - —— +N2 (2x = 1) - /2e. 
y eg tN 222-1) v 
191. Divide ath? + b4c? + cta® — a®h4 — b®c4 — cat 
by a*h + B® + ca - ab® — be? = ca?. 


192. Simplify 


Q(e+1)” 6(w@-1) 38(a®+a4+1) 
ey (ozs ee) , see 
Vx-a VNx+al V(x+a)- ax 


193. 


194. 


195. 


196. 


197. 


198. 


199. 


200. 


201. 


202. 


203. 
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If p be the difference between any quantity and its reciprocal, 
q the difference between the square of the same quantity 
and the square of its reciprocal, shew that 


p?(p? +4) =q?. 


A man started for a walk when the hands of his watch were 
coincident between three and four o’clock. When he 
finished, the hands were again coincident between five and 
six o'clock. What was the time when he started, and how 
long did he walk ? 


If x be an integer, shew that 7°"+1+1 is always divisible 
by 8. 


Simplify 


Find the value of 


Drees 3/5 


1 eo tn i ee ge 

oH 7-3/5 7+3,/5 
T+e+V1l—-a 2b 

(2) be ——- when x=, — 
PGE N/ Se Ge 


If a+b+c+d=2s, prove that 
4(ab+cd)? — (a? +b? — c? — d”)?=16(s —a)(s —b)(s—c)(s—d). 
A man buys a number of articles for £1, and sells for £1. 1s. 


all but two at 2d. apiece more than they cost: how many 
did he buy? 


Find the square root of 
2(Slat+ y4) —2(9x? + y?) (Ba — y)® + (Ba — y)4. 
Tf @:@::y:b::2:¢, prove that 
(be + ca@+ ab)? (x? + y? +27) = (bz + cx” + ay)? (a? +b? + 0°), 
If a man save £10 more than he did the previous year, and 


if he saved £20 the first year, in how many years will his 
savings amount to £1700? 


Given that 4 is a root of the quadratic 2-5x+q=0, find 
the value of g and the other root, 


448 
204. 


205. 
206. 


207. 
208. 
209. 


210. 


211. 
212. 


213. 
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A person having 7 miles to walk increases his speed one mile 
an hour after the first mile, and finds that he is half an hour 
less on the road than he would have been had he not altered 
his rate. How long did he take ? 


If (a+b+c)x=(-at+b+c)y=(a—-b+c)z=(a+b-c)w, 


shew that L a Z ah dies, 


yo 2 won 


Find a Geometrical Progression of which the sum of the first 
two terms is 25, and the sum to infinity 4}. 


(of Gee 
(+f) 0-G) 


A man has a stable containing 10 stalls; in how many ways 
could he stable 5 horses ? 


Simplify 


In boring a well 400 feet deep the cost is 2s. 3d. for the first 
foot and an additional penny for each subsequent foot : 
what is the cost of boring the last foot, and also of boring 
the entire well ? 


If a, 8 are the roots of 2+ pa+q=0, shew that p, g are the 
roots of the equation 


x*+(a+B -af)a—aB(a+pB)=0. 
Multiply together the duodenary numbers ¢e/e and ete. 


if 7+2_2%__™_ determine the ratios x: yz 
y cu a-y 


If a, b, c are in HP. shew that 
€ 3 ale 3 °) 9 25 
~+>-—)(-4+5--)4+5=—. 
a bb C76 0 ayo" oe 


Find the number of permutations which can be made from all 
the letters of the words 


(1) Consequences, (2) Acarnana. 


215. 


216. 


217. 


218. 


219. 


220. 


221. 


222. 


223. 


224. 


225. 
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Expand by the Binomial Theorem (2a-32)°; and find the 
numerically greatest term in the expansion of (1+.2)", 


if pee and n=7. 
0 


When 28, find the value of 


ite, 1-2 
Teen eee) TaN 22 
a? — be 2? -—ca x2—ab 


Papaey (a —b)(a—-e) ‘ (b—c)(b—a) a (e—a)(e—b)" 


Solve the equations : 


(1) (a? — 542)? =a? — 5a 
(2) (22+ J) +4( 28+ 


Prove that 
(y—2)> +(%—y)P+3(x—y)(x—2)(y—z)=(x—2). 


Out of 16 consonants and 5 vowels, how many words can be 
formed each containing 4 consonants and 2 vowels ? 


If }—ais a harmonic mean between c—a@ and d—a, shew that 
d—cis a harmonic mean between a—cand b—e. 


In how many ways may 2 red balls, 3 black, 1 white, 2 blue 
be selected from 4 red, 6 black, 2 white and 5 blue; and in 
how many ways may they be arranged? 


The sum of a certain number of terms of an arithmetical 
series is 36, and the first and last of these terms are 1 and 
11 respectively: find the number of terms, and the common 
difference of the series. 


Expand by the Binomial Theorem 


3 


5 Q\2 
(1) (2-%)’; (2) (1-32) to 5 terms. 


In what scale is the denary number 418 represented by 1534 ? 


226. 


227, 


228, 


229, 


230. 


231. 


232. 


233, 
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- 2N10 15/21 _5N14 
Simplify — ; and find the value of 
sie tia 3Na1- 4N15” 7/48 i 


By the Binomial Theorem find the cube root of 128 to six 
places of decimals. 


are English ; in how many ways could a selection be made 
so as to include at least one of each language ? 


Simplify 
N45 §— 8023 + J5a2ex 


a-x 


oy {a +24 gtx “ie _ fat +20 +4 gt_o,-t 
) |e atl ater d| * | a rs ae 


(1) 


There are 9 books of which 4 are Greek, 3 are Latin, and 2 ~~ 


Form the quadratic equation whose roots are 5+,/6. 


If the roots of x°-px+q=0 are two consecutive integers 
prove that p?—4q—-1=0, ‘ 


Subtract 4°72473 from 7°641 in the scale of eight, and find the 
square root of 408404 in the scale of twelve. 


‘ 


Find log,, 128, logyV/128, log, |; and having given 
log 2= 3010300 and_ log 3=°4771213, 
find the logarithm of ‘00001728. 


A and B start from the same point, B five days after A; A 
travels | mile the first day, 2 miles the second, 3 miles ‘the 
third, and so on; B travels 12 miles a day. When will 
they be together? Explain the double answer, 


Solve the equations : 
(1) = 8rt1, OF = Br-9; 
(2) @ay™, B=2x4*, v+y+2=16, 
The sum of the first 10 terms of an arithmetical series is to 


the sum of the first 5 terms as 13 is to 4. Find the ratio of 
the first term to the common difference. 


236, 


237. 


238. 


239. 


240. 


241. 


242. 


243. 


244, 
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—4 
Find the greatest term in the expansion of (1-2) * when 
12 
ts 


13 


Five gentlemen and one lady wish to enter an omnibus in 
which there are only three vacant places ; in how many 
ways can these places be occupied (1) when there is no 
restriction, (2) when one of the places is to be occupied by 
the lady ? 


Given log 2= 301030, log 3 = °477121, and log 7 = "845098, find 


1 
the logarithms of ‘005, 6°3, and (F 8) 


Find x from the equation 185- 4*= (54 ,/2)3*- 


1 4 
If P and Q vary respectively as 7? and y*® when z is constant, 
1 


o 


and as z? and z* when y is constant, and if x=P+Q, find 
-the equation between x, y, 2; it being known that when 
y=2=64, x=12; and that when y=42=16, x=2. 


Simplify 
133 13 143 Te 
log 5 + 2log 7 —log 90 +log WL 
If the number of permutations of » things 4 at a time is to 


the number of combinations of 2n things 3 at a time as 
22 to 3, find n. 


7 ee 
we Cea, Bey 
mean between 2a ha 2c, or the harmonic mean between 
a and ec. 


BOUEONE, e that 2b is either the arithmetic 


If ”C,, denote the number of combinations of things taken r 
together, prove that 


dog OA coh OR ci Ges, se (2 x OL: 


Find (1) the characteristic of log 54 to base 3 ; 


(2) logo (0125)? ; (3) the number of digits in 3*. 
Given log;)2= 30103, log;)3= 47712, 


. a SO 
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245. Write down the (r+1)™ term of (2ax? — x3)8, and express it 
in its simplest form. 


\ 246, At a meeting of a Debating Society there were 9 speakers ; 
5 spoke for the Government, and 4 for the Opposition. 
In how many ways could the speeches have been made, 
if a member of the Government always speaks first, and 
the speeches are alternately for the Government and the 
Opposition ? 


247, Form the quadratic equation whose roots are 


2ah 
+ 2 4 > 
abe ree ane at+b+Nae+h 


248. A point moves with a speed which is different in different — 
miles, but invariable in the same mile, and its speed in 
any mile varies inversely as the number of miles travelled 
before it commences this mile. If the second mile be 
described in 2 hours, find the time taken to describe the 
n mile. 


249. Solve the equations: 
(1) 2®(b—c)+ax(c-a)+a?(a—b)=0, 
(2) (a? — pa + p*) (qu + pg + p?) = qa? + pg? +p". 


250, Prove by the Binomial Theorem that 


33.5, 3.5.7 
4°4.8°4.8.12 


Bese vced ad inf. =,/8. 


Se ele 


ES 


ine 
16. 


2 S'S 


12. 
te 
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il. a. PAaH 10: 


1, =—Z12. 2. 4, -2. B. 120; 4. -6. 
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13. 5ab+be.. 14. pqt+qr+7p. 15. 62. 
16. 20a. 17. 2uy+Qzm. 18. ldab-I11be. 
19. 132. 20. a+b+e. 
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18. 2° -aty-y'. 19. a®+b8+c8 = Babe. 


eel ay ey 
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16. 
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20. 
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w+ vty + Ty? + dy. 21. qu- 3b. 
] i es 4. 15 
- 3a-—5). —5a4+5b-<¢. . 5a-zb-—c. 
3a 5° 23 g%t ab 5° 24 gt 50 4¢ 
1 + 1 5 3 1 
502 ay + ay 26. Pa2+lab—=b? 
gt — arty t5y @% + gab rg 
Gao Neh 28. / = 43) Saat te 
8 5 2 4 8 
ee np oa. 30. —a? — 50% +5 a+ oe 
IV. a. / Pace 21. 
— 2a — 2c. 2. 3a-/5b—4e. 3. 138”+18y—19z. 
— 5a + 30b — 4c, 5. llaw+13y-16z. 6. 12ab-—10be- 10cd. 
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] 4 4 5 13 
t— 2. 19. —-w%-<=2. 20. —~%+— 
BUS a" 3p Gt Be 
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Tay — Tyz + 18xz. 2. —12x?y? + 8a3y + 2lay?. 
—12+9ab + 6ab?. 4 —2a*be+ 6b*ca + 5c?ab. 
— 12a*b + 15ab? — Sed. 6. — 16x°y+ l0xy? — 2x7y?. 
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3x3 + 10z?y — 10a7/”. 15. 4x4- 5x? -2a?-44+2. 
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4 a ] 1 se 5) ] 1 
gee 86, Lag Ow | OEY ees, 
ge 54-5 gv Erte ge tears 
3 1 1 


Oe 
AD Gy. aN: 3 


ee Sen tae ae 
— 503 — -are —-an. 
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(1) Qa +a; (2) -3a+b. %, 2a +2c., 
(1) 215 (2) 108. 4 (1) 11; (2) 18. 5. Tx®— 100%. 
Sa3 ~ 2a. 9. 2x3 — 2x? 11. 2a-(3b+ 5c). 
47;.12, “18 gece as, 36.7 26: - O: a. aD: 
+22. 20. Txy. ai. 8. 23. 4a. 24. 118. 
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20a4bc3 + 12a2b%c3 — Sa*be5. 25. 
48x'y? — 40xty! + 56a5y°. 37. 


ab’c? + a®be? — a®b%. 
15x y + 3ars9? — Qlady?, 
6a5d8e — Ta hte?, 


V. b. Pace 30. 
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— 16. 12. 375. 13. 500. 14. 140. 15. - 2000. 
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5 10 
22. 2 + — oye 
hae tary + 3 a 


24. —2Qq'ae + Tate 
21, 
26. yey - aay? 


Gay. 
28, — 27843 4. yhn/8, 
ys + Toxty® 


V. d. Page 32. 
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x? — 36. 8. 
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x? + 5a +6. 14. 
x? + a — 182. ie 
a? — 256. 20. 


Qa? — 13a - 24. 23° 
622+ lla — 35. 26. 
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a?+ ab — 6b?. SpE 
a? — 4ab — 456. 35. 
x? — 2ax% + 3ba — bab. 
7? — ab?, 
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Qa? — 25y. 30. 9x? — 30xy + 25y?. 
a? + ab — 56b?. 33. 3a?-30ab +48)? 


x*+ae—be-ab. 36. x«?-axv+bxe—ab. 
38. a®x? — 1)?y. 


40. 479? - 97°. 
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x4 — 4a? + 8x + 16. C. geay’. Te p23", 
a4 + 4027? + 1624. 9. 64a>— 2768. 10. zi-a‘, 


4 + Dae? — Ta? — 8a +12. 
a8 + a3, . 
a> + 4ab4. 


—wt+ dary — 274? - 4xy8 


at — Dar?y/? + 8, 


75a5b? — 28a%b° + 13a7b§ — 12ab’. 22. 


at — 25a7b? - 10ab? — 4. 
a? +03 + c® — Babe. 


-y', 18. 


12. 425-3442. 
14, 2° —-Qat— 43 +4 192? 3la +15, 
16. 8x3 ~ 277°. 

aS — a4b4 + 2a + U8, 
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Slat — 256a4, 
24. w+3ay+y7%-1. 
26. x°+2/, 27. 


20. 
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gu tat - 15 32. iat rad Torts 
2 
Sot — ay 34, ee =a 
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ah ees we, 36. —ai 
ge - 35% aT 4% + a4, 
V.f. Pacer 36. 

x? + 3a — 40. 2. x°+5x-6. 8. x?+7x—- 30. 
wu? +4a -5. 5. 2-22-63. 6. x*-—18x+80. 

2407x"—44, 8. 2?7+2x-8. 9. 2-4. 
+1. 11. a®?+4a—4. 12. a?+9a—-36. 

2_ 4a — 32. 14. 2 — 64. 15. a®+7a—-78. 
a? +6a+9. nly - 121. 18. a?-16a+64. 
x? — ax — 6a2. 20. 2?+ax-30a?. oT; — 9a?. 
x? + 2ay — 8y?. 23. -— 497". 24. 2? —6ay+9y*. 
a? + Gab + 9b°. 26. a?+5ab-50b%, 27. a®-- 17ab +72. 
2x? — x — 10. 29, 2x? --9x+10. 30. 2a?- 32-9. 
3x? +-2x —1. 82. 4a°+82-5. 38. 62°+5x2-21. 
Sa? +- 6a: - 9. 85. 9a?-64. 86. 422 — 20a: +25. 
9a®-Bxry-2y. 88. 9x®+12ey+4y% 39. 4a°2+4ay—-35y*. 
25x? — 9a?. 41. 22°+5ax7-25a", 42. 42°+4ar+a2. 

VI. a. Page 40. 
Se. 2. -32. 8. —52%. 4. —bzx. 
ay. 6. -a’. 7. 4ac. 8. —4a®biec°. 
aie, 10. Sar®ghz*: 11. 4%, 19. Ga*. 
Sat, 14. Tab’. 15. -1. 16. — Tab’. 
— 8b. 18. 107”. 19. x2-2y. 20. 2-3r+1. 
ot — Ta + 40:7. 22. 10a4—82°+ 32. 
-32°+5x. 24 32-4. 25. 3a7+4x, 26. 2a°y - Bay’. 
-ath+c, 2%. a@-b-I% 29. -—29+3xy+4y*, 
— Qrdy3 + 4a2y — By’. 81. 2a-3h+4e. 
= rt Oy 83, 32 -2Qy-4. 
6 -_ ee 

= Ot eh, %. <a-+b- 

zie + gan gt~ 5b 


2 So 


12. 
15. 
18. 


ANSWERS, 
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VI. b. Pace 42. 


w+2. 2. «w-4. 
38x+1. 6. «+5. 
ov+1. 10. «+11. 
30+ 7. 14, 30-7. 
4a + 3x. 18. 5a-—x. 
6x + By. 22. 8x+3y. 
9x? + 9x2 +5. 
34+3a+a?, 

Vic 
zw — 4, 2 y+. 
@-ae+l 6 a®—3a+1; 


2u?+e-—-1; rem. 3x+4. 

x? — 324+ 2x —1. 

Ty? +5y-3; rem. — 39y +27. 
5-7Tm—mé’, 

w?-24+3; rem. 3lx-15. 
Ta? + Say + Qy?, 

xe+u-y. 


3. a-—6, 4. a-24, 
To oes 8. eth 
uD. “2-5. 12. 3e+1. 
15: s%—6. 16. 40-7, 
19. 3a+4e. 20. 3a—5c. 
238. wtlda. 24. 4da2-x, 
26. 2a?-5a+3., 
28. 8 - 362+ 5422 — 2723. 
Pace 44, 
3. 23: 4, 2a?-3a. 
rem. a—6. 7 a'+3a+2. 


9. vw -— 9x? +4), 


11. 10x?-3x2-12; rem. 7x— 45. 
ES; (Qh =— 54-2) 

15. 2+52+6. 

1% = 12+8x+2?, 

19. x*-xy+y?; rem. x, 

21. a®+a7b3+b8, 


a" — Sy + acty? — x3y4+ ary — 9/7, 
a6 fe Darcy? = 3xctyt = 6x°7/8 ae Qa 4b 4xy} Je y. 


a?+2ab+b?+a+b+1. 


25. x — wy + xy — 2, 


a9 + a8b? + abt + a4)8 + 0758 + 9, 


a8 — 2a%h? + 3a4ht — 2a2h8 + 8, 


ja Bax+ Oxv?, 
OI eee gee 
on Ee eg. 
6 pre 
noe 

VIL. 2 
a+b—-e. 22 O: 
— 2a — 4b - 2e, 
x-Y. 9. 2a—2b. 
2a—b-d, 13. -38c+4y,. 
— 5x. 16. —25x%+2y 
Die = Pe 19) 2a: 


28. 1l+a+a?+2Q%w -2ax-+ 4x2. 
] ] 1 
S08 =47 = — 
Gr rG.” 16 
3 ] 2 
Qe Sea, 
3 ge q% 3 
4 1 9 8] 
344 0 2 Gh a Sie a tPA Cee 8 
5% + yee + eee + 79g 02". 
Pacer 47, 
3. a+3b-4c. 4 3a-b-c. 
6. -a+b-ce. tT O— 
10. -2e-5y. 11. x-a. 
14. —2x+2y+ 6z. 
17. llz-36y. 
20. a: 
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VII: b. Pace 48. 


1. sa A: a 3. 6a+2b-2Qc - 2d. 
4. 2x -3y+412z. 5. 0. 6. 2la+b. 
7. 2b+4c. 8. —a?+8b?-9c?. 9. —2a4-6b+2c—- 2d. 
10. 4da+b-+e. 11. —50c. 12. —lla-2b. 
13. -a+b+5c. 14. -2a+10b-lle. 15. -227a+216)+ 84. 
16. 2a-12c+84d. 17. 3a+42. 18. -—10a. 
19, 4a. 20. . 0. 21. pa — 2b. 
22. 12” -30y. 23. a- Bs + xe 24. 0. 


VII. c. Pace 50. 


(a +2) a4 + (b — 5)? + (2b —3)a+5. 

(5a — b) a3 +- (3b — 4) 22+ (c -2)x+ab—-7. 
(9a —'7) x3 +- (5a — 3) x? +(7 —2c)a+2. 
(2c — a?) 25 + (1 — 8b) at + (4d — 3ab) a. 

— (a? +b) at — (2b — 5) a8 - (38 -—a@) 2”. 

— (ab — 7) a5 — (abe —'7) x3 — (8c? - 5a) a. 
—(c—a?)a* — (b+ 5 -a) x. 

—(a+e+7 — 3b?) x4 — (b+5c?) x. 

(a — b)a* — (b+ 2c)? -(b+c+4+d)x. 
(5a + 4c) a3 +- (3a — 6b + 7c) x? + (2a —'7b) x, 
(Ba + 2c) ar* + (a + 8b) a? — (Sa +9b)a. 
(6b +1) a> — (a+ 2b) a4 — (2a + 8c) a. 

(a +-b)a3 -(a+b)a®+(a-b)a. 


VII. d. Pagar 51. 


(a@ ~c) a3 +'(b +c) a? — (2c +1). 

(1 —b)aF + (a4 1)a?+(b-1)a-. 

(a? — 5a + 2)az? + (2a — b)a® — (a 4-5) a. 
(a-p+1)a?+(b4+q4+2)e-c-7r+3. 
(p+q-l)a+(p+q)a*-(pt+q)x+q. 
aca? + (Qa + be) a + (2b +c) a 4-2. 

aca} — (2a + be) a? 4- (8a 4+-2b)a — 3b. 
apx + (aq — bp) a — (bq +-ep)x - eq. 
Qha:3 — (3b — Qc) a*® — (b+ 8c)a -c. 

ax? — (a 4+- 2b) a? 4+- (2b + 3c) 7 — 8c. 


‘ 


SLA Se Sr 


BRP 
PS > 


Sear aaroeonrh 


= 
S 


12. 
13. 


ANSWERS. 


apx  — (2a + 3p)? + (6 -ag)x+3q. 
x — (a? + 2b) a+ (2ac + b?) x? - 7. 
a8 + (6a — 1) a+ (9 — 2b)? — b? 


x8 — (a? + 2b) a + (Qac +b? + 2d) xt — (2bd +c?) x? + a2. 


3. 
2. 
Qa. 
1 20. 
a RAOR 
8 
4%. 32. 
5. 


ROS Ee Or at 
<) 
a 


20. 2 
13. 8 
3) 14. 
uh 20. 
3) 26. 


oF 


Bo Sees 


VEER. (1). 
Sera: 
9). ae): 

ay, Bt 
a1 6B 
8 
Oils =e 
2) 
VIET 
Shy Pi 
Lis): 
155 sO: 
ieee 
Dit, 13%, 
33. 4. 
89. 1. 
VIII 
3. 3s 
i ea 
qs), (Gy 
21. 37. 
Th 
7 
Sor. 


PAGE 54. 

4: 6: 5. 
OR ais ial. 
16: 5, lg 
yyy Al 23. 


28. 113. 29. 


PaGeE 55. 

4. 4, 5. 
i), Se ab 
16. 30. aly fe 
QO a2 23. 
98. 3 29. 
34. 4. 35. 
40. 2 

Paae 58. 

4: 6. 5 
Lon 4: ala 
WG}, LIC). ales 
20 13 23 
28. — 5t. 29. 
$4. 12. 35 


Lo 


ee) 
tol = 


OP S| 


bol 


= 
i) 


pe ae eek 


24. 


30. 
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Poe PP oe 


13. 


19. 


14. 


18. 


ALGEBRA. 
VIII. c, Pace 60. 
9% 2 6. 8. 10,» Sey SES» eae. 
3 4 3 4 2 
- 12. = = ie a ge _ -—— 
8 8 9 1 10. 4 ibs 5 12. 3] 
ly. 14 -- 15. 12. 16 12 17%. 3%. 18 2b 
5 9 3 
= 20. 1¢. 21, -. 
il > 7 
IX. a. Page 62. 
y - 2. 2 e 3. 5b 4. 3d-2c. 
ke tee 7, ©. 8. 20-c. 
a 
54 10, 800. 1, @+1l. 12. c-20. 
6 w 
90 - ax. 14. x-30. 15. 20. 16, 2a. 
36 — 2. 18. x+a. 19. Sedays. 20. 4. 
- 22. . 23. ay miles. 24. t miles. 
me a6. 120 pours. 27. 5p. as, 44, 
‘a we x 
5a + 2b. 30. 400-2. 31. 240a+12b-c. 
a6. 88. 0. 84. 40x. 85. 20a+2b-—c. 
100 13x 
a 37. as 88. 100-x-y-z. 
2402 +12y +z - 30. 40. 2y+2z-2. 


IX. b. Paar 65. 


x, +1, +2, %+3. 
2-2, x-1, x, +1, ©+2. 


6n +3. 7. w-a-—b miles. 


Qa+5. 11. maety. 


ax as 

—<—~ 15. a 

20 . 2 
a pr 
— 19. —. 
9 2 


2 y-2, y-l, y. 
5. 
9. 
13. 


Qn +2. 
n(a+b), 
6x. 


ery? : 


at. 


21. 


Qa -1. 
x+y +5. 
£10be. 


Bary. 


22. 


26. 


31. 
34. 
36. 


Sot 2) BS 


pb © tb tb H Ht 
ale i) 


13. 
16. 
18. 
21. 
23. 
25. 


ANSWERS. 463 


p22, ag, Be Pe pours, a) 
a 5 re 24 50 hours 25 gb 
lb5ay Yy 7] 100p 
ee 27%. =e 7S. A ee ._ —. he. 
si 7 rs days. 28 y 29 ior 30 “a 
p(p-1)(p-2)=y. 32 ‘Gn=a: 33. pq=5(a—-b). 
pam tnt 10. 35. at+u+5=2(a+5); 35; 24. 


20(p - x) =3(q +202). 37%. p-5=7(q—-5). 


EX. c¢, PAGH,/68;. 
@) S728. ftus (tt) WGites (ii) 6*ch. < lks. 
(i) 50 cu. ft.; (ii) 44 cu. ft.; (iii) 5 
(i) 49; (ii) 1 hr. 20 min.; (iii) ae 
(i) 144-9 ft.; (ii) 5 secs. 
22, in., $8°5 sq. in.; 11 ft.,.9°625.sq. ft. 
(i) 24°64 sq.°in.; (ii) 1 ft. 9 in. 
(i) 2(a+y) ft.; (ii) wy sq. ft.; (iii) 22(~+y) sq. ft. 


59 ft. 10 in.; 210 sq. ft.; 718 sq. ft. 9. 10 ft. 6 in. 
(i)22 sq. em.; Gi)sS6 sq.in. He Ldbin. 12. 27 sq: ft, 
328. 14) «15: 15. ao. 16. (i) and (iii). 
(i) VAs (ii) 24; ae 40; (iv) 1°6. 

(i) "7854; (ii) 96-6; (iii) 294. 22. 40. 23. 12. 
(i) 9780; (ii) 1; (iii) 12; (iv) —40°d. 


4,52, 64,725 9E,.10. 


Mo da AGH 71 


NF Dalian: 35 io: 4, 20 miles. 
15, 43. 6. 162. (oe ay 8. 50) 55. 
Die oe Ol Ohman oy vale ay toy 125 S20! 

5. 7 14. 60, 61. 15.7 1G), 3; 

A £100, B £130, C £150. 17. 53 florins, 71 shillings. 

Silk 6s., Linen 1s. 19. 48, 12. 20. 65, 40. 

60, 10. 22. 20 half-crowns, 5 crowns, 10 shillings. 
25, 5. 24. 123 runs, 10 byes, 5 wides. 


15 ft., 12 ft. 26. 18 ft., 10 ft. 
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2 oe 


12. 
14, 
16. 


13. 
Lt 


In 


= 2 


13. 


17. 


ALGEBRA. 
X. b. Pace 73. 
54, 2. QA. $s. 60. 4. 36. 
75. 6. 24, 25. 7. 224, 252. 8. 49, 50. 
50, 51, 52. 10, £38. i, 37. 
90 Port, 150 Claret. 13. A £450, B £180, C £140. 
A £525, B £600, C £160. 15. £49. 
12 ft., 18 Lt, 17. £12000. 18, 44. 
XI. a. Pace 74. 
2ab. OE sick S., Buys, 4 abe. 
5ab. 6. 3xy%z. 7, Bee. 8. Tab*c’, 
Bayz? 10. ax. i” 7a. 12. l7abe. 
xy. 14. 8a7h*c?. 15. 25xy,. 16. bx. 
5atb3c2. 18. abe. 
XI. b. Pace 75. 
examples 19-29 the H.C.F. stands first ; the L.C.M. second. 
2a*be. ~ 2. ayer. &.  1dastys. 4 20a*b*c3, 
15atbe°, 6. 2d4abaxy. Tee ADC; 8. abi? 
12abe. 10. 12ayz. WL. 1QaPy%*, 012. 42a%b8 
abc. 14. 30a?b?c?. 15. 12e;*7/4. 16. 56aty?, 
210a*b%c3, 18. 264atb‘c’. 19. ac, 12abe. 20. Qy, 12xyz. 
be, 9ab?e. 22. l3a%bc, 39a%bc®. 28. l7ay, 5la*y2?, 
Sxy*z, T5a5y%2?, 25. b, 30abc. 26. 17m®p*, 5lm4nips. 
yf, wyts. 28. 5p”, 60m2p%q*. 29. 36k*mnt, 216/°m3n', 
XII. a. Pace 76. 
l a Qy 1 
ems p See . / 
2b 4) : 5x . 5ab 
22 3a 827 2a? 
at : =  . eo 
xy 5e 422 3he 
4n 5m*p? c 3xz 
=——. 10, ——*-. . mes : —-. 
5mp 64 ” a*h = 5y* 
y2 wu wv oo 2np* 
Qu" "Zo?" a mp* 7 “3m 
3a 38 2p*m? Qayz 
bpeomene p | 19) =; ; = 
5ay* dale . 3k as 3 


ee 


La, 


TE. 


14. 


21. 


25. 


Qcd? 
3) 


4a, y 


2a 


ad, be, 2bd 


bd 
3k, 2p 
62 
2y, 3x 
cy 
Sac, 3ab 
10be 


10. 


15. 


ANSWERS. 


Se Ds PAGE 77; 


a Qaar2z? 14)? 
ay 3. : 4. See 
be be 1d5c3y 
Imnp | 7, A00x 
Al: ' BaP 441y3 
r 2 Bae 
ei u, 1. re, 2 i a 
4a 407¢ Sbhdx 
9b7¢z" : pq°y 2 
= ~~ 6. 2S; ie : S 
Aaty 10a? BB, 
SII. c. Page 78. 
= 4x, Rees 3, ue. 2b 
ou7y 2be 
Bac, b? g, om, 4p 
3be * ~90n ~ 
2 72 . 
8. 2m, nr a2, b k 10, % b 
62 abe hid 
12. cy", Bary. 13, 4x07, 97/2 
xy xy 
9ac, 5b? 18, 3ab, a? 
Ot sae 16. z ee 
2lbe 9a 
XE. ad; Pach, 79. 
y a 2a? 15 
Oe Sta6 Se ear 4s ees. 
20 12 3a 
3a —2b 7 3m —2n 8 Qn — Bn 
12 ; 24 i 15 
3a +b 3p - 4 15m — 1 
107 == ual as 12 . 
39 48 36 
9x x 6a —4b 
heer Ose g6 16:0 Se 
20 4 15 
5a Tx 5a 
13, == ae 20 
24 a 18 4. 
og, Lia, 93, OX=2Y = gg, Ou + 2ay 
24 ab 3ab 
ary Aa 2: 3 3 
26, t2rY¥ a7. & : 3h 23, % eae 
ra 3a a 
Sie cases ogee ak 
Qu? p? 
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10. 
13. 


ALGEBRA. 


Miscellaneous Examples II. Pace 80. 

3. 
1 

6. (1).53 (2) -3. 

9. 

(1) a?+14a—51; (2) 24a*- 55a —-24. 


5. 


3a? + 7x - 8. 2. 
a+b? +c, 

x? + 2% — 3. 8. 
4u?-6x-1. itil 

l 
(Q)zs @)1. 48. 
16a? + 2ab. 16. 
29a. 18. 
6a + 2c — 2d. 21. 
1935. 24. 
3x - 9. 27. 
3y — 9y? + 2y — 1. 30. 
14. 32. 
ap+ 


ap + bq miles ; 


Cc 


132. 
x2 —lla—-10. 
—4a+5b, 


—ab. 


14, 


x> + 4ar4 + 482 — 32. 


(1) —2; (2) 41. 
Qa® — a? — ae, 

4, 

0. 
A £800, B £320. 
6m4 — 96. 


(1) 7 (2) Txt. 86. 4320. 


19. 


22. 
25. 
28. 


33. 


XIII. a. Pace 86. 


. we 3, y= di 
Big) lee 

% Ba"), v=s; 
iis. a= 1, y=8. 
aa, B= 10, PHO 
i tab, 7=8. 
20. w=), 7==-19, 


XITE. b, Pact 87. 


s=10, y= 6. 
ee45, 735. 
@=14, y=16., 
ca. 7, y= B. 
%=19, y= 8. 
e218, y= 7. 


20. 


bx. 


2. 
5 


3p8 — 5p? + 2p. 
Ae 


4m —5n. 
(1) -15; (2) 4. 
2-2. 


3. @=2, 7= 
6. 2=8, Y= 
o%. =o, g= 
12. weal, y= 
Ls v=o) g=l 
18, #=6, y= 
a. 2=1, 7= 
3=18, g=12, 
x=51, v=. 
v=-2 y= 4 
ve}, ye 4 
w=12, y=-4 


b . : 
7 hours. Numerically, 55 miles; 5 hours. 


~ 


ge a 


ult 
13. 


13. 
15, 


So Ne Pees 
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XITI. c. Pace 90. 


|) A 2 e282, y= 4, 221 
G=2, y= 3, a=) 2. ss ai. Za tees, 
Oya 2 Se 6. Peewee, ee ol 
pan, = Go 33 fe 8. mS y= ee a es 
BO, y= — 2; = 0, 10: ge 4, g=-—37="2, 
e=8 y=10; 2a 12. B="3; 73/9, . z=). 
“=6, y= 8, z= 5 14 ae y= 2 es 2 
Si =e ae oo area 
Ose, | a ee 16y G35) 3 eo: 
XIII. d. Pace 92. 
Soy oe See oe teh By eS pat 
1 l 7 _ pe 
oa Y= 7 Gea 0 6 T= Yor 
9 S 4 2 3 
e=2, y= —3. Ch P25), Wath 9 a ye 
1 1 ] 1 
7 — 95 —— —— =~, y=> 
Che ee) pt ge Ws 12s at a Y=% 
1 1 1 1 1 1 
iat y=» ail 14, vee Y 19) sae 55 
Gos Y= — 2, 2—1 


XIV. Pacer 95. 


VP) MID 2. 90, 18: Seo eelie 4) 085 Zor 
23, 17. 6. Tea 3s. 4d., Sugar 4d. 7. Horse £23, Cow £16. 
A £140, B£60, C£LT0, D£20. 9. A£99, BL115, C £33, D £23. 


A 36 years, B 14 years. 11. A 55 years, B 21 years. 

A 5 miles, B 4 miles. 13, C 34 miles, D 4} miles. 

13 15 2 3 

eat TOR ee 6 ae lh =: 185 235 32; 
25 26 15 14 ne 
85, 58. 20. 27. ae. 72. 22. £5. 11s. 


8 white, 12 black. 24. 850. 25. Man 2s. 6d., Boy ls. 6d. 
20 Ibs., 40 lbs. 27. l5 miles. 28. 8 hours. 

6 miles, 3 miles an hour. $0; 10s... Us; 6d. 

£500. 32. 3 miles, 4> miles an hour. 
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XV. a. Pace 99. 


9a°b8, g: “akc? 3. 49a°b'. 4 Lb, 
16a8)'x4, 6. 2bar47/29. Ue kei es S:. ‘Oot, 
4 4x4 16 
he , edhe, iO ee ia ew 
l6x?y 10 5% iD 11 oy Oty? 
4907)? 9ath® 1 
- A, Sy = 16. 4x, 

9 4 16eP2F i 4u°y? wid 
25a7)8 1 9a) ° 
Ses 18. 169c}25 19. ——. 20. ——.- 
dar*y? “ l6a® 2526 
8ab®, Oo Dae. 28. 64x)2. 24. -—27a*’. 
—125a7b8 = 26. — B98. 27. -—216a}8, 28. —8a?c8, 
ns ee i =) 32. —-—a”. 
ys 30 To5a5 31. 3438a%y 5 a 
Slab, 34. ala, 35. —S32xI5y5, 36, — 
243% 2562 » ot 642-50 
——° 38. : 89. - : 40. ——.. 
32y5 6561y5 2187 72904 


XV. bd. Paae 101. 


a® + 6ab + 9b. 2 a®-Gab+ 9b. 3. x? - 10xy + 25y?. 
4xu°+12xy+9y% 5. 9e?- Gry +y?. 6. 9x? + B0xy + 25y?. 
Sli? — 36ay+4y?. 8. 25a7l?-10abe+c2. 9. pq? - Qnqr +r. 
x — Qabex + a*b*c*, 11. . a®x? + 4dabay + 4b*%y?. 

xt — 24? 4-1, 13. a?+b?+ 0c? -2ab-2ac+2Qbe. 


a? +b? +0? 4+ 2ab-2ac-2he. 15. a®+4b?+¢?+4ab+2ac + dhe, 
4a? + 9b? + 16c? — 12ab + 16ac — 24be. 

at + 8 + 28 — DQoe2y/? — Daz? 4. Dyj2z?, 

ery? 4- yz? 4-222? + Qary?s + QaPyz + Qryz*. 

9p? + 4q? + 1672 — 12pq + 24pr — 16 qr. 

at — Qa 4+- 3x? - Qa +1. 21. 4a4+4 1205 + 522-62 +1. 

x? + 4? + a? +b? — Quy + 2aax - Qha - 2ay + Qhy — Qab. 

dc? + 97? + a? +- 4b? + 12xy + 4ax - Sha + bay — 12by — 4ab. 

m? +n? +p? +g? -2mn — 2mp — 2mq + Wp + 2ng + Bq. 


a? c ac ae 9 
ia iat rok Sth Ay at epee = 
4 +4b +36 Qab + 4 be. 26 9 + 9b +7 Qab —-a+9b. 
dat 4a 9 
Ot: ee = ae Bt = By 4 
7 9 3 +32 Bu+7 
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av. ¢. Page 101. 


x3 + 8aa? + 3a%x + a8, 2. x -3ax? + 8a%r - a3. 
— 6x°y + 12xy* -— 8y%. 4. 8x°+ 12x77 + Gry? + 7°. 
27203 — 135.x7y + 225ay? - 125y°. 6. a8b?+ 3a%b?c + Babe? +c. 
8a%b — 36a7b?c + 54abc? - 27c®. 8. = 125a® —'75a*be + L5ab2c? — b%c3. 
x8 + 12Qar4/? + 482°y4 + 64y9. 
10. 642° — 24024? + 300x724 — 1255. 
11. 8a — 36a5b? + 54a°b4 — 2758, 
12. 1255 — ‘wuka 2 ae ~ 64y"2, 


ON a Bae 


2 
— On2 2_ 855 eae 2 
13. a> -—2a b+ Sab a7° 14. oe +30 +4a+8. 
] 
Soon ee 4 i 3 2 3 
15. ae a + Quct — 27 x3. 16. a16¢% + Gu + 2ax + 823, 


VE. a. Pach 103: 


f. 62a. 2. 32%y. 3. 50775. 4, darlic®. ~ Ge 1Oau= 
SG 10x Ta cl Detree 8. arenes. peter al): & 
8h+ Tae 1826 Sa? 16ay? 
A sae ig, we? ts: ie 1a, sey ae ETD! as, 
4 5 137° 60° \7p" 
220710 
16. ee he. oad, 18. Zarb 19) ‘Aayet W205” = fare’: 
9a°y? ‘ 
4p /3 Dx3 en) y , 
ee ap, 2 ag, | Dae py TOM Ge Me 
5 9y° 6x7y> 4y7t 
26. 27/°, a7. Deyt 98. .oa°b, ~29. 2ax®.” 80, Say. 
2; an aa 
81. oy 88. Se BB 


XVI. b. Pace 106. 


1. ©+2y. 2. 3a+2b. S$. -w-—dy. 4 2x -3y. 
5B. Ox+y. 6. 5x-3y. Ree a &  L—ay 
9. a?-atl. 10. 2u?-3”+5. 11, 327—Q7—-1. 
12, 2?-2u+1. 13. 2a?+a-2. 14. 11-5442". 
15. 20+ 3y—5z. 16.  4a°+2a4— 2%, 1%. 0 = Tee 7 
18, 5x?-3ax+ 4a’. 19. 2x?+ 4? — 32?, 20. ab—2ac+3be. 
21. 2a?+0?- 3c? 22. 2x*—- xy +3y". 23: 3a?-—504-7. 
24. 1-2v+32?- 42°, 25. ax —2bx?4- 3c. 


B.A. AI 
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13. 


16. 


10. 
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ALGEBRA. 
XVI. c. Page 107. 
2 x 4 ’ x 
5 ~ 3. 2 it 3 BtY: 4 —4+5. 5 yy 
AY ys 8x ot Sap a a 
Co tee ee oa tl oe 
a 1 ee. a 7 1 
uw +U—5:- 11 a “5 ree 12. a? — 3a +5. 
a a 2 1 a8 
eo xe ren pate SoS 5 oes 
aS 7 14. 2 Brz 15 5) oa 
3a_1, 2x 22 oe 
are Gen 17. 4m tant. 18, 26 aa dey 
XVI. d. Pace 110. 
a+. 2 2+2. 3. ax-y’. 
2Qm-1. 5. 4a-3b. 6. 1l+a+a2%. 
1-24 +322: 8. a+2b—e. 9. 2a®-3a+]1. 
y?-yt+l. 11. 222+ -3. 12. 3x? - 2xa+3a*. 
3x2 -a-1. 14. x? -Qey+4y?. 15. 3a°-a2+6. 
XVI. e. Pace 111. 
x ® 49, 5 
3 U5 2. i oS.” 2h 3 
3x 3 nF Ss 
ees a — — Qa? 
i 7 = 6 2y 
=O an, a. Sota, gS gee 
y z 3 oo) a x 
I Dx 
ge pas en oe Mis. Seger ee, 
x a b a yw 
XVII. a. Pacer 112. 
a(a?— x), & a(”—1). 8. 2a(1-a). 4 a(a—Db?). 
p(7p +1). 6. 2xu(4-—2). 7. BSax(l-a%x). 
a7(3 +25). 9% wx(x+y). 10. a(a-y). 
5a (1 - 5xy). 12. 5(34-5x?), 13. 16a:(1 + 4ary), 
15a®(1 - 15a). 15. 27(2- 3x). 16. 5ar3(2—- fay). 
2 (3a? — 2 +1). 18. 2x3(34+ar4+2u%), 8919. a(a®-ay+y?). 


3a? (a? — ah + 2h). 
Bx (Qa? — Bary +47"). 
7a(1 —a®+ 2a), 


21. Qry*(ay — Bx +). 
23, ‘5a (2? — 2a? - Ba), 


25. 19a%a*(Qv3+ 3a), 


( 
( 
. (a+b) (x? +2). 
( 
( 
( 


( 

( 

( 

( 

( ) 

( ) 
. (2@+17 

( ; 

(a 

( 

( 

( 

( 


(a+b)(a+c). 
(a@+3)(a+c). 
(5+ b)(@+b). 
(p+4q)(r-8). 
2xe+y)(a+b). 
wz —2y)(m— 1). 


Ba + 5)(v? +1). 
a+ be) (xy —2). 
ax+by)(max—ny). 


x 
x 


. 
_ 


a+ 


we 


(a+ 
(a — 
(a — 
(x — 
(x — 
ev+ 

we 
a+15). 


a—7b). 


pa 


CE en pee 


m — 
xu? +1) (2? 
an 
a—5bx)(a—15bx). 


( 
. (x?+81)(x?+81). 
. (12-2)(11—-2). 
. (18-xa)(11-aa). 


os = % on). 


XViF. b. PaAaE iis. 


2. 
5. 


XVII. c. 


XVEL. da Pace We: 


~ (Oe 


) 
Geb) 
) 


. («-5d) 
. (x-6) 
é ae 
. (a@-19 
: (+27 +2). 

. (a@+2b)(a+3b). 

. (x—lly)(a%— ley 


ANSWERS. 


(a—c)(a+b). 
(2+¢)(*+c). 
(a-y)(b-y). 
x) (m—2). 
(8a —b)(w-y). 


- (ax - 3by)(x-y). 


(~—3)(x—-y). 


~ (w+1)(a34 2). 


(F2E9 (0). 


. (a-—b-c)(x-y). 


(a+1)(a+1) 
(7 — 6). 
(7+6)(e+7). 
x — 16). 
x —13). 
eee 


( 
( 
)( 
)(a—9). 
)( 


. (wy +17)(ey+17 
. (w+ 13y)(x+30y 


y)- 

(02+ 24?) (22+ Ty?). 
) ). 

). 


a) (3 — 2). 


(4— 
. (S+a)(11 +2). 
( 


17 —x?)(12 —x?). 


Page 115. 


( 
( 
. (a- 
( 
( 
( 
a (PHBA 


eye tlhe 
. (2x+ 3y) (ax — by). 


( 
( 
. (a—2b)(a—27b). 
( 
( 
( 
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ac+d)(ac+b). 
x Sate 
b)(é 
x -—a)( 
2a+y)(8%—a). 


xw+my)(x— 4y). 
(v3 + 2), 


(a+b) (ax + by+c): 


. (a+3)(a+4). 

. (x—7) (x8). 

. (%-10)(#—11). 

. (%+6) (+15). 

. (7-3) (a - a 

- (x ~13)(2 — 8). 

. (a—16)(a—16). 

. (a-19)(a-19). 

. (m- 5n)(m—8n). 
. (x—138y)(a —138y). 


3) (xy — 13). 
ab? +25) (a2b?+12). 


xy — 


5+2)(4+2). 
26+ xy) (5+ xy). 
27 +2) (8 +2), 


(a+5)(a-17). 20. 


(a+12y)(2-—5y). 23. 


(a+14y)(a-—ldy). 26. 


(%+26)(a-10). 29. 


(a? +7b2) (a2 - 8b). 32. 


(ab + 2c) (ab — 5c). 

(a+ 9ay) (a -—27.2y). 
(a? + 1la?) (2? — 12a). 
(x? +30) (a°-29). 41. 
(1l+a)(10—-a). 44 
(5+ay)(13—ay). 47. 


XVII. e. Pace 119. 
(a+1)(2a+1). 2. (x+1)(8a+Q). 8. 
(7+ 3)(3x+4 1). 5. (w+4)(2e+41). 6. 
(@ +2) (2a +3). 8. (%+5)(27+1), 9. 
(2+ 2)(5a+1).. 11. (x+2)(2¢-1). 12, 


(a +3) (4a —1). 14. 
(2a+1)(x-1). ity 
(a +6) (8 — 5). 20. 
(32 +4) («+ 1). 28. 
(2% +7) (3x — 2). 26. 
(400 —'7) (x +2). 29. 
(a +5) (40+ 3). 32. 
(3a — 2y) (4a -—5y). 35. 
(12a+5)(2-3). 38. 
(Sx+y)(8x%-—4y). 41. 
(24+3x%)(8-2xr). 44. 
(7 + 3a) (1-+ 2). 47. 
(5+4a)(4-52)., 50. 


ALGEBRA. 


(a+8)(a-19). 21. 
(w+7a)(7-6a), 24. 
(2+23)(a@—5). 27. 
(a+2)(a-138). 380. 
(a?+3)(”?-17). 33. 


35. (a+14b2%)(a—-2bex). 
37. (x? + 25a?) (2? — 12a). 
(a? + 21a?) (a? - 2207), 


39. 
(l+a)(2-«). 42. 
(20+2)(19-—2). 45. 
(14+x)(7-2). 48. 


(#+5)(8a—-1), 15. 
(% + 3) (8a — 2), 18. 
(2e+3)(82—-1). 21, 


(% +7) (3a: +2), 24, 


(a —7) (3x +2), 27. 
(e-2)(8%-7). 30. 
(2a+y)(w-By). 33. 
(15a - 1) (a 4-15). 36. 
(12x -'7)(2ve+3). 39. 
(2+ 2)(1 - 22), 42. 
(4+38x)(1-2x). 48. 
(6-2)(3-5x). 48. 


(8 — 9a) (3 + 82). 


XVII. f. Pacer 120. 


(x +2) (x -—2). 2. 
(c+ 12)(c — 12). 5. 
(114+) (11-2). 8. 


(y+5x)(y-5a). 11, 
(6p +7q)(6p -7q). 14. 
(l+5x)(1-5x), 17, 


(a+9)(a—-9). 


3. 
(8+a)(8—a). 6. 
9 


(20 +a) (20 - a). 


(6x + 5b) (6a-5b). 12, 
(Qk+1)(Qk-1). 18. 
(a+2b)(a-2b). 18. 


(xy +3)(xy-8). 
(x + 3y) (x — 35y). 
(2+ 4y) (a —24y). 
(ay +24) (ay —10). 
(y?+ 9.2) (y?—3a:), 


(2+2x)(8—-2). 
(15 + aa) (8 — aw). 
(17 +2)(12-<2). 


(x 4+ 2) (2a +1). 
(a + 2) (8a +2). 
(a + 3) (3a +2). 
(2% + 1)(3a: — 2). 
(7 +8) (2a —-1). 
(a: +4) (2a — 7). 
(8x + 1) (2a - 3). 
(2a + 5) (a —- 3). 
(8a — 5) (2a: - 7). 
(x +13) (8a 42). 
(2x —'7) (40-5). 
(15a: — 2) (a — 5). 
(Sa — 9) (9a - 8). 
(3 —ax) (1442). 
(1+ 7x) (5 — 32). 
(4+ 5a) (2-2). 


q 
f 
| 
(y+10)(y-10). 
(7+¢)(7-c). f 
(a + 8a)(2% - 8a). | 
(3a + 1) (8x — 1). | 
(7+10k)(7-10k). 
(3a + y) (8x - y). 


CRT Use ales 


ala Ie 
13. 
15, 
Gs 
19. 
21, 
23. 
24. 
26. 
28. 
29. 


ANSWERS. 


(pq+6)(pq-6). 20. 
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ab + 2cd) (ab —2ed). 


( 
(a72+3)(a?-3). 22. (8a?-+- 11) ( eehess 
(5a +8) (52-8). 24. (9a?+72:*) (9a? — 72a). 
(a? +5)(2°-5). 26. (1+6a*)(1—6a3). 27. (38x?+a)(3x?-a). 
(9a + 5a) (923 — 5a). 29. (xa+'7)(x?a —7). 
(a+ 8x*)(a-823), 31. (ab+327)(ab-3a%). 32. (x?y? +2)(x%y?—2). 
(l+ab)(l-ab). 34 (2+2)(2-2). 35. (8+ 2a)(3 —-2a). 
(3a? + 5b?) (3a? — 5b?). 37. (x? +4b) (a? - 4b), 
(x+5y)(*%-—5y). 39. (1+10b)(1—10b). 40. (5482)(5-S8z2). 


(Lla+ 9a) (1la@ — 92). 
(Sa: + 52) (Sa — 52%). 


(9p72* + 5b) (9p2z3 -- 5d). 
(62:18 + '7a7) (62:18 — 7a7), 
(5x + 4a4) (5a — 4a4), 


1000 x 150 = 150000. 
1000 x 500 = 500000. 
1006 x 500 = 503000. 
2000 x 1446 = 2892000. 
2500 x 1122 = 2805000. 
16264 x 2= 32528. 


XVII. g. 


(a+b+c)(a+b-c). 

(7+ y + 2z) (x+y — 22). 
(a+3b+4ax)(a+3b—- 42). 
(w+5ce4+1)(~a+5ce-1). 
(2% — 3a + 3c) (2% -—3a—- 3c). 
(w+y+z)(w-—y—2). 

(8x + 2a — 3b) (8x — 2a + 3b). 
(c+ 5a — 3b) (c —5a+3)). 
(a-b+au+y)(a-b-x-y). 


(a+b+m—-n)(at+b-—m+n). 


(b-c+a-—2x)(b-—c-—a+2). 


(pq + 8a?) (pq — 8a?). 
44. (7a? + 4y") (7a? —4y?), 
(408 + 3°) (48 — 3y3). 
48. (1+10a*%b?c)(1—10a°b*c). 
50. (abc? + a8) (ab?c3 — x). 
525 2A eee 
54. 658 x 20=13160. 
56. 200x2=400. 
58. 2378 x 900=2140200. 
60. 3000 x 2462=7386000. 
62. 10002 x 10000 = 100020000. 


AGH ile 


2. (a—b+c)(a—b—c). 
(w+ 2y +a)(x+2y—a). 
(w+ 5a+ 3y) (w+ 5a — 3y). 

8. (a-2x+b)(a-—2x—-b). 
(a+b-—c)(a-—b+c). 
(2a+ y —z)(2a-y+z). 

14. (l+a-—b)(l-a+b). 

16. (a+b+c+d)(a+b—c-—d). 

18. (Je+y+1)(7x+y—-1). . 

20. (a-n+b+m)(a-n-—b-—m). 

22. (4a+xa+b+y)(da+x-b-y). 


(a+ 2b + 3x + 4y)(a+2b — 3a —4y). 


(1+ 7a — 3b) (1-7a+ 3b). 
(a —3xa+4y) (a -—3x -4y). 


25. (a-b+a-y)(a-b-2x+y). 
27. (2a—5x+1)(2a—-5x—-1). 


(at+b-—c+x-yt+z)(at+b-c-x+y-2). 


(8a+2b+c+%-2y)(8a+2b-—c-—x+2y). 30. 


y(2e+y). 


ALGEBRA. 
y (2a —-y). 32. (x+5y)(x+y). 33. 472(a+2y). 
(8u+y)(2e+3y). 35. 5y(6a—-5y). 36. (122-—1)(2u+7). 
5a(a +2). 38. (7a+1)(a—-1). 39. 3a(a+2b—2c). 


w(ew-—l4y4+2z). 41. y(2v+y-16). 42. a(4a+a-—6). 
XVII. h. Pace 122. 


(e+y+a)(x+y-a@). 2. (a-b+x)(a—b-2). 
(« — 8a + 4b) (a —- 38a — 4b). 4. (2a+b4+43c)(2a+b—- 3c). 
(wt+a+y)(x+a-y). 6. (at+y+x)(a+y—-—2). 
(x+a+b)(x%-a-—b). 8 (y+co—2x)(y—c+2). 
(l+ae+y)(l—xv-y). 10. (c+x-y)(c—a+y). 


(u+y+2xry)(e+y—Qxy). 12. (a-—2b+3ac)(a—2h - 3ac). 
(e+y+tat+hb)(at+y-a—-b) 14 (a-b+c+d)(a-b-—c-d). 
(@—-2a+b-y)(w-2a—-b+y). 16. (y+b+a+8a)(y+b-—a—- 3x). 
(w-1+a+2b)(a-l1-a-2b). 18. (8a-1+a+4d)(3a—1-a- 4d). 
(v-y+a-—b)(x-y-ath), 20. (a-b+e+d)(a—b-—c-d). 
(2% —3a+¢+h)(2u-8a-—c—hk). 

(a — 5b + 38ba —1)(a — 5b — 3ba +1). 

(a? + 4a? + 5az* — 3) (a? + 4a® — 5a? +3). 

(ar? — a? +- a: - 3) (a? - a? — a 4-38). 

(a? + ab +b?) (a? —ab+b*). 26. (a? + Qay +49") (2?—Qary+4y*), 
(p? + 8pq + 9q") (p? - 8pq+9q"). 28. (c?+cd + 2d?) (c? - cd +2d?). 
(a? + Bary — y*) (2? — Bay — y?). 

(2m? + 3mn + n®) (2m? — 3mn +n), or (4m? — n?) (m? — n®). 


XVII. k. Page 123. 


(w-y) (x? + ay +”). 2. (w+y)(x?-ay+y?). 

(a — 1) (a? +a +1). 4 (1+a)(l-a+a*). 

(2a: - y) (4ax* + Qary +4). 6. (w+ 2y)(x* - Qa + 4y*). 
(3a: + 1) (9a? — 3a: +1). 8. (1 -2y)(1+2y + 47°). 

(ab — c)(a*b? + abe +c?), 10. (2a +3y) (4a? — Gary + 9y?). 
(1 —7x)(1 + 7a +492"). 12. (4+y)(16—-4y+y?%). 

(5 +a) (25 — 5a +a*). 14. (6-a)(386 + 6a+ a®), 

(ab +8) (a2 — 8ab +64). 16. (10y—1)(100y2+ 10y +1). 
(a +- 4) (a? — dary + 167”). 18. (3 — 10a) (9 + 302 + 1002), 
(ab + 6c)(a*h? - Gabe + 36c?), 20. (7 — 2ar)(49 + 14a + 4a*). 

(a + 3b) (a? — 3ab + 9b?). 22, (8a —4y) (9a? + 12xy + 16y*). 
(Sac — 1) (2522 + 5a +1). 24. (6p —7)(36p" + 42p +49). 


(xy + 2) (wy? - aryz +29). 26. (abe —1)(ab%? + abe 4-1). 


ANSWERS. 


(Ta + LOY) (492? — Oxy + 100y?). 
(9a — 4b) (Sla?+ 36ab + 1612). 
(2ab + 52x) (4a7b? — lOaba + 2522). 


(xy — 6z) (x*y? + Bayz + 362"). 31. (2?= 
(4a? + Sy) (1624 — 202?y + 25y?), 33. (Qu 
(6x? — b) (3624 + 62?b + b?). 35. (a 
(a? + 9b) (a4 — 9a2b + 81b?). 8%. (Ga 
(pq — 3x) (pq? + 3pqur+9x). 39. (z- 
(xy — 8) (x?y? + Say + 64). 


3y) (at + 3Ba*y + Dy"). 
— 27) (400? + Qarz? + 24), 
ts (a? — Jab +490?), 


) (40? + 18axry?+81y4), 


Fa (22 + 4zy? + 16y?). 


XVil, i. Pace 124). 


(x —1)(a - 2). 2. (a+2)(a+5). 
(y-—7)(y+3) 5. (c+1)(c+11). 
(rn +2)(n+ 10). 8. (y+10)(y—-1). 
(y+1l)(y-10). 11. (2-15)(z+6). 
(a+9)(a@+9). 14. (b-27)(b+3). 
(a—7)(x—-77). 17. (y+7z)(y +382). 
(2 +8)(2n +3) 20. (p-—8)(p+83) 
(ab — 2) (ab — 2). 23. (ab+8) (ab +2) 
(a +11) (m -- 8). 26. (n—15)(n+3) 
5 


(a—138b)(a+2b). 32. 


( 

(ay — 9) (xy+ 8). 29. (z—5)(z4+4). 
( 

(2? — 13) (22 +6). 35. ( 


mn? (m — 37). 38. 5a°(2+ 5ay). 
(a+b) (a+y). 41. (x+y7)(%—2). 
(2b +1)(b +5). 44, (a —3y) (a —3y). 
(cd +1) (ced —2). 47. (2x+3)(3x%—-1). 


a® +2)(a+1). 50. 2c%d(c—3d+d?). 
)(8y4+1). 53. (2x7 —3)(2x —3). 
pq(4+pq). 56. 2(42-3)(z+2). 
)(2m-1). 59. a®(a--b)(a-3). 


2y -3 
4+ 


i= 


( 

( 

(4+ pq 
(mF +2 
(17 —2) 

(3m3—5)(2mF+9). 65. (38m—-4 


z)(1—2z). 62. once nite 7). 
) (8m — 4). 


(b+4)(b—3). 
(a — 5) (a +1). 
(p -6q)(p + 4q). 


(y2+13)(y2-12). 
(w+ 13y)(x-Ty). 
(y—5)(y+38). 
(3c — 2)(c +1). 
(3a — 1) (a - 3). 
(a —b)(4—c). 
xy(% +9) (2-7). 
(3 + 4) (1 — 3p). 
a(a+7)(a—6). 
(7 +a) (2-2). 
(5x-3y) (2+2y). 
(5+ 9a) (5 — 9a). 
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67. 
69. 
TL. 
73. 
75. 
Ue 
79. 
81. 
83. 
85. 
87. 
89. 
91. 
93. 
95. 
96. 
97. 
98. 
99. 
100. 
102. 
104. 
105. 
106. 
107. 
109. 
111. 
113. 
115. 
117. 
118. 


ALGEBRA. 
(a2? + 8) (a2b? — 3). 68. (3+2)(9-31+7?). 
(1 — 4m) (1+ 4m + 16m?). 70. (k* +51) (2-51). 
(pq-1)(p'q?+pq +1). 72. (22+1)(422-2241). _ 
(1+82)(1 — 82). 74. 2(5p+1)(25p?- 5p +1). 
4(5ab? + 1)(S5ab2 — 1). 76. (9+cd)(81 —9cd + c2d?2). 
(a+x+1)(a+x”-1). 78 (4+b-c)(4—b+¢). 
x (8a + 2y) (Bax -2y). 80. (p—5q)(p+4q). 
U(1—7)(7+6). 82. (abce+9d) (abe - 9d). 
(4a? —3y) (16a4+ 12a? +977). 84. (2-17)(2+19). 
(a? -+17)(a? - 17). 86. (/+17)(/—16). 
(10z — 3) (1002? + 30z+ 9). 88. (a+23)(a-13). 
(a+b+c)(a—b-c). 90. (l+a-3y)(l-—2+3y). 
(2? +9? + 3ay)(x2+y?-B3xry). 92. (a?+a+2)(a?-a+2). 
(b — 29) (b +27). 94. (x+2)(x®-2x+4)(x-2)(2?+2x +4), 


(By + 2x) (9y? — Gay + 4a) (By — Qa) (Dy? + Bay + 4), 

(a4 + 1) (a? + 1)(a+1)(a—-1). 

ab (3a +b) (9a? — 3ab +b?) (8a — b) (9a? + Bab + b?). 

a? (ex + 2y) (a?.v? — Qaay + 4y?) (ax — 2y) (aPa? + Qaay + 4y"), 
(a? + b®) (a4 — a?b? 4- b4) (a +b) (a? — ab +b?) (a — b) (a2 + ab +B). 
(20? + Dayz?) (a2? + Qy®z*), 101. (ab-+8)(a*b? - Sab + 64). 
(2a +-7) (a2 +5). 108. 20y7(5x+y)(5a—-y). 
{(a+b)?+1}(a+b4+1)(a+b-1). 
(c+d—-1){(c+d)?+c+d+1}. 

(l-w+y){l+u-y+(x-y)}. 


(x - 19) (a +13). 108. (a+9)(a-81). 

2{5(a —b) +1} {25(a-b)?-5(a—-b)+1}. 110. Qc? +3). 
Dy (420? + Qay + y"). 112, (x -2y)(«@+2y+1). 

(a —b)(a+b+1). 114. (a+b)(a+b+1). 

(a +b) (a? — ab+b? +1). 116. (4+3b)(a-3b+1). 


(x — y){2 (ax — y) +1} {2(x%-y)-1}. 
xy(et+y)(x-y)(a-y). 
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Miscellaneous Examples III. Pace 126. 


x? — 2x 2. 42a -—40b+30c. 3. aS—cS, 

(12s (2.2 ss, v=: 5. a®+da-—l. 
109 3 3) 

72. ae Pees 
10 8. w+ oe ta 


Qa? — a. 10. (1) (ax —5)(ax+3) ; (2) (2m?+ 9pq) (2m? - Inq). 


(1) e=-2, y=4; (2) w=5, y=-2 12. @ miles. 


pb 
S4art + 25a + 10]. — 30. 14. (1) 7; (2) —lz- 
wt + 14a3 + 27? - 154xe+4 121. 
(1) (w+ 2a) (2b) 5 (2) (w+ 14y) (2? - 4y). 
H.C.F.=7; L.0.M. =3528a°b?c%. 18. £14. 19. 3p. 
(1) m—n=a+ce; (2) 3a7%?+c2®=p(m+n). 
8. 23. 6x7-—ay—-y?. 


Apples 4d. a dozen ; eggs Is, 4d. a score. 
(7—5)(2Qua—3)(a+1). 26. 33. 27. 2x? + 9xy —'Ty?. 
BF. Ys, =O, 


(1) wy(a+2y)(@-2y); (2) (m+n)(m —n) (2m? + 3n?). 


be 5 

— days, 25. 

adi 

XVIII. a. Pace 129. 

a+b. 2 x+y. 3. x(x-y). 4 2x -3y. 
o+y. 6. ab(a—b). 7. a(a—2). 8. a+2m. 
b(a+b). 10. xw-3y. Me. C= 12. 2+y. 
Q2(5a—-1) 14. 3x+2y. 15. xv+l1. 16. (eh): 
(x2 —y). 18. x*+a. 19. «2+2y. 20. 2-3a. 
x+2. 22. «-5. 23. «2-3. 24. «3. 
3x +1. 26. 2-1]. 27. cx+d. 28. x+y. 


x(a—3b). 30. 2x+l1. 31. 2x7(3x7+2). 
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XVIII. b. Paae 133. 


1, a? -3x+2, 2. w—132+5. 8: 2-8 
4. 2° —6, 5. xv? +2e+1. 6. 2+3. 
7. a®—-Qax+2°. 8. «+l. 9. — 304-7 
10, 2a2 7, it; 327-- 1. 12. 227-3. 
18, 327+207. 14. 2?-ax+a?. 15. 2+ 2ax -a*. 
16. 3a%-axv-2e% 17. wy(2u?+ay—-3y"). 18. 2x7a?(2x - 3a). 
19. 2e7(Qe-+17). 20. 6(3a - 5a). 21. 3x?-2Qey+y. 
22. wi+a3-1. 23. 1+a?-at 24. l+a. 
25. «(3+42). 26. 2?-22+1. 27. 2a%-7, 
XIX. a. Pace 137. 
3 b ] 3b%c 
o— 2 =. 3. ‘ er 
z Qh c ax-1 20(a —b) 
Qu - 3y = ] 2 
5. eae 6. 4(2-y). — 7. Sess 8. op 
x—3y EH 3x 5a 
9. —— i. 10, ——: AL, ss DS ices 
x + Bxcy + 9y? +1 x+2 3b 
ay 3(a+ 5) x? -17 x +2Qy 
13, =at 14. » 1 ———. 26, . 
x-2 a-b x? -5 e+ ay +y? 
24 +3 a(a—4) e+7 3+a 
7 al = aE 18. - 19, ———: 20. —— 
i Gab we oe 


aia, b. Pace 180; 


The expression in [ ] is in each case the H.C.F. of the numerator 
and the denominator. 


1. os [a2 +b +02], a 5 3 (aw - 1), 

3. “+5 (ta -1)(a-2)} 4. echt: 3y). 
5. 20+ 9949) 0- b)}. 6. poets teat 
a star < —s [a ~2}. 

9. eee [a +a]. 10. Seat? Y) te-1), 
Ll. (2x -3a)? [(2v+3a)*} 19, 3% - 5 (2x +1} 


ara 


13. 


15. 


fe 


Gl 
13. 
15. 
RG 
19. 
21. 
23. 
25. 
27. 
29. 
30. 
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5x2+2- 6 Qu? + 3x+5 
=. [Qe ah Jee 0? — é 
Te —4 ee ] 35 Qu? + Ba —5 [ear Sater 
3 (xv — 3a) (a — 4a) 9 a(x+8a) - 9 A eo 
Sea saya {w — 2a]. 16. alee Ta) [a? — 18a + 5a]. 
SIX. c. Pace 142. 
i) ab s a-1} 
7" 2. ay s 2% 4. ea’ 
4ar+ 3a, 6 5a —b x+2 et l 
e+2 "(8a —2) ran " £245 
me, Soe 9 ete ea ele Vag? eee 
x-2 24-3 c+ 4xu+7 
2 1 — 72 
b7+3)4+9, 14. ae. =" TG S700) — ere On 
a te 28) 439, 2. 20. 2 
«-1 «w-1 y 
Qu --1 ] a+b—e 
5 fees 4. : 
on a5 22. 23 b 2 ae 
ae Sore To 28. x(2+2). 
x-8 atx n 
x+4 a 
SOs! 31. w rs 
EE) a Gat 4aGEe? 
XX. a. Pace 144. 
xw(a+1). 2 w(t 3). 3, 1LQ27(e+2)F 4. Qiaes-1). 
xw(a+1)(a-1) 6. ab(a+b). 7. xy(2xe+1)(2a—-1). 
6x%(38a—-1). 9. w(a+1)(w~+2). 10. (w+1)(x-1)(x—-2Q). 
(a+ 2)?(a% +3). 12. (a-1)(w—2)(a—4). 
(a — 3)(a@—1)(x+2) 14. (x+5)(a2—4)(a—6). 
(7+ 7) (a —6)(a@—5). 16. (2+1)(~@+2)(2x+1). 
(x +2) (a+ 3) (8a +2). 18. (x+2)(x+3)(5x+1). 
(ar + 2) (a +8) (2a —1). 20. (%+2)(a%—2)(3a —7) 
12a (a@ +2) (2a+1)(4a—7). 22. 62?(2%+'7)(3x+5) (3a - 2). 
20a?y (8 +1)(5e+1)(4a—-1). 24. (a+y) (Qe —Ty) (4a —-5y). 
(a — y) (Ba - Qy) (4a — 5y). 26. 3a? ae a)(2% + 38a)(~+5a). 
Qaxy*(2+3)(4e—-1)(Ba-2). 28. 2°(3 -5ax)?(2Q+ar)*% 


42a4b? (a — b)? (a+b) (a? + ab + 6°). 


mn (m5 —n®)(m — 2). 


31. 8c?(2c — 3d)? (8c* — 27d). 
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XX. b. Pace 146. 
H.C.F. 2-2. L.C.M. (2+1)?(@+2) (a —2)(a”—-8). 


(ax +b) (aa — b) (ba +a). 8. ay(a—a)(y—b)(y—2b). 
H.C.F. x(v+3). L.C.M. a(a—-1)(a2+3)(2a-1). 
(1+2)3(1 — a)? 6. (x—2)(x-4)(a-6). 


H.C.F. 2e+1. L.C.M. (2%+1)(%+1)(%—-1) (8x +2) (3x —-2), 
ab*c?(c+a)?(ce- a)’. 

L.O.M. y?(x—-y)?(a’?+ay+y*). H.C.F. a-y. 

H.C.F. 22-3. L.C.M. (2x -3)(8x- rene 

(x +a)? (a? + aw + a?) (x? - ax +a). 

H.C.F. 3a-y. L.C.M. (8x-y)(a+y)?(x- y)*. 

x1. 14. (a+b)(a—b) (a - 2b) (a? +ab+b?). 
H.C.F. a?+ay. L.C.M. (a®+ xy) (2x + 3y) (2a - 3y). 

H.C.F. (a -3)(e-4). L.C.M. (a -2)(a—-8) (a —4)(w—5). 


a —S8a. 18. 1052°y?(a+y)?(«-y)*. 
XXI. a. Pace 150. 
4(%+1) 2 13(@- 2). 3 252-61 4 172 
5 ; 12 ; ee: 3 
194-201 122? + 28x — 27 3(a+3b) 
a 6. ae . %e 10; 8. ae Si 
6b2c +- 6he? + 8ac® +- 8a%e — 4a%b +- fal? 10 a+ Bax 
l2abe *  Qaa 
5a+31. 12 ath? — bc? + a%ct 13 lla? — 182? - 27% - 16° 
102x ; a*h?¢? j 30a 
ote, ap, Wires. ze, GPUS ewe 
xy? yz abe 
XXI. b. Pace 151. 
_ 245 mS oe en RS 
(a: + 2) (a +3) "(a+ 8) (a +4) * (@-4)(z-5) 
2246) g(a De ig, (ab) ~ Bab, 
(aw — 6) (a +2) " (a+a) (a+b) "(a= a)(x—-b)" 
Se g, 4av . 9, 8%, 
(x +2) (a + 4) " @-2? * gf-d 
6 ax 5a+9 
(e=2)(@ 5)’ a. ao 
e+ 2Qy 14 Bax 15, _40 


4a? — 9y? " g@— 4a? 4a? —b? 


34. 


no. 
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com al ie, ee 
u-y 1-<* xy (2% — y*) 

ae oo. 2 te gi eee T 
25.0" — y* ay (x4 — y/') v(x + 2a) 
eee ee 24, 2b, 
xe? — of a® — 8x8 
4(a—1) 26 xv + a? 
(ac — 2)?(a +2) " aae(a@—a)(a+a)?" 
or. G. PAGE 152: 

P) 2 x wae 6a? 4a? +b? 
ety Gag? — oy? * J —4a3 4a? — 9b? 
1+ Oe e 4a —5 7 0. 12a? ~ 4a + th 
9-a 6 (a? —-1) 3 (4a? — 9) 
2(13%+7) x? +4? li 2 
3 (a? — 4) at oty2+oA ~~" (%—4)(2—6) 
ae 5 13. 2 é 
(a — 2) (a — 3) (a — 4) (a — 1) (2a + 1) (2%+43) 
ae eee rt aoe TE Py 
(2 —1)(2a+1) (8-2) (1 — 2a) (4+ a)(8+ 5a) 

23a 17. wx+2 } 
(1 + 2a) (2+) (5 — 9x) (a +1)(a@+3) 

1 1 3x +2 
2+1° os a+b a (a —2)(a@—1)(@+1) 
‘oe | Bx2t4e—-3 we 
x+2 (a — 1) (@+1) (2a +1) 22+ 1 

a?+11 22+13 
(a — 1) (a: +-2) (+3) (a +38) (+4) (~@—4) 
7» 32a? a7 96.22 
(1 — 2a)?(1+ 2a)" " (8 =27)?(B +22) 

423 72a 1 
81-27 Seen (Coen ae 
a (a? + Qax + 3x2) Be 16x 33, 2(38i+ 17207) 

4 (a+ — x) * 16-27 6 (1 — 1624) 
2a (a? + 32a?) 35 Ja? +45 36 pad 
3 (a4 — 25624)" 67 Ss): ) Waa 

36a4 2 1 
a’ — 6561 oe. x? (x? — 4)" uA (8x — y) (a — 3y) 
Shs eee a1. I 42. 0. Hy ns 
(e-1)(a+1)? lek 
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XXI. d. Page 156. 


«-1l1 1 a+ 3a Qa-a 
™ Souter * peg Ss 
Ta 1 12(2x +1) 

5. 0. 6. ica Ne reat 8. 6 4 
61-216 2 y xz 

oe : 2s. its Ais § 2 2s 

: 12(1 — b?) Ss 3(1—a?) x8 — 6 y 
2 es a b(a+b) 

13 arer 14. Fae i 15. tae 5H" 16. ee 
Qha w+c x-c 

~~ et Popage-y . © Geaiecey 

2Qa 4a% 48a5 

———— ? 21. K Ff ees oe 

ee (x — a) (a — b) we = 4 — at bi (x? ~ a*) (a2? — 9a?) 

fe as a-2x 

24. eg 25. 0. 26. eae 27. ae 

a 2+x%4 322 2(a:2+1) 

Sg aoe) eee  —— 

es (a — b) (a8 +b) : 2(1 — a3) ” w(x" —1) 

dab 

a1. 0, 32. eo 

XXI. e. Pace 159. 
1 0 g, be+ca+abh—a®-?-¢? C4 oP +22 — yz — 2a — wy 
(4 —b)(b—c)(c-a) (2 —y)(y —z)(z — 2) 
2(be + ca + ab - a? — b? — ¢2) 

i : 5. Re i i 

let (a —b)(b-e) (ce -a) aS 

7. 0. ie. 9, 2grtnp tng -~F- 9} 

(p-9)(q-r)(r—p) 

10. 0. st 0; 1a, B(y~2)+q(@—x)+r(a~y) 

(y ~z)(2— a) (a - Y) 
XXII. a. Pace 163. 

5 See g tay p, adtb a tte. 
na —mb y-x dx-—y b-x 
3 a x? — y? c 

as See : ie , ey 
4h c 4 ate ° ac+b 
ad ne pn(ad + be) 

2 ———. HO  mentacacione' uu. —— s —i, 
bd +c nx —m “ bd (pm + ken)’ — 
(2 +3) 2+] _ (2a: 22° + 8) ] 

ia, . LE, a¥cuecieee, 15, " a) 
w+4 x? (a@ +3)  e+2 * © 


ede 


21. 


ive 


20. 


12. 


15. 


ANSWERS. 
2_ 42 4 
le Yom 2 is, 2. Bo, lee 
2 x+y? 2x? - 1 
>) 5 
aA) SE ace ap) es, ga de, 
a—b oe 1 +2 
es xv +2, 2 
at-atl  o¢ iE ae A pa ee 
2a-1 8x (y+ 6) LYZ + NX + MZ 
pe, 2 Bs 
lot Tae ao fe ae 
xv - 4241 me l+ac a 
a5 34. 4, 35. 822-1 36. 22° 
a+x 
SAE. bh. PAae 167. 
cy 2, a? ax, x 3, a 3a 3b 
379” 9x ea S 2 27> OT 20° 
rT 1 Tes all ae foe 
ATE apart 5. ===. Gh Se bee 
bet ca * ab ae a 6.2°3 
2 28 4 
e-—x?+x3—a4; Rem. 2°. 8. earn Rem. ie 
Ga Ghana: a 


1+ 2a 4+92?+ 923; Rem. 227%. 10. 1+a-—2°—2a*; Rem. x°, 
ape ek Rem. Z 12. 14+2%+3z7+427; Rem. 5x4 — 425 

- wc Loe 
oo 9 b?— 3b-—2 
- : 18. 3(a—22)?. 19, == = 
x-4 eee ea b-6 
a — 4b? oy, (2% —8)(2e+7), 

a+3b . 6 
RXTE c, PAcH 168. 

4(c — x) 2 x(e+a) eee 1 ; 
3(a+2) ‘ 2 a? +-ab—2U? 
Say (x? + y*) ; 4oc(2—-2) g ee 

(x? — y?)? * (a —1)(a? +1) 1-28 

1 L-ae+a" 

zea aoe) eee 
22+3 | 10. bata 11. ax? (a* +a?) 
3(x +6) ax+b x+q3 
ee ea es ce), ee 
(a-—x)(a+z)? 32° + 6x? =x -8 a*—y 
2(a+atl) 46, ped ty. dee 
a(a+1)(a+2) 2(3 -— 22) 1-2 


52. 


BB. 
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(Qa —1)(@+1) a-2 
y i (2+2)(”—-1) a. 4c — 52-5 
x a(a? +2) , 
eco 22. ea le ma TE 
l a ] bt 
Qx-—. 26. 5 aT. Sade a 1) 28. aah 
a. 30. 2. a. « 3 oe ee ee 
a+b 7 2 
1. 35. (« . 1)" 36. 1. 37. 1. 
a(e+1) i: eee eee 2 Se 
xv*+4a+1 * (a -4)(a4-1) (32m + 2n) (9m — n?) 
(1+ x)(1+2)(1- 2)? (a —2)(a@+1)? e+y 
1. 45. 1. 46. 1. 47. 0. 
a*+b6?+c?—bc-—ca-—ab 
ee 49. 1, 5b: 1, Bl. ©. 
Qa? + 2%) (a — 28 (x +4) 
2 b. 53, (2 ta")\(a-2) 5g 28(u+4) 
Peal a"x 9(a +3) 
7(%— 4), gf ~& 
ta) 56. «+3. 57. I+a-a’ 58. ~5 
Miscellaneous Examples IV. Pace 172. 
— as a. 6. 3. abe(b-c); -6. 4 7. 5. . 
(1) 232; (2)-20. 7 (1)-19;(2)0 8&8 Lo ®% - " 
(1)-12; (2)1, 4. 1. 1% 82. 18, 98x-Qy; 193. 
(1) 13 (2) 21. 15. (v+9)(@+12). 16. (a-—7)(a+13). 
(7 —8y)(w-12y). 18. (ab—17)(ab+3). 19. c(c+18)(c-12). 


n(m —3n)(m—3n). 
(d? + 5e*) (d + 3c) (d — 3c). 


(m+13)(m+15). 25. 
(x?+16)(a?+11). 28. 
(9 — xy) (8+ ay). 

(p~12q)(p+9q). 33. 
a? (a —9) (2+). 35. 
(a—8c)(a-19c). 38. 


(2+ 3a) (1 — x) (1+2+2° 


21. (p?+7q*)(p* - 89°). 
23. xy (x +6y) (x -7Ty). 
(14—a)(15+a), 26. (19~pq)(34pq). 


(a?4+14)(a®-7). 29. (¢+27)(¢+27). 
81. (a?+ 2a) (a? +72). 

2(a? +12) (a*— 11), 

(be +12)(be-7). 86.. (2+17)(2+17). 


yz(y-7)(y+ 18). 


). 40. (2ab-5)(ab+ 3). 


101. 


106. 


110. 


114, 
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(8p — 4)(8p—4). 42. (5+mn)(7+mn). 48. (17+¢)(7-c). 

x3(2-2)(8-2). 45. (2m+3)(3m-—-1). 46. (2a-5b)(Qa+b). 

nee q)(p- - 48. (da+42)(4a—5z). 49. (2a?+3)(4a?- 5), 
)( 


6(2y -1)(y— 51. (3ab+4)(4ab —3). 
(2a*b — 5) (a 2p 5. 53. (7a +-8y) (38x —2y). 
(9m — 5n) (2m + 3n). 55. (c+a-—b)(c—a+b). 
(a+b-c) (a b+c). 57. (5a + 3y) (25a? -- l5acy + 9y?). 
(ab + 7) (a?b? — Tab +49). 59. (8b -— a*)(64b?+ 8ba? + a4), 
(a+ 2x —2y) (a — 2 +2y). 61. (m+n+1)(m+n—-1). 
2c?(3¢ +d) (c—d). 63. (a*b?-1+a-y)(a7b?-l-x+y). 
(1+2m) (1 — 2m) (1 —2m+4m?)(1+2m +4m?). 
p'(1+10g)(1 — 10g + 10092). 66. (81-+a2)(9+a)(9—a). 
(w?-l+y-—z)(a-l—-y+z). 68. (a+4b-4c)(a—4b+4c). 


(c-—d)(1+2c—2d)(1-2c+2d). 70. (p—4q)(p+4q+4+1). 
2[1+4a+4b][1 —4(a+b)+16(a+b)?]. 
(w+ 3y)(1+2?-B8xy+9y?), 73. (w+y)(x?+y?). 


(cx — d)(ax+b). 75. (7+a)(2-a). 

(14a? + y?) (7c? — y?). 77. (17+a)(3- a). 
(l+m+p)(l-m-—>p). 79. (bx—a)(ax—b), 

(3b —c+4) (3b -—c—4). 81. (c+1)(c?—c+1)(x@+1)(@-1). 
(3a — b)(a+ 2a). 83. (m—n)(m+n+x)(m+n—2). 


(a+b)(c+a—b)(c—a+b). 

(a + 2) (aw?-Qa +4) (2?+1)(a+1)(w-1). 86. (w+1)(%+7) (2a —- 2). 
(2x +5y) (x —3y)(2Qae—5y). 88. 325a3b3(x?—-a? ‘ Bag 

2a? - 9x +9. 90. 22°(a? — 4) (a? - 16). 
H.C.F.=a+b+c, L.C.M.=(a+6+c)(a-—b)(b-c)(c-a). 
at+b-—c. 93. (a—b)?(a+D). 95. (a*—b*)(a+b-2c). 
HeO.B. = (a= 7) (ge= 3), 

L.C.M. = (%—1)(a% -2)(a” —3) (a — 4) (a —5)(x-7). 


1 x-9 6x%+1 
i Oca emeer ene 100, See 
(1 — 2)? (a? — 9) (a —3) (22+ 1)?(2Qa —1) 
2. Oty eS 708, <1, < 10d OR MTOR 
x (1 — x)? 9 
Siege HOME te 108. ab. 109. 2(ac+bd)(ad + be). 
w= Y- 
1 it, x12, (ns * 1. 
% a (8) 
Sl ia, etheeee?), ne) 222) ieee >. is. 1. 


pe 2 
jek 2K 
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XXIII. a. Pace 180. 
ae 4 Pe. | eee ia 5. 20. 
5 
6. 2. “2 aL 8. 0. 2 2% 10. -6%. 
5 E. a 
11. 5. 12. 6. 1. -7 14. -7¢ 16, "Es 
16. -10. 1%. -4, 18 3%. 19. 3. 20. 4. 
21. 6. 22. 13. 23. -—7. a4 "2: 25, 22. 
26. 4. 27. 1}. 28. 14. 29. r 80. 2t. 
31. 32. 3. 33. 20. 
XXIII. b. Pace 182. 
2h —- 3a b? - a? a*—ab+b? 
a er 2. a+b 3. “a 4. nays a Pew ear 
. Re. 
5. 3. 6. m-—n 7, ah. 9 See 
atb+e c-b 
Tbe 2Qab 
9% a. 10. 9b + 4c ad. a+d 12 (17a. 
1 a+h a® — 2b? 
13. os 14. 38a+42h. 15. an 16. 3a a 
a ae be? 
Us 17 18. b 19. a 20. a. 
2a, a+2b a b(2a —b) 
21. a+b. 22. 3] 23. re 24. 3 25. oe 
XXIII. c. Pace 185. 
1 =“ bm am — bl _ ng — mr lr—np 
. —B Yee iq—-mp’ "~lq—mp 
P be A... 4 a? + ab +b* ab 
» OS be Y= aie Te gral eee: 
_a%-q  1-aa’ kD de belt 
5. =o rae Y= oa = “qr —p? 9 qr=p? 
A Bie) petick.. ees ie 
1 2H ¢ab” 7~ab+ab’ Bomba; pad. 
2 | pa rb 
9. ag % y= 5) 10. aoa’ Y= 
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11. Bi eee ey. jae Ne te) 
m*+m' > m* +m 
qn yon c(a+b) c(a—b) 
12, 2=—~—_- , y= . ee, ya. 
| z gl -—pm Y mp —lq = 2 2a 
| 14. w=a+b, y=a-b. 15. w=8a; ys — 2D. 
2aa’b 2Qabb’ 
23 *=ab tab? 1 ab’+ad ea 
t 
18. x=m+l, y=m+i. 19: a=, = 
20. x=a+b, y=a-b. 21. 207.09, y=ar +b. 


XXIV. Pace 188. 


1. 40. 2. 60. 3. 90. 4. £2,128 
. Silk 9s. Calico 9d. per yard. 6. 54. 7. 42. 
8. 48, 23. 9. 21,% past one. 10. 17,7 past three. 
11. 32,8, past six. 12. 5419’ past two. 18. 378, 216 
14. l5persons; dshillings. 15. 8 yards at 4s. 6d. ; 16 yards at 4s. 
ie. 7; 1d. 17. 3 miles per hour. 
18. 54. 19. 24 miles per hour, 
20. 21°,’ and 54;%’ past seven. At 53°,’ past. 21, > 
22. 10p.m.; halfway. 23. 14 hours. 24. £200. 
25. 30 miles. 26. £36000. 27. £200. 
3 Wy : pa : 
28. 4and3 gallons. 29. 5 and 5 ofapint. 30. Pm miles. 
31. 111 and 126 miles. 32. Coffee to chicory as 7 to 2. 
33. c—banda-—c lbs. 34 —> ze yards. 36. 60 miles. 
2a 6b 
XXV. a. Pace 194. 
1 2 +4. 3. 3, —205. 4 1, =26. 
Shi 6. +8. 7. dy —(6. a. °° 2, = 7 
» 9, -4. 10. 9, -8. 11, -31, +11. 12. 20, -11, 
Ha, “4, = 17. 14. 13; = 12. 15. U7; 16. 8, 15. 
16 he ies 
4 » 23, =1. ; = 20. =, -=z: 
ize €7,°6 16, eee =I 19), 16) 5 soe 
on se 1 
a1, 5, -5 22. 5, ~4. 23. +9. 
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XXV. b. Pace 197. 


aan a 3. 3, zr. 
ete Beg Gk, oe 
10. z, s 11 3, ~<- 
14. 2 3. 15. -; 
18. %, -5" 19. Z, oe 
Bo. 3; - 23. 5, -2. 
26. 2, ; 27, 4, a 
30. 4, ; Si. 18, 
34. 3, -5 35. 12, -2. 
38. 2c, ee 39. a, on: 
XXV. c. Pace 201. 
a, 5 -5. ae es 
e Te ab 
10. reall 11. Mi _2, 
a 5% ow 7-3 
18. 7 _* 19. ~ 14, 
22. . -5" 23. “3, < 
26. 2, -* 27. 2a, 2b 


32. 


36. 


| 


BH] or bol 7 


Sa 


29. 


33. 


5G 
13. 
15. 
LT. 
19: 
21. 
23. 
25. 


27. 
29. 


Cee ec 
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0, — a0, Gere. an eee. * og) 30 t 
a 
i, ao, SS, 3,--2 ae Ly 80m :q,0480 
2, -3 38. +3, +4. 39. 3,-2,4,-3. 40. 4a, -2a,a 
Se Gd. Ace 2Ole 
Walon, ao Mol, Or 8a Ci Geso yale eater 
Ooh th AG Oxi BO i) ShOueon Senha 
7, -3, -4. 10. —2a, — 2a, 4a 11. 0, 6a, 6a, — 12a. 
1:05, — 3:05. 13. 3°90, — 90. 14. ‘66, — 1°66. 
IMS Stay Ti es LRGs wosd9> 1eOle Wie ayalish, By 
‘55, — °22. 19. 1:4, 6. 
5 (5-1); =F (V5+1). 7-416, —19°416. 
s(atNar— 4a), 13292, 2°708. 
XXXVI. a. Pace 203. 

lis gE. 7 2. eon, ids) ae ais 
Cae Sle B= ZI, dd. 4 wHl4, —9; w=9) 14 
ee2],.=— 193 y=19;-—27. 6. 2=43, —25; 726, —43; 
o=71,18; y=13, 71. 8 93) de! yee ant 
2=52, —74; y=74, 52. 10. 2=48, -51; y=—5l, 43. 
2=29, —47; y=47, -29. 12. 2=22, -87; y=~-87, 22. 
w=+8, +5; y=st5, +8 14. w2w=4+13, +1; y=+1, +18. 
= EA Ts ya, 4. 616. - w=18, 3; Yosh 
x=10, 5; y=5, 10. 18. x=9,-5; y=65, -9 
w=12,-6; y=6,-12. 20. w=11, -8; y=8, -ll 
w= 9) sae: =A, 9. 22. Waid ay y=4, 5. 
e=[, =43 —y=4, = 2g. oe 0;, Ae aes AA), 
Pt ee oe OG eles y=. 
eS ah ee et Ser 28. mae y=}. 
x=+1; Gale 
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XXVI. b. Pace 205. 


1. 2=7, 4; i ae 2 see Yy=65,(8; 
8 w=14; 9; =O" Aas 4 w=1,-5; y=6, -7. 
6& 2=11, -7; y=7, -11 6. 2=13. 10s y=0, -13. 
7 w=+6, +4; y=+4, +6. 8 v=47, 43; y=+3, +7. 
9% 2=+9, +5; y=+5, +9. 10. z=4+9, 43; y=43, +9, 
63. _ seg = 
Ty. tae 33 y=» a 12. x= +6, £5 3 y=+5, +6. 
Th god (Di meyer ia w=), =dis ¥y=3, -7. 
15. w= 5. 3's Y=; 6: 16. w=4, —2; ae =a 
17, go=8, -2; y=2 =8. 18. w«=5, 1; y=1, 5. 
| a 
a . = —— =s> --—. 
Lg ay y=1,-b 20. OS es. ae B76 
XXVI. c. Paar 208 
i 74, ~2; y=3, — 20. 2 «*=+3; y=+2. 
ee 3 Re =¥, +2 2 way os =O5 os 
D. aged. 75 y=1,.10; 6. x=4, -3; y=1, = 
gi The okie 4. 3 
%. w=], 173 y=4, 7° e542; +753 y=+1, a 
Gee. 53 heel -5 10. x=+4, +6; y=+2, +4. 
WW we e8, 24, y= 8 259, weak aly». 
. et=+ ; af > y= ’ sO; * v= +5) +53 y=+5) +5 
13. 2=+2,41; y=+1, +2. 14. =+2,45; y=+8, +6. 
15. = +7, +/3;y=+42, £3,/3. 
16. ©=+3, +36; y= +5, ee 1% «=65, 3; y=3, 5. 
18. w=7, ~6; vy=6, =7, 19. x=6, -2; y=2, -6. 
20. #=7, 1, 44+./28; y=1, 7, 4+ ,/28, 
a. =4,3,6,2; y=3,21, 3, 
93, 2=2, 2, 4, 33 y=2, 6, 1, 12, 


3 


oP ASA we HE 


10. 


uate 


13 
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XXVIII. Page 211. 


13. 2. 45, 9. & 7, 8. 4, 3. 5: 15, 18 
9. 7. ‘houts. $3 74D. 9. 90 yards, 160 yards. 
55 feet, 380 feet. 11. 36’, 60’. 12 0. 

5 shillings. 14 12. 15. Ninepétice: 26. 3 feet. 

4 inches. 18. 121 square feet. 19. Fourpence. 
40, 12; 30,16 yards. 21.' 56. 22. 90.. 28> 25.4 

62 miles. 25. 75. 26. 20; 30 miles an hour. 
40 and 45 miles an hour. 28. 10 gallons. 


A,16; 6,14. 30. Distance, 12 miles; rate, 8 miles an hour. 


a7 


5(- 14/5). 32) Coe CM i roncni 
AP=20'9'em., BP=12:9'%em> 35. 8°'4 cm. 
2°6 cm., 1:6 cm. 37. 9cm., 4cm. 


(i) 3, 4; (di) 5, 6; (ii) 5:2, O'S; (iv) 5°7, 2°3. 


ws Vi a. PAem ZIG. 


(a2 + 4a + 16) (xv? - 4+ 16). 2. (9a?+3ab +b?) (9a? — 3ab + b?). 
(x? + Bay + y")(x®-Bxy+y") 4 (m*+4mn-n?) (m?-4mn-n?). 
(a? + Quy — y*) (x? - Quy - y”). 

(2a? + 9vy — By?) (2a? — Yay — 3y?). 

(2m? + 6mn + 3n?) (2m? — 6mn+4+ 3n?). 

(Bx? + wy + Qy?) (Bx? — xy + 2y?). 

(a? + Bay — By?) (a? — 8ay — 5y?). 

(4a? — Gab +L?) (4a? + 6ab + b?). 


3 ay ass b b? 
3 ee ee , 12. £2 2 wets 
ae 1) (aptat}) (6a 3) ( 86a + 3ab+ 7) 


Oe aa eee 1a (la hee 
; (+) (55 5 vv) (5 1)( SN ¥1), 


492 ALGEBRA, 


ab ah? wc 4\/a? 1 16 
15. (+10) (SF-2ab +100). 16. (5-2) (Gr5+3)- 


17. (y—3x)(x+y)(x-y). 18. (m—5n)(2n+ 3m) (2n - 3m). 
19. (av+b)(be+a). 20. (xz? + y?) (ay +z) (xy - 2). 
21. (a?+bx)(a+2). 22. (mn-p)(pm—n). 

23. (8ab ~22)(2ax - 3b). 24. (2x+3y)(a*+ ry). 

25. (2x —3y)(a?+ ry). 26. {ax+(a+l1)}{(a-l)x+a}. 


27. («-a)(3x-—a—-2b). 

28. {ax+2(b—c)y}{2ax — (3b -4c)y}. 

29. {(a-l)x+a}{(a-2)x%+(a-1)}. 

80. {(a+1)u-(b-1l)y}(ax+by). 

31. (b+c-1)(b2+c2+1-be+ce+D). 

82. (a+2c+1)(a?+4c?+1-—2ac-—a—2c). 

33. (a+b+2c)(a*+b? + 4c? — ab - Qhe - 2ca). 
34. (a—3b+c)(a®+ 9b? +c? + 3ab 4+ 3c - ca). 
36. (a—b -c)(a® +b? + c?+ab—be+ca). 

36. (2a+3b +c) (4a*+ 9b? +c? — Gab — 8be — 2ca). 
87. (a4 — 9a* +81) (a? + 3a 4 9) (a? - 32 +9). 

88. (a4 — 4a°b? — b4) (a? +b) (a+b) (a -b). 

39. (a+b+c-d)(a+b-—c+d)(c+d+a-b)(c+d-a+b). 


1 l i 1 
#0. (24+ 15)(2*+3)(#+3) (2-8): 
41. (a9 + x9) (act + y) (a? + y?) (w+) (w-y). 
42. (2% + a3y3 + 4/9)(a— ay? + Y/®) (a? + ary + y*) (x? ey + y*)(x + y)(w-y). 


43. (5+ 1) (5- 1)(a -- 2a) (a* + Qam + 42:7), 


44. (a? +9?) (x4 — xy? + 4) (aw — Qy) (x? + Qary + dy”). 
45. (+4) (at - dar? + 16) (w+ 1) (a®-2 +1), 


46. (+E) - PY (a+6)(a2— ab +0. 


ae Pe 


vols 


14. 
16. 
18. 
21. 
23. 
25. 
28. 
31. 
33. 
35. 
37. 
38. 


45. 


49. 


pd EE ft! 


qi. 


12. 
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PY\hk gy fay ata? gery 
(se*5) (35-8) (9-1) (+P 1)- 


XXVIII. b. Pace 220. 


4x? — 49? + 42yz — 927. 2. 9x4t+ 26x%y? + 4944. 

25act — 1152:2y? + Sly, 4. 4924 — 6427y? + 48ary3 — 94. 

x8 — y8, 6. (wty)t+4(at+y)?+16. 7. 16%?(1—4a?). 
48a2(at-1). 9. 2-64. 10. 2°-—729a°, 

- — 8a? -— 2? - e 12. 6424(92 - 1). 13. 28+ a4at+ a8. 
1+a3+ x36, 15. al? — 3a8x4+ 3a4a8 — 22, 

1 — 2x8 + a6, 17. «®—14a4+492? - 36. 

x® — 14at+ 49x? - 36. 19. 2-64. 20. a*— 18a*b?+81b4. 
a? + b® + c® — 3abe. 22. Tx+y+z. 

(act — 4a®xr? + 1614) (x? — 2am + 4a”). 24. 5xa+7y—6z. 
x+5. 26. 2x(x+1). 27. o(2@—13): 

(a + 3)(a2+2x +4). 9. (7x-3)(w-1). 30. a-d. 
x — 3x*y — 3xy*+y?. 32. x4 —4aPyz+ Ty?2?. 

1+ 9a?+ 4y?+ 6xy+2y-—3x. 34 (x+1)(~—-38). 

(2a — 5) (2a — 7). 36. (x-—a)(x—b). 


a? + 9x? + 47? — Bay + 2ay + 3ax. 
9+ 42? + 16y? - 8xy + 12y+ 6x. 


mu ee 47, (302+?) (a2-+302). 
55" ~ 5q2) (9g? — 5p?). 50. 16abe. 


XXIX. a. Pace 223. 


x+e. 2. x?-ax+b. 3. x2? +2ba - ax —2ab. 
x?—(p+q)x+2q(p-4q). 5. x*-(m+n)x+m(m-—n). 
ax+a+l. 7. w«+bxe+a?. 8. 2x -(3m-—4n)y. 
(a+2)a+(a+l1)y. 10. «+b. 


(v+1)§+3(@+1)4+3(e4+1)?4+1. 
(m +1)b%x? + (w+ 1)(m+1)abu+(n+1)a?. 
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19. 


12. 
16. 


ALGEBRA. 
(m—1)x+m. 14. mx-n. 15. ap-—bq. 
ax+b, 17. 2ax—3. 18. x«+2ab. 
(a® — 1) (2? — px + q) (x? -— gat). 
{px —(p-1)}{(p+]l)x+ph{(p+2)x+p+ 1}. 
{(a-3)x+a+1}{(a-2)x-a} {ax -(a+4)}. 
XXIX. b. Pace 227. 
2-7, i oe 8. a+2z. 
m 
l+a—22, . 14+2e-—22 6. l+a. 
x —2a. 8. a-—3u. 9% w-y. 
zc me x a 
x? +(p-l)e-1. aa If l+5- 9ti¢ 12. te dat G 
wc w 2 w 5x 523 
ue as ial 1% 5" oe 
lt 18 ee Le 
Qa 8a* 16a” » @ tor” Batt 6x 
3x2 Qxt 2728 Qx2 42:3 
a ~ Da2~ 8a5~ 16a" 18. Ba + 2a - 37 + gaa 
a® go cs a2 
t~ 93-98" 20. 2+ 15 a9 
1 Bate Bata? 92, 1-2x+3x°, 
* x 
3x7 -a-1, 24, ama | 
XXIX. c. PaGeE 230. 
0. 20. 0. 26.) ©, 
XXIX. d. Page 232. 
0. a Ie SB; hy 4 a+t+b+e 
1 
6. mg a Pn 8. 1. 
1 a 
d. “ee BP i ee 
(a — a) (a — b)(a +c) (a + a)(u+b)(a +e) 
(a+b+c)%. 18. erate, 14. iM 15. a+b+e. 
be+ca+ab. 17. abe. 18. (b+ c¢)(c+a)(a+b). 
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XIX, ec. : Pace 238. 


eh sm to mes ay oe 
: a 16q 
c d-a' a? 
5 ii 6. Sore a. a C=C b= +2. 8. 6 
2u 4 ein 
9% = +3a. 10. a We zie 
12. c=a(b-a?)?, d=(b—a*)§, whence c=a¥d?. 13. 32. 
15. (x-1)(x ie aay 16. (x+2)(x —3)(a —4). 
17. (x%-+2)(%+3)(w+4). 18. (x—3)(u—5)(x+7). 
19. (%-—2)(%—5)(x+77). 20. (#2+1)(~+2)(a—11) 
21. (x+1)(3a+2) (Qu - 22. (x+2) (3x —1)(2a-3) 
23. 28 — ay + aty? — ay + wt — ayh + v6, 
24. a? — wy + wy? — vty? + a8 yt — ay? + wy? — v7, 
25. we +aty+ax3y?+ ayF + vyt+y’. 
26. wtatytaey?+a5y3+ atys + ady5 + ory + aryl + 98, 
27. x?+(a-2)e+a. (a+1)a?+ax+a—-8, 29. 6 or = 
30. 13. 34. 3005. 35. -—37a*. 
XXX. a. Pace 244. 
5) 3 2 
1, 2. ine” Za 4, 3a? bas 
a a 
+ 4,2 ape 4 
Ge. Fs OR RRS lek VOT oy (she 
5 5a®y? y? ot 2 
1 1 u : 
we 3 
ia if ey 12. See 1 15) 9127/2 
u 3a*x? $ 4 x” 
Pee: 
5 : 
16. 2%. pee fa ke rae 20, g/a3 
3 3 a 
ae a’ 
5 9 
2 a Sere ee Tek 
/a nike z/a 23/a 
1 2 Ja 21 
20 ie 27. R/m. 28. : 29. ~~ 30. : 
28/c M N/a? 2 8/207 la? 
2 ul 4 1 
ol. ——. S2e gee hee So: - 84 ——.. 35. Has 
Ja 3,/a8 ee Re Coach 


30. 


34. 


Ss 2 Sr = 


il, 


ALGEBRA. 
5/a*. . 2/25, $8) 14 Li acer S/q 
S/a 87, e/a sare 3 ne 40. Sa 
1 1] 1 
j ae . OD. ah =: ae 
8 a2. 43. 25 i 5. 55 
3 27 2187 
47 a. = ag. = | aaa 
oe 2 8 vd 128 
XXX. b. Pace 247. 
$ 1 1 9 
aw, 2 =. eS 4. bys, eee 
y Son Qatyt 9a*a® 
+ 1 
leet ve & 8. x, 9, 30%, 49, grt, 
ri = 2 
: y 
l l 1 3 
s Leer 18) | Re 15, got 
ie on aspt 
1 l 1 
care At, Ya 18. ab? 20. 89%, ( O0- aece 
at a? (2? 9)" 
Fag aie, a3, ats 0 Sy -22%.. . os oft 
” p (a—b)? 
ah 27. i. 28. ab(bS— at), 29. ar™—Dig, 
a 3 
a 
an™—D4 gn, * ga gino), = ga, xh, ae 
y 
aty® 35. 2", 36. i 7. 4 BS. i 


XXX. c. Pace 250. 


12a ~ 2028 4.41 - 1507 + 2407 F. 
9at _ 9a* — 25 + 23a7* + 6a7*, 
2c — 9c* — 344 31c0-* - 6c, 4. 


qt — ont +1, 6. 
8a-2 + 7a-1 +6. 8. 
Ja* + 3a* - 4. 10. 
324-2 +at, 12. 


Sa54 4- 14.22% — 3-4 — 9ar— 8a, 
3ak - 3a~4 4 20-2, 

5b¥ 4.404 4 367+ 40074, 
c™™— 1407-2, 


bat - gat+4, 
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-% 
Qu? —44 3x7, 14. 
a? +2a— 16a-? — 32a-3. 16. 


ee er oe 
4a° -8a*-5+10a *4+3a °. 


18. 
a al =| ae, 
1 — 2a - 2a?. 20. Qa*-—3a 17 -—x 12, 
f iL 3 al _ 38 pa 
32-2 — Ba-ly? +y. 22. 2x*-3y*+4a ty. 
2 gs se 1 
9a ty-1+ Quy 7_9, 24. ee +1-3y*. 
a, G. Pagn.252, 
1 
x — 4a? — 21. 2. 162°-S8-lda7~%, $8. 492?-~8ly-* 
5 att 2 
ay * — oman, 5. a*—4+44a-%, 6. a%1i2a *+a*. 
_ l 
wt— ae B+ roa aa, 8) 20g 1S — lou a 
Ne ao ie a3 
9@ -zt+a? 10. 9224-4. 154 — 15y—™ — 25-4, 

‘ if ~ 4s 2 a2 . ieee ie i 
eS Oe ete B-ROaet, 12, opti te 22a ae a 
2a + 2 (a? — b?)?. 14. a+b+(a-b)1- 2 (a+b)? (a- bat 

1 at 
x* —3a?. 16. 2+ 3a? +9. 17. at+4. 

1024 _ Dna 4 4 TOs G2 i 20. 1+2a-144a72. 
art — x3 22y tae neo al, 

4 2 1 : 
et+etet tet +. 24. ai — Qn + da?” — Ba 4 16, 

3 2 1 _2 
a? + 2a? +2 - 16. 26. 42°+162°+16-9x 3, 
2 1 u 
4-wi+da+a®, 28. a—49-42a-*-9a-**, 29. a® (a? — OH°), 
2 al 
ee oy 3 
i Siw aie Coie ey 
xe +2 : 
XXXII. a. Pace 255. 
1 x - 
Saha" 2 Bas ea 4. lars 
Tears 6. a4, me gle ®, 8. fae 
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ae — 3a* — 2. 
2, 4 2 
1-2 - Qa +2x5, 


1 1 a8, | ail 
wv? —Qe%+d4a 6-8my =, 
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9. vat. 10. aA ety", 18, ‘par. 


13. ee . 14. 


n n 
et yen 


| ata”, 15. Ba, Ba. 16. Wa, Wa. 


17. War, Wal, W/or8, 18, B/a3, W/a:!9, 19. Nasbi, Nad, 
20. Rais, Var, 21, 8/125, 8/121, §/13. 
22. 8/64, 8/81, 8/6. 23. 8/2, 8/2, 3/2. 
XXXII. b. Pace 256. 
dv, 12/2. % Ux/3: 8. 43/4. 4. 68/2. 
S.. 15/6. 6 24,/5. 7. 35,/5. 8 78/8. 
9, 52/5. 10. -9,3/3. 1l. 6a/a. 12. 3ab?/3ab. 
1s. —3xyA/da. 14, ay2 ry 15. ary RJ. 16. th CB) ies | 
17. 2(x—y)A/xy. 18. ,/242. 19. ,/980. | 
20. 3/864. 21. 3/750. 22. 7 23, 5b. | 
24. /9a*y. 25. 4, 26. \/8ax. 27. A/2a, | 
28, Val. 29. A/ab. 30. NEA 81. Va?-y%. 
32. mr 83. 14,/5. 84. 4/7. 35. —12,/11. 
36. -15,/3. $7. 78/7. $8. 1128/3. 39. 0. 
40. 1723/2. 41. 20,/3-13,/2. 42. 3,/6. 
F 
43. 6./7-15,/6. «, iv. 
XXXI. c. Pace 259. 
1. 14,/6, a 12,8. 3. 10V/3a. 4. 30/3 
B. 288.2 6 S-4 7 8/8. 8. axe, 
b \ 
9-78, 10. 1428/9. 11, 2403/4. 12. /6. 
13, absab. 14. =. 16. ov 16. =e 
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a—b - 5 
aa 18. 9:8995. 19) esos; 20) 737/796: 
19-5959. 22. 26:8328. 23. 58°7878. 24. ‘8165. 
2887. 26. ‘0447. oe -2abb. 28. 1°5749. 
*4032 

XXX. d. Page 260. 
6x — 10,/x. 2. Br —2Q/ax. 3. a /b+d,/a. 
aty—-Nx+y. 5. 30+12,/6. 6. 6,/21—46. 
6+,/10. 8. 6a-6x+5A/az. 9. x—l+Na?—=2. 
eta Nx? — @". Wl. 5Sa+x2—-4Na?+a2. 
1+8a—4Va+4a2, 13. 2a-—2/a?— x. : 
a+x¢+2-38Na+z. 15, 2,/6. 16. 16--6,/10: 
— 2/427 — a?. 18. 222+ 2n/ar4— 4yA, 

Qm +2n/m? — n®. 90% Wsaz- 502 — er a*— 64. 
63 — 1S8xA/14 — 422. 22. 8x? —2r/16x4-1 


XXXII. e. 
Whey 2 166: 3: 
a — 4b. 9c? —4a. 7. 
2a. 10. 25 (x? — 3y*) - 
SNT-2)38 4, 19-62 
3 17 
BEey ae. VO. 17 
7] 5 
5+,/6. 20. 8—/42 
3/2 — 2,/3. 23. eo vy. 
iicok 
Tenioe 26. 
Bo Rwy cae 
18+2 6N9 +2 x 
e 
2 —./3 = 26795. 30. 
i/o a J/3 = 50402. 32. 
V? _ 111803. 34, 


2 


PAGE 262. 


172. — 6. 
zc BE 2D (0h. 
49a". a Sena 
2 
14, 2+,/6 
Nai 18. 4+,/15 
a-x 
V7 -A/2 


24, x24 a7-a. 
7a +b+8Na*—b? 
3a + 5b ; 
3. 
11+5,/5=22'18035. 
[5+ 2=4-23607, 
30/3 > — 09807. 


500 


16. 
21. 


J5 - W/2. 
3 -+,/2. 
4,/2-3. 
5541. 
3 (J2+1). 
J2+1. 

d (/3 +1) 
qa se 
/2- ls 
4+,/3. 
2,/2+,/3. 
14. 2 
6g, 
v 
144. 12 
12. 17. 
r 22. 
51 
0,a-b. 27 
49. 2 
64. 7 
4 12. 

17. 

6. 22. 


10. 


ALGEBRA. 


XXxX1. f Pag 26 


2. ,/10+,/3. 3. /7-1. 
5B. 3/7423. 6. /10-2,/2. 
8. 2/5+3,/7. p. 2s. 
l 1 7 
pete i . . > >’ 
. 2-5/3 12 bal5+A/5 
14. $/2(/3-1). 15. 4/5(/2+1). 
7. 5+]. 1s. 4(/5+1). 
20. ./3-,/2. a1. 4/2(/5+4/3). 
i, Q/e+1, ee 4767 
26. /5+/3. OY, T= 
29. 2./2-,/7. $0: 1a. 
XXXI. g. Pace 268. 
3. 20. 4. 44, 5. 13. 
8. 9. 9. 7 105, 
0 
121 25 A 
Bo mF 15. 5 
18. 9. 19, 8. 20. 12. 
23. 2. 24. (b-a). 25, 
(b -a) ——* 
28. 4 29. 2. a0... 24. 
XXXI. h. Paar 269. 
3. 49. 4, m 5. 16. 
1 4 
& 2) =. 9 
4 " 10 
13. 4 14. 50. 15. i. 
1 8 
18. 26. a9, 2. ha 
4 ie 


Gil, 2. 
Que: By. 6. 
Ae] 10. 
21, 28. 17. 
be. 

4x. | 6. 
4x? 10. 
e=17, y=11. 
54. 2. 27. 
= % 16. 


25a? = 27 y". 
y = 6a — 38x? + 2. 


20 miles per hour. 


161, 245. 2. 
5745, 933. 6. 
— 404. 10. 
a+od7d. 14. 
— 387, — 18900. 
544, 4864. 21. 
-55692. 25. 
a2(4—a). 29, 
25, =3. 33. 
20, 4. 37. 


E.A. 
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XXXII. a. Pace 274, 
Mes)2: Sie Tesib: 4... 9:32, 
3b : 4a. Re» Ocal 8. 2 
oO 
yay @ IW, 6334, 12. 5:4. 
1. 18. 27. 
XXXII. b. Pace 280. 
608 F 
aa 3. 5y?. 4 b 
12ay?, Wan aa 8. ab. 
(9) 
6a2x. 11. 9ab?. 19. Sor 3° 
au 2.or 0) 22. Sor 0. 
XXXII. c. Pace 285. 
Sp Bb 4, 21. BLO: 
8. 18. 12. 3a=5). 13. 5x=Ty. 
16; oP=025" 16, 26; ye PAO): 
20. 3463 square feet. 
23. 9:4, 24 12 feet. .25. 4 feet. 
26. £1960. 
XXXIII. a. Page 289. 
Bose 8. 34,802. « 16} 19: 
98, 243°6. 7. 48. Suse} 
ee ie. 97. 12, 25x. 
80a—79b. 15. 964, 9780. 16. 3:2, 25:2. 
18. -93, -— 99%. 19. -414, -361. 
779. 22, —483. 23. 9801. 
493. 26. 140. 27. pi. 
2(3 
oe- 80. po(p-4). sl 30,3 
16, -1. 34. 24, 2s. 35. 14, -1. 
dy 20s 38. 20, —2za. 
2L 


28. 


31. 


83, 85, 
9 or 86. 
1) or 24. 


Teel, Us, 19), 28. 


48, 384. 

oe Ls. 
Ca 

512. 

— 32n 


40(3+,/3) 
, > 


eoeeee 


2. 


2. 


5. 


32, 
34. 


ALGEBRA. 


14 or 15. 


13 or 20. 


12, 13, 14. 


2, p, 8, 11, de. 


Be, aoe 
S? 1987 
128, 1. 


— 4374. 
vl, 


L 
2 


384, 765. 


, 2, 8, 32, 


a(a* — 1) 
a-l1 ~ 


364(./6 +/2). 


SAAT b. Pace 233. 


XXXTV. a. Pace 297. 


3; ils -1, seen 
-1l, 4, 19, ... 
-63 


— 1458, - 1092. 


303, 455. 


il 601 
Tits" 
554. 

° 

—(1 — 2%), 
3! 


585./2 - 202 
ss. 


28. 


32. 
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XXXIV. b. Pace 300. 


27. (D4. eal Waa Beal, 6. 64 
3 65 
27 8 1 1 8 25 
ess ae a, ene nee ee 0G a fase 
29 15 3 sea Sele 66 
1 bo 5 2187 729 243 
: saa 1G. eer: ; Sane 
27 Se 2? 256’ 128’ 64 
] 1 8) yg) 
Se pel Bekoke ° Rae > 8D? 1o7 °t? . 5, 6 48. 
ee a ae 18: 75, 60, 
21°! y?(y2" — 1) ; 99, 140+99./2 
?Pp. oT. I] +bn(n+1). ae 
9 (3/6 + 24/2) aes 3 1 
XXXV. Page 304. 
2 5 3 1 
oe 30 4, a B. ysl, 1, ... 
1 1 2 6 
260. Be See 7 pa Po as Oe ee mn 
e OT 726° 25 ? 
2. 72, 
ioe ne Ce 1 a oe ee 
v7) a+b a fae 2 
3, 4,6. 16 12,13,2,3. 19 36°35. 20 ee ; 
2 azn — 6 nr 
pi(p+3)a—(p-3)x}. 22 lpots. 23. -18. 31. FH qe 
2. 38. mane) 2 +2(1-5): 39. n(3n+2). 
Miscellaneous Examples V. Pace 307. 
i 
a 3 
See lk TaN 8) 5 30. 52,78, Ol yards. 
a*ht 
9 4 
Heh Gory w -@ wm ae ef 
7a a 8 
pene 21, 2. ag. =F) 2 DoT 4, F-21001 
SE a) fa 
(iy: es ewe aba ak 26. (1) 275; (2) —1705. 
-2,0,2, 4,6. 29. 1s[1-(2)"]. ab: iy.) “Sie. eed 
on? 63 69 75. 81 &F 2315 


_ 88, 68 15. 8) ST gy a) 919% +642). 
Do Sa wer for) Coat eae 81 


504 


ALGEBRA. 
] — 322 Aaa 
10. 88, (1) a=" "5 7=-3"-1, (2) o=—-2n; 1=1—4a, 
Vand 6. 0; Terese, @. Bande. 


ae a 


SEXVI.. PxAGw Sly. 


Rational. 2. Rational. 3. Equal, but opposite in sign. 
Imaginary. 5. Imaginary. 6. Equal, but opposite in sign. 


2_ 2 —-15=0. 8. 2? +20%+99=0. 
xv? —Qaa+a?-—b?=0. 10. 12a?-284%+15=0. 
wee = 8a?=0. 12. Sx?-7a=0. 1s. -i, 


Sum 4 3? difference aS , sum of squares > 17, a2°-6x+4=0. 


2°2+4¢e+1=0.19. 302°+(6a-5b)x-ab=0. 20. 42°-1l62+9=0. 
(a?—b*) a?-2 (a? +b*)a+a?-l?=0. 22. 4aba®-2(a?+ b?)a2+ab=0. 


q- Qpr_ 24. q? - 4pr =o. 25. a 26. Ge 4prq? + 2p?r? 
2 p ? p* 
7? (3pr — q?) (3pr — q*) P = = 
q = YT), 28. sar 29. P=p(p*- 39), Q=q°. 
b2x? — (a3 - 3ab) 2 +b=0. 81. 2b°=9ac. 
8x? ~ 20a%x - aS=0. 35. 2px? —(p*+4q)a+2pq=0. 


XXXVII. a. Pace 323. 


120, 5040, 56, 300. 2. (1) 2520. (2) 5040. 8. & 


126. 5. 6. 6. 36. % 7 0rs. 8. 2100. 


455, 816; (r=15). 10. 242880. 11. 1596000. 12. 504000. 


XXXVII. b. Page 328. 


(1) 9979200. (2) 151200. (3) 166320. 2. 420, 360. 3. 18. 


1023. 6 om 6. 168168. 7. 34650. 
120, 144. 9. 1296. 10. 180. at... LIGk0. 
78. 14, (n-2)(n-3)|n—2 


XXXVIII. a. Pace 333. 


art + 823 + 24a? + 32a 4-16. 
a 4- 15ar4 + 902-7 + 2702? + 4052 + 243, 
a’ + Ta®x + Qlada® + 35a4x3 + 35a5%xt 4+ Qatar + Jat + x7, 


Rae 


15. 


16, 


18, 


20. 
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@ — Sate + 10a%a? — 10a2x? + Saat — a5, 
1 - 10y + 40y? — 80y? + 8074 — 327/°. 
1624+ 16.x%y + 6x?y? + ay? + ¥ ‘ 


16 
15a* 32> ny 
Ab ORs op Oo ES OE ny Heh 
64 — 9622 + 60x? ~ 2028 4 FES 4 
7_2la® 18905 _945a* 28350 51030? 5103a_ 2187 
b B fe oe an ae 


Ax? + YaTx8y + 36a%x7y? + 84a%coy + 126ax%y4 
1262475 84.4326 2/7 
e 6aty fe xy Som 9xy8 


a a? a a’ L. 
22028. 11. -—448y°. 12. 21875a%b?. 
544023, pe ely to, eee 
De 16 
22 
Zan) 17. eas : 18. — 24310225, 
x 
224+ 3622418. 20. 32-40a2+1024. Gul WIUS40) 
_ 1001 a, 1025024 
ER ae 23. 7920. 44. =a 
XXXVITI. b. Pace 338. 

The 8%, 2. The 9, 3. The 2%4and 3", 
The 7*, 5. The 11*, 6. The 6 and 7%, 
r=7; excluding the value r=4, which makes the terms the same. 

|2m |2n 
(pan) 9. 3r=3n+2. 10, (===. lee 

[mim iu ln 
65536. 13. 262144. 
n(n— 1) eee eee (m= 7 +2) pn—r41(9q,)r-1, 
|r -1 
m(m—1)...... (W=7+2) pr-1(Qyyn—r41, 
ae 


a® + 6a5 + 15a4 + 20a? + 15a? +6a+1; 
— 12x° + 54a4 — 11223 + 1082? — 482 +8. 


] DO 3 3 2 
1+5%—- 5% taper. 17h 1+] qt a3 w+ T55e 
1 =n ae 2 x3 — 19. 1 — 6x%+2727— 1082? + 

7 Beno 125” sere } aCe 


1 + 3z? + 6at4 1028+... 21. 1-—12%+90x? - 54023 + 


29. 


30. 


a 


ALGEBRA. 

bs Bis Muon - ie 
3~16°t 16% ag @ te... a8. 1 T+ 5x Gets 
nS 1 3x lox? Bde" 95 315 230045 4 

$\ ta Qa * Qa ' Jos" ~ 65536” 
a 
99 2 at +10 7 —de == a) l)a” 
x 55g" 27. 4a,  (-1)"(r4+1)a”, 
eee eee 
_--—__ ee 

1024"? Fr 

ae (n—1)(2n-1)...{(r-1)n-1} 
arri® » ama a taal 
4:95967. $1. 4°98998. 32. 1:987384. 33. °100504. 


XXXIX. a. Pacn 347. 


15 : 5 9 San: 
9” — 15, -1, > 2. >: —4, “4? om 

1 1 1 

= On == ‘ ‘i i 
5; 9° 125000, 1, z 2°89, -01. 5 log a. 
—5logy. 6. .8, 2, 0, —d, —1, —aake 
1°5705780, 5°5705780, 8:5705780 
7623, *000007623, 76230000 
2°8627278. 10. 3°9242793. 11. 1°4082400. 
7658178. 13. °8644286. i“ 1:4841414. 
log7 + 4 log 3 =2°7535832. 17. 6log2+ 2 log 3 - = =3'3922160. 

l 

log 2+ 4 log 3+ ¢ log 7 7 = 4797536. 
57 log 2-3 log 3- log 7) =1 9661496. 
Sixty-nine. 22. 176. 28. °*398742. 
“500977. 25. 2-log2-log3 -log 7 = 3767507. 
1+2log3-log2_,. 5-Tlog2_,, 
Yer =3°'46. 27. 3-2log2~ 1-206. 

3 2log 2-4 log 3 
ee a ett e108 toner . 
lex 5=4 29. 29. Flog 9 - log 8 18 verynearly. 

© XXXIX. b. Pace 348. 

481°9. 2. 46°22. 8 ‘1896. ‘008682. 


4 
342°9. 6. “O3892. % Sly 8. 44°22. 
797. ° 10. 7°446. 11. °08055. 12. 3°36). 


If. 


ie 


ANSWERS. 507 


"7783. 14. 1:923. 15. 1444, 16. 19°97. 

“2008. 18. -‘O0008855. 19s 4p: 20, J 142. 

2-887. 22. 1:°997. 23. 1:°986, 24. 1:973. 

291: 26. 9:29; 2560. 27. 9:0O76. 28. 178°1. 

16. 30. 4°616. Sl, 9:29) BQ) ee: 

£514. 34. 20 yrs. a5: 19, 36. 87. 
XL. Pace 353. 

30215. 2. 25566556. 3. 244332343. 

3664146. Breet: 6. 14320241. 

123807 ; 1101122. 8. 3¢7580. 9. 32099. 

30523. 11. 10000011. 

29 4+ 984 9749649549341; Get+ 9e?+ e? + 4e4+¢. 

1736; 145; 328108. 14. 667. als, WO B7AL. 

SUG 78% T7 -LOOI3S. 18. 50213; °404052. 

z. 20. Five. 21. Nine. 

Nine. 23. Seven. 24. 444; 1425; 3333. 


XLI. Page 359. 


nan a4 2 3 4 
1 (e245 -T+ hr j: 8. b=atiotigtiat eae) ; 
8 r—19Or _ on 
16487. jon Wee. 13, 2th 
TT 7 
XLIT. a. Pacer 362. 
~l4V-27 L 8 
2, -3, SNE 2. 2-5, 5(14¥/10) 
-14N-3 5421 ae eth 
o) 2 aD 
4 1S 
16, - 5: 6. 3, 0 7. 2 >. 
one Ge Sh 2} 1, 36 cy 
’ 9° ’ 5) ’ ’ 81° 
20, 11. Hie 2S le gi 81,6 
: 135 
; ae er ee 


= 3 + N1357, 
12 


7 =, deoa/e 18. 3, —59 
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19. 
22. 
25. 


28, 


Sen 


ALGEBRA. 
34+/5 94+/-83 1 34505 28 
5) ’ 6 —- 20. 2, —3? 4 - 21 13” 7 
a 1 c-a c(a-b) 
a’, —. a3, 1, 24, 1, Ser 
a? +b*-ac—be 
a, 0. AG ots a 27. p+q. 
5 13 
8, 2. 29. oe => 30. a, b. 
XLII. b. Pace 3665. 
T=), ave. a. w=4, 33 y=, 4. 
e=7, -2; y=2, -7. a. Se Ol 
C= 12, 33 .g—oy oo 6, wv=e; y=6, 
aaa yas 8 a=4, 1, 5(-54N41); y=1 a ae 5 #N4l). 
[34 35. * 15 
N 
c= +10, 0; y= +1, _ 5) 10, = ie ae yi =1o5 “a 
w=5, 2, 14/6; y=-2, -—5, -14./6. 
By 
aoe I 1, 0; ¥Y=4? 0, 1 


w=-1, 54,/6; y=-1, 14 4/2. {It may be shewn that 


3 (a +1)8=27(y+1)%] 
(l) 3, 23-2, 8 (2) zv=3, -—1l; y=1, -3, 
e=16, lery=t,, IG: 16y Beye as. 
c= +3, y= 42, 2=+4, 18. w=6, y=6, z=1, 0=4 


v= +6, y= +9 2= 45. 20, v=+6, y=+:7, t= 2411. 


w= -a4+2, y=b+l, c=-c4+3. 22. x= 45, y=s2, c= 44. 
w=+7, y=s33, c= +2. 24. 2=43, y= F4, c= 42. 
v=2, y=3, -5; 2=0, -2 26. w=7, y=2, cmd. 


y= £5105 y= £5103 g=+1,0, 98 w=8, 2; y=2, 8; 2=¢. 


v=2, -6; y=5; 2=6, -2, 30. w= -6; y=3, Ly cal, 3. 
30 26 


2=6; y=0, 4; <=4, 9. 82. e=77) ¥=77" 


ANSWERS. 509 


Bde =e eon ee: 


_ ,a(b+e)  ——, b(ce?+a%) se (a? +) 
oS ae ee ee NS a 
XLITI. Pace 370. 

1. £128855000. 2. 87 years nearly. 

$8. £1287. 10s. 4. 20°63 per cent. nearly. 

5. £2001. 17s. 6d. 6. 4 per cent. 

7. £3360. 8. £11708. 8s. 

9. £1604. 10. 20 years nearly. 

XLIV. a. Pace 374. 
te Os 8. 32. 9... 25, ZL. 12 sq.-em: 


12. y=3x. Any point whose ordinate is equal to three times its 
abscissa. 


14. The lines are x=5, y=8. The point (5, 8). 
15. <A circle of radius 13 whose centre is at the origin. 


XLEV, b; PAgm 377. 


21. 32 units of area. 22, 1 sq. in. 
23. 72 units of area. 24. 0°64 sq. cm. 
XLIV. c. Pace 380. 
ici, 2 oe LO). bE eens feel 
4 2=3, y= —-2 Oye Cyn — or 
7. 2-2, y=4, & «2=0,7=-3 9.) f= 37 0. 
10. At the point (0, 21). ll. 32+4y=7 
XLIV. d. Pace 385. 
Le ms 2. (0, 0), (-—4, 2). 5. (2; 1): 
6. (i) 1°46, —5°46; (ii) 3:24, —1:24; (iii) 3°32, 0°68. 
7. -537. 8. 75 3°79, -0°79; 454, -1°54. 
o) 2=8, oh: 7—6; ors, 


10. - The straight line 37+4y=25 touches the circle x?+y?=25 at 
the point (3, 4). 


XLIV. e. Paae 394. 


3. Each axis is an asymptote to the curve, which approaches 
the axis of y much less rapidly than it does the axis of x. 


er a glee bP ed, 28. yeoieed: 
Be. pcan eee si) 1) 4) 2: 32, —2, 4-41, 1°59. 
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XLIV. f. Pace 400. 
1. 0°52, 2:9, 11:6; 2°75, 2:3, 3°l. 8. 2:080,.2°140. 4. 2 
6B -2,4; -9. 9. -5and]1. 10; -—2) 1, 4. 
12. 26°9, 38, 3°58. 13. 0°477, 0°225, 0°350, 1°538. 
14. 3 in. from the point of suspension. 


15. 22 lbs., 164 lbs., 14% Ibs., 13} lbs., 11 Ibs., 94 lbs., 8 lbs., 
74 lbs. The curve is a rectangular hyperbola whose equation is 
ty =22 x 12. 


16. 1°5. 17. x= > 1 G) 1. Gi) bias 
19. (i) e=8, y=14; or x=14, y=8. (ii) e=6°438, y=3°07. 
(iil) 2=6, y=2: or w= —6, y= —z: 20. 2, 2, -1li 


22. 1, 1°732, —1°732. Negative for values of «< — 1°732; positive 
between —1°732 and 1; negative between 1 and 1°732; positive for 
values of # >1°732. 


XLIV. g. Pace 410. 


2. (i) 54°1 grains; (ii) 0:2. 8 39:3; 91°6; y=0°393z. 

4. 3°85 in.; ii 5. 54°5°F. 869°F. F= $2490. 

6. y=100+-- io? £350; 4250. 7. 45:96; 39°40. 

8. a 128.; £3. 8a. 9 81m; 24°375 oz. 

10. (i) £320; (ii) £580. ii y= We -70. 112; 168; 78. 
12. 5 ft. per sec.; 5% secs.; v=5+4t. 18. 2°49 sq. ft. 

14. (i) 52ft.; (ii) 160 ft. 15. max. height=64 ft.; 4 sees. 
16. P=06G-14:4; 24. 17. 268.3; 36s. 6d.: 18. 93°5° HR. 
20. y=0°2lx+1°37. 21. y=0°4r+1'6; 9:2; 3. 


22. a=45°'7, b=118. Error=8°43 in defect. 

23. 86; P=0°14W+0°2; 225 lbs. 

24. a=1; b=3, “2; TZ, 25. a=38,b=2. 7; 4°25. 
26. nes, CBZ] V1". 27. n=1'6; c= 70500. 


XLIV. h. Pace 422. 


1. 6p.m.; (i) 3.30 p.m.; (ii) 7.30 p.m. 2 (i) 2 p.m.; 2.52 p.m. 
8. 47 mi. from A’s starting place at 12.42 p.m. 

11.12 a.m. and 2.12 p.m. 4. 27 mi. 
5. 35 mi. from London at 3.33 p.m. 3.9 p.m.; 3.57 p.m. ; 36 mi, 


6. (i) 15 mi. after C’s start, 1 mi. from Bath ; ; 
TED RO hs» son rite vevs eta enn taae oe eee Pee ; 
(iii) half a mile behind A and B. 
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7. 9 mi. from Y at 12.48 p.m. 12.18 p.m. and 1.18 p.m. 
8. 40 yds. A 16 yds. ahead, CO 16 yds. behind. 
9. 5 secs. 10. 5 hours from the start. 
11. 7.36 p.m.; 3 p.m. and 5 p.m.; 19 mi. from Y. 
12. 7 hours. 3.7 p.m. 13. I212 pm. (i) 1) a.m. 5 (11))7 mi. 
14. 5 mi. 15. 4.12 p.m. 16. 10.4 a.m. 
17. 400 yds. 18. £420. 20 for £480. 
19. After 10 secs. 400 ft. per sec.; 600 ft. per sec. 
20. 30 years. £410; £320. 
21. 75 in Latin; 80 in Greek. 74 and 50. 
Miscellaneous Graphs. Pacs 426. 
i (2, =—3)) & (1,2) & gw=Ly=18. 5. 26; L-28i(approx:), 
6. 9; 2:4. (oad Pain Bo. 19) 4, (A, Ws ke 
13. 2°65, 1:91. 14. 2°79, —1°79. 15. The pt. (6,5). 
16. 228. Sd.; 36s., 393. 5d. 17. 37; 1s. 9d.. 18.~-.68. 2d.; 20°3. 
ieee) =. OF — (5s Y=—=/, ior —2,- (i) v—8, or.6\s v—6, ors: 
(il) 23; OF —5°8: y=, or —O'6. (iv) e=o2, or S135 
y= —2°9, or 5°7. 
20. °6:46, —0°46; 12. D1, O26 28 Ada nou 
PRs Ghada Son sera. > Osrss 23. 3°30, —0°30. 
24. 18, 40, 51. 25. 90; 72. 27. 2°60, 5°63, 4:165°77. 
28. 6p.m., 48 mi. from London. At 4 and 8 p.m. 
(i) B 4 mi. behind A; C6 mi. behind B. (ii) 4.21 p.m. 
29. 4.30 p.m.,18 mi. from O. (i) At3and6p.m. (ii) 20 mi. 
30. (i) 1 p.m., 28 mi. from P; (ii) 20 mi.; (iii) 11.30 a.m. 
31. 294 and 39 millions. 32. £80; £240. 
33. 1°5,-1. 34 Max. ordinates(=2)at the points (-1,2), (1, — 2). 
Spe —1°73,0, 1.78. 
36. (i) z=12,0r3)\ (ii) s=6, or -3)\ Gui) w2,73, <3, —2iy 
y=8, or 124 y=3, or —6f y= 3, 2, —2, -3/ 
37. 30°4 cm. 38. P=1:1Q0+6; £171; £144; £92. 
41. 17s.; 26s. 6d. 42. 44 mi. per hr. 
45, 1.d0%pem. 3 3 vl, 44, 24 min. 
45. At Northampton. 48°4 mi., 84°8 mi. The quickest run is 


from Willesden to Northampton. 
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Miscellaneous Examples VI. Pacer 432. 


1 2 

a = — 7724+ —xy -— 72 
0. 2. -6a-2b-4d. 3. gt t5ry- Gy. 
3. 5. 4-127+132?-6a5+a* 6. 41. 

24.42 
a2, 8. at 9. x=15, y=16. 

4 io. i ee 
Loe at. 9° 12. 12” 999° +5 
x3 4+ Qha®y + 192ary? + 51273. 14, af-y* 15. GE 


8h+7a 8a+7b 


H.C.F. (a+2)(2-1). L.C.M. (a —1)(%+42)?(x2+42), 
x 


2. = = . s ° 
2a?-3a4+3. 18. 2x 9 +y 5 19 9 
:. 22. x Sy: 23. -35x+18y+172. 


(1) (10a -1)(# +8). 
(2) (8x -y)(3x + y) (9u? + 8ay + y*) (9x? - Bay + y?), 


13. 26. 2. a7. = 1, 
a 3y. egal 
party 29. ae = = 36. 
21,°,' and 54,%’ past 7. 1, 1, 
pat — 87. 83. 2a‘+12a?+2. 34, 884. 
aa" 36. v=ld, Them be 87. 223 — 32+ 7. 
2=5 89. x(x + ¥3)(Bx-y). 
21 crowns, 40 half-guineas. 41. Sab. 
2ab + 3b4, 43. 36. 44. 4x5. 
a? +b? y 
ctipsceningeeia 3 On 
ab(a—b)? a 6 
Be Seah, a - 2(a —'7)(2% -7) 
= 5) Y=Hi OF z=0, y=0. 48. (@-2)(e—3)(a- a) (eB) 
(2a: + 3) (4a0 + 5) (Bar — 5) (a +2) (a — 2), 560. 3s. 9d. 
— 56052 +5589. 52. 4a*-- 9b? + 24be - 16c?. 
6(a+1)(x-8)(x -4). 55. 2(a2 +b) (a? + 9%), 
=o, v2, cas), ye 68. x= -65. 
at + Dy 3 x 
Pany) a+ ay ty") 60. 24 days. 61. 5° — 5x? + a 9. 


62. 
65. 
67. 
70. 
73. 
75. 


77. 


80. 


82. 
84. 
86. 
89. 
92. 
94. 
95. 


97. 


99. 


101. 


103. 
105. 


107. 


110. 


112. 
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94. 63. s-—: 64. —27--2 
oa | 
e=2h. 66. (1) (~?+1)(w+5). (2) (w-19y)(x+17y). 
oy 
aw=24,y=9,2=5. 68 er 69. (2a —3b+ 2c)? 
3. WL. ePep 4-28, 72... =2ab. 
6. 74. (1) 3x(x4-9)(x-7). (2) (a+b+1)(a+b). 
ak: sO ew EN 207 
& P+’ Y= tg 76. 8a? — 4 
2 hae ae 2 
2=8 Ce era aree ey 7. aap 
46 10s 
640. 81. 1B gv 
1 3. TS a os 33 
3 83. Fae — 4x4 + — 8 a? — ae +27. 
2a7b? (a — 2h)? (2a +b). . G0 
5x? -4xu-8 ona 3 " =. 
Sot de Ok 87. YAO); Oat 88. p= Wo) y= sab. 
3(2x—y) (5a+4y). 90. 25 shillings, 30 half-crowns. 91. 0. 
‘ 5 23 163 
OURS ed Ba > P : G6 
0 = 2 +32 9° Rem 9 93. 60(p*%-q°). 
(1) (a — 205) (a2+2ab5+4b!). (2) (x? +a-1)(z?-x+1). 
< Tbe y(yP-y+2) 
x=a—2b, 96. (1) T3a8 ( Cs. 
(y+1)(y—-5) 
S15 y= —l, 2=0; 98, ~~ ¥ 
4 (y-1)(y=6) 
pe SENS 100. Twelve minutes past four. 
~ 2a -3e 
2(a+2) 
1 = ee 2 
(1) 5g. (2) —1. 102. (1) ae (2) 1l+au-2°%. 
a 3a+2 4; a as 104. 1-5a”+152?-452;. 
£20. 106. (2a-3b)(a+b) 
Diet hoe ete 
(1) 2or 5 (2) 5 3 109. 7% 5 t3 
3 ae _ 827+ Te—-12 , 1 
2a? " (x®—9)(a?- 16)’ (x-3)(x-4) 
H.C.F. «-5b. L.C.M. 6(a+3a) (x — 3a) (a — 5d). 
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113. 


116. 
118. 


119. 
121, 


124. 
125. 


127. 
128. 


130. 
132. 


135. 
136. 
138. 


140. 
142. 


144. 
146. 


148. 
152. 


155. 


156. 
159. 
161. 
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(1) Es or 2d. (2) 9 or -3. 114. 177. 115. 18 miles, 


(Bx + 2Qy)* + (Ba + Qy) (2x + By) + (2u + 8y)?= 192? + 37xy + 19y?. 
(1) (wt+y)(w+y)(x+y). (2) mn(m—n). 


Fy ae | 9, “=7, -5)\ es 
(1) es ae (2) =t. ual: 0. a+b, 
(1) 1. (2) a. 122. a-b. 123. 435. 
(L)) "ea ee) coy 

x(xt+y+z) 822+1 


) jee fee eo oe 


(1) (#-3y)(a+8y+1). (2) x(w+=)(w-=). 


3q_94° a a = s 
P- 55 ps' 1% (1) w= 4g. (2) Re Yah Tee 


+a. 181. (1). attPte, (2) gl tyth, 
9 
3 shillings. 134, Maibrk > 


H.C.F. 2®+a% L.C.M. (+a?) (x? -4a?), 
(1) -2y. (2) 3. 187. (a#—2a) (a? +2ax + 4a?) (Qa + 3b) (2a-3b). 
(1) 3. (2) x=105, y=210, z=420. 189. Thedifferenceis3. 


sae Co 141. 3 hrs. 36 min. 
OF aig 8. 2+ [tn 

(1) Pat (2) ot 145. (1) 4(/2+,/3). (2) J214+,/14. 
(1) wait t (2) w=2) or -13, y=-11 or 12, 
at—oatety ct 149, a?+1. 150. Six Shillings. 
. 188. G44) (423) 

(U} wary or Ry ls (2) «=+5 or +2,/3, y=+3 or ais 


2 3 
3a 

Bb (ay? = he 

(1) 1-2, (2) 3-2", 160. Shrs.57’,47}". 


12. 162. (1) (5 \ (2) 3. 


(1)0. (2)a™Fy®, 157. (p+1)a-(p-1). 188, 


2a +b 5 


163. 


165. 


166. 
168. 
169. 
172. 
174. 
176. 


aay ( 


181. 


183. 
185. 


187. 


189. 


192. 


194, 


196. 
202. 
206. 


208. 
212. 


215. 


218. 
220. 
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1s 164. 1, 5+,/7, 
(By + 2x) (By — 2x) (a + 2) (a? — Qa +4) (w — 2) (a? + 2x44). 


(1) 1. (2) = 167, (1) 1. (2) /ll—-,/3. 


H.C.F. 5a?-1. L.O.M. =(5a2-1)2(4a2+1)(5a2+2+41). 


(1) —>p (2) -23, -83. 170. 9s. & 12s. a dozen. 
3 3 

0. 173, (1) St¥+? (9) 1, 
Bxyz 

ITE 175. (1) ms. (@) 2+,/2. 

1 as, (2) ait. fi eee ie 

OI i) ee Ai ea ia a Meats 

eae 78sec CL) ott (2) 27. 179. 4 miles an hour 

a™+ an 

ac — b? 1 

-. yx {Ul 24 a? =e (2 
a+e-2b imal gc aaa a oem 


3 — 2x. 184 (1) “Qa. (2) 10. 
(hy, ee (2) 2=6, 2, f27=—2)G,.4.. 186, 0, 
(1) 202 or 163. (WA! == 3} Oye : y=-1 or 5: 


2? 3 
(2a+1l)x-a. 190. Qn — 5. 191. (b+c)(c+a)(a+b). 
3a —4 2Qa 
1) ee (Oia. 
aay? Nera 


Began at 1633 past 3, and ended 27,%,’ past 5; walked 
2 hours, 1032 ° minutes. 
(2)™. 197. (1) 47. (2) b. 199. 20. 200. Ya2+y2 


q 
17 years. 203. g=4. The other rootis1. 204 1% hours. 


i) m—n 
a=e r=3; or peu pa, 207. (~1n(2#2) : 


’ i — > 
3 3 5 xy 

30240. 209. £1, lds. 6d.; £377. 10s. 211. ¢te0121. 
5=5 car 7 (zero values are excluded]. 214. 9979200; 7560. 
32a° — 240a4x + 720a%x? — 1080a?x + 810ax4 —2432°. The 3%and 

4m terms. 216. 1. Ze 1. 
(1) 2, 3, Denar. (2) +1, +V-3+2,/2. 
13104000. 222. 2406; 4032000. 
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223. 
224. 


225. 
229. 


231. 
233. 


234. 
235. 
238. 


245. 


ALGEBRA. 


Number of terms=6 ; common difference =2. 
135 405 243 

= Bin SU AR) io ered = eee 

(1) 32-60a+ 45a 8 a*+ Tog i024 


1 1 1 

9 = ms ae = 

(2) 1 C+ ae + yw + eat. 

Senary. 226. 43; 1-412. 297. 5:039684. 228. 315. 

(}) -s/ees (9) a2. 230. 22—10a+19=0. 

2°71405 ; tet. 282. 1°75; 1°75; -—2; 5°2375439, 


B overtakes A at the end of the 8* day ; then A overtakes B 
at the end of the 15" day. 


56 11 ek 

= =i. 10 Ay ae Le laan 
(1) x=21, y=6; (2) x=4, 9 , y 3, 3 , > 9 
a=2d. 236. The 4 and 5 terms, 237. 120; 60. 
= 7 2 a = 
3-698970 ; °799340; 1°785248 ; n=t . 989, 8x=Jye+ 20/ya, 
log 2. 241. 14, 244. (1) 3; (2) 1:36564; (3) 22, 
6.2.1. 4.7... (3r-8) gy fet, 246, 2880. 

3" |r 

x*-2(a+b)a2+2ab=0. 248. 2(n—1) hours. 


(1) a, aie-), [ one root is evidently a, and the product of 


a2 


the roots is po; (2) 9g, p-g. 


-3 
The series is the expansion of (1 - >) ' 
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